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ABSTRACT

Projective and injective modules are of key importance in algebra, in part because of their useful
homological properties. The notion of C-projective and C-injective modules generalizes these constructions.
In particular, these modules may be used to construct resolutions and define related homological dimensions
in a natural way. When C is a semidualizing module, the C-projective and C-injective modules have
particularly useful homological properties. Further, one may combine projective and C-projective resolutions
to construct complete PC-resolutions (and, dually, complete IC-resolutions) that yield other modules with

nice homological properties. This paper surveys some of the literature on these constructions.
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1. INTRODUCTION

Projective and injective modules play key roles in the study of rings. In particular, their homological
definitions have deep consequences that come into play when studying complexes of modules and associated
resolutions. Throughout our study, R is a commutative noetherian ring with identity. Recall that an R-
module P is projective if the functor Hompg (P, —) is exact; that is, it respects exactness of sequences of
R-module homomorphisms. An R-module I is injective if the functor Hompg(—, I) is exact.

Given any R-module M, we may construct resolutions using projective or injective modules that ter-
minate with M. An augmented projective resolution of M is an exact sequence of R-module homomorphisms
of the form

Pt=...5P 5P —>M-=0

where each P; is projective. Dually, an augmented injective coresolution of M is an exact sequence of the form

= 0= M-I ...

where each I7 is injective. It can be shown that every module admits both a projective resolution and an
injective coresolution.

We use these resolutions to define dimensions of modules. Informally, the projective dimension
pdg(M) of M is the length of the shortest possible projective resolution of M. The injective dimension
idgr(M) of M is the length of the shortest possible injective coresolution of M. As an example, if P is
projective, we have pdz(P) = 0 since 0 — P — P — 0 is an augmented projective resolution of P. Similarly,
if I is injective, we have idr () = 0 since 0 — I — I — 0 is an augmented injective coresolution of I.

We say a noetherian ring R is local if it has a unique maximal ideal, and that a local ring is regular if
every R-module has finite projective dimension. One of the first major applications of homological techniques
to commutative algebra is the following characterization of regular local rings by Auslander, Buchsbaum,

and Serre. There is also an identical version for modules of finite injective dimension.

Theorem 1.1 ([2, 1, 10]). Let R be a local noetherian ring with residue field k. The following conditions

are equivalent:
(i) R is regular;
(ii) pdr(M) < co for every finitely generated R-module M; and

(iii) pdg(k) < co.



A particularly useful characterization of modules of finite projective or injective dimension is the

following standard result.

Theorem 1.2. Let M be an R-module.

(a) We have pdp(M) < n if and only if Ext's(M, —) = 0 for all i > n.
(b) We have idg(M) < n if and only if Extis(—, M) =0 for all i > n.

Here Ext’ (M, N) is the cohomology module H*(Homp(P, N)) = H*(Hompg(M,.J)), where P is any
truncated projective resolution of M and J is any truncated injective coresolution of N; we may also use
the homological notation H* = H_;. Notice that the exactness of the functors Hompg(P, —) (where P is
projective) and Homp(—, I) (where [ is injective) follows immediately from this result.

There is a generalization of projective and injective modules that extends these homological con-
structions in a natural way. If C' is a finitely generated R-module, a C-projective module is an R-module
isomorphic to a module of the form C' ® g P, where P is projective. A C-injective module is isomorphic to a
module of the form Hompg(C, I), where I is injective. These modules are particularly nice when C is a semid-
ualizing R-module: a finitely generated R-module C'is semidualizing if the homothety map R — Hompg(C, C)
is an isomorphism and we have the vanishing Extﬁ%(C, C) =0 fori>0.

Given any R-module M and finitely generated R-module C, we may construct resolutions using
C-projective or C-injective modules that terminate with M, the so-called augmented proper Pc-projective
resolutions and augmented proper Lo-injective coresolutions; see Section 2 for definitions. In Proposition 3.4
below we show that every module admits both when C' is semidualizing.

Such resolutions give rise to related dimensions. Informally, the Pc-projective dimension of M,
denoted P -pdg (M), is the length of the shortest possible proper Pe-projective resolution of M. The Z¢ -
injective dimension I -idg(M) of M is the length of the shortest possible proper Z¢-injective coresolution
of M. Similar to the projective and injective cases, we have Pc-pdg(C ®g P) = 0 if P is projective, and
Zc-idp(Hompg(C, I)) = 0 if I is injective.

If C is semidualizing, we obtain the following relationships between projective and Pc-projective
dimensions and, dually, between injective and Z¢-injective dimensions of modules. See Theorem 3.15, which

is a main result of Section 3.

Theorem 1.3 ([11, Theorem 2.11]). Let C be a semidualizing R-module and M any R-module. The following

equalities hold:

(a) pdr(M) =Po-pdg(C @r M);



(b) Z¢-idr(M) = idr(C ®r M);
(¢) Po-pdg(M) =pdgrHomg(C, M)); and
(d) ldR(M) :Ic—idR(HOInR(C, M))

The next result is a version of the Auslander-Buchsbaum-Serre theorem that uses finite Po-projective

dimension to detect the regularity of a local ring; it is Theorem 3.17.

Theorem 1.4 ([11, Proposition 5.1]). Let R be a local noetherian ring with residue field k, and C' a semid-

ualizing R-module. The following conditions are equivalent:

(i) R is regular;

(ii) Po-pdp(M) < oo for every finitely generated R-module M; and
(i) Pe-pdg(k) < oo.

Homological properties of projective and injective modules often extend to the C-projective and C-
injective settings. As a matter of notation, we denote Ext-modules constructed using proper Pc-projective
resolutions by Extp., and Ext-modules constructed using proper Zc-injective coresolutions by Extz; see
Definition 3.6. This yields a version of Theorem 1.2 that uses the C-projective and C-injective constructions;

see Theorem 4.3.

Theorem 1.5 ([11, Theorem 3.2]). Let C be a semidualizing R-module and M any R-module.
(a) We have Po-pdr(M) <n if and only if Ext%;c (M,—=) =0 for alli > n.

(b) We have Ze-idr(M) < n if and only if Extizc(—, M) =0 for alli > n.

A useful application of these constructions is to relate Extp.- and Extz,-modules to the standard
Ext-modules from Theorem 1.2. This uses the Foxby classes Bo(R) and Ac(R) from Definition 2.7; see

Theorem 4.11, a main result of Section 4.

Theorem 1.6 ([11, Corollary 4.2]). Let C be a semidualizing R-module.
(a) If M,N € Bc(R), then Ext;;c(M, N) = Ext's (M, N) for all i > 0.
(b) If M, N € Ac(R), then ExtiIC(M, N) = Ext’s (M, N) for all i > 0.

It is useful to combine projective and C-projective resolutions to form complete PC-resolutions
and, dually, to combine injective and C-injective resolutions to form complete IC-resolutions of modules;

modules admitting such resolutions are G¢-projective or, dually, G¢-injective. These resolutions have many



properties in common with other constructions discussed above. For example, we introduce the notions of
resolving, quasi-resolving, coresolving, and quasi-coresolving classes of modules; see Definition 5.16. These
classes model the standard behavior of projective and injective modules in short exact sequences. The next

result is contained in Theorem 5.17 and Theorem 5.21, the main results of Section 5.
Theorem 1.7 ([12, Theorem 2.8]). Let C be a semidualizing R-module.

(a) The class of C-projective R-modules is quasi-resolving.

(b) The class of C-injective R-modules is quasi-coresolving.

(c) The class of Ggo-projective R-modules is resolving.

(d) The class of Gg-injective R-modules is coresolving.



2. SEMIDUALIZING MODULES AND FOXBY CLASSES

In this section we introduce several useful constructions and definitions.
Definition 2.1. An R-module C' is semidualizing if it satisfies the following conditions:
1. C is finitely generated;
2. the homothety map x& : R — Hompg(C,C) is an isomorphism, where x&(r)(c) := rc; and
3. Extz(C,C) =0 for i > 0.

In particular, R itself is semidualizing over R, so a semidualizing module over a noetherian ring
always exists. The following lemma says that the classes Po and Z¢ from Definition 3.1 are “precovering”

and “preenveloping”, respectively.
Lemma 2.2 ([5, Proposition 5.10]). Let M be an R-module and C a semidualizing R-module.

(a) There exists a projective module P and a homomorphism ¢ : C @g P — M such that for every projective

module Q, the induced homomorphism

Hom(C ,
Homp(C ®r Q,C Qg P) Hom(©&Q.9), Homp(C @r Q, M)

18 surjective.

(b) There exists an injective module I and a homomorphism v : M — Hompg(C,I) such that for every

injective module J, the induced homomorphism

Hom (v, Hom(

Homp(Homp(C,I), Homp(C, J)) @) Homp(M,Hompg(C, J))

18 surjective.

Definition 2.3. We say an injective R-module F is faithfully injective if for any sequence X of R-module

homomorphisms such that Hompg (X, E) is exact, X is exact.

Remark 2.4 ([6, Corollary 3.2]). Every commutative ring admits a faithfully injective module. In particular,
let £ := @, Er(R/m), where Er denotes the injective hull over R and the sum is taken over all maximal

ideals m of R; then F is faithfully injective.

Definition 2.5. We say a projective R-module @ is faithfully projective if for any sequence X of R-module

homomorphisms such that Hompg (@, X) is exact, X is exact.



Remark 2.6. Every nonzero free module is faithfully projective, so every commutative ring admits a faith-

fully projective module.
The next two classes of R-modules are called the Foxby classes. We use them extensively.

Definition 2.7. Let C be a finitely generated R-module. The Bass class Bo(R) (or simply Be if there is

no confusion) is the class of all R-modules M such that
1. the natural map £§; : C ® g Hompg(C, M) — M is an isomorphism, where £§;(c ® ¢) := ¢(c); and
2. Exth(C, M) = 0 = Torl(C, Hompg(C, M)) for i > 0.
The Auslander class Ac(R) (or simply Ac if there is no confusion) is the class of all R-modules M such that
1. the natural map 7§, : M — Homg(C,C ®g M) is an isomorphism, where 7{;(m)(c) := ¢ ® m; and
2. Torf(C, M) = 0 = Exth(C,C ®p M) for i > 0.

Here Tor®(M, N) is the homology module H;(P,N) = H;(M,Q), where P is any truncated pro-
jective resolution of M and @ is any truncated projective resolution of N. When C is semidualizing, the
Foxby classes have several nice properties, especially when we are dealing with modules of finite projective

or injective dimension.

Proposition 2.8 ([7, Propositions 3.1.7, 3.1.9, 3.1.10]). Let C be a semidualizing R-module.
(a) If any two modules in a short exact sequence are in Ac, then so is the third.

(b) If M is an R-module of finite flat dimension, then M € Ac.

(¢) If any two modules in a short exact sequence are in B, then so is the third.

(d) If M is an R-module of finite injective dimension, then M € Bc.

The next theorem provides an elegant connection between the Foxby classes when C' is semidualizing.

The proof is straightforward but quite involved, so we omit it here.

Theorem 2.9 (Foxby equivalence [7, Theorem 3.2.1]). Let C be a semidualizing R-module and M any
R-module.

(a) We have M € B¢ if and only if Homg(C, M) € Ac.
(b) We have M € Ac if and only if C @r M € B¢.

The previous two results immediately imply the following corollary.



Corollary 2.10. Let C be a semidualizing R-module.
(a) If P is a projective R-module, then C ®pr P € Bc¢.

(b) If I is an injective R-module, then Hompg(C,I) € Ac.



3. C-PROJECTIVE AND C-INJECTIVE RESOLUTIONS

We now construct our first generalization of projective and injective modules.

Definition 3.1. Let C be a finitely generated R-module. We say an R-module M is C-projective if it is
isomorphic to a module of the form C' ®r P, where P is projective. The class of C-projective modules is
denoted Po. We say M is C-injective if it is isomorphic to a module of the form Hompg(C,I), where [ is

injective. The class of C-injective modules is denoted Z¢.

Proposition 3.2. The class of C-projective modules is closed under direct sums. The class of C-injective

modules is closed under direct products and sums.

Proof. If {C®@r Py} C Pc, then @,(C@rPy) = CRr(P, Pr) € Pc since the class of projective R-modules
is closed under direct sums. Similarly, if {Hompg(C, 1))} C Z¢, then [, Homg(C,I) = Hompg (C, ], Ir) €
Zc and @, Hompg(C,I)) = Hompg (C,[], Ir) € Z¢ since the class of injective R-modules is closed under

direct products and sums and C'is finitely generated over a noetherian ring. -~

Just as every module admits both a projective resolution and an injective coresolution, every module
admits an augmented proper Pc-projective resolution and an augmented proper Zo-injective coresolution,

defined next; see Proposition 3.4.
Definition 3.3. Let C be a finitely generated R-module and M any R-module.

(1) An augmented proper Pc-projective resolution of M is an R-complex
Xt .= --'&>C®RP1LC®RPO—T>M—>O

of R-module homomorphisms such that each P; is projective and the complex Homg(C ®r Q, X 1) is

exact for every projective module ). The truncated complex
62 81
X= - —CrP—CRrFh——0

is the proper Pc-projective resolution of M corresponding to X .

(2) An augmented coproper Pc-projective coresolution of M is an R-complex

TXi= 00— =M —>C2rQ" - LCopQ -2 ...



of R-module homomorphisms such that each Q¢ is projective and the complex Hompg(*X,C ®r Q) is

exact for every projective module . The truncated complex

X=0—>CorQ’LoCorQ 2.

is the coproper Pc-projective coresolution of M corresponding to *X.

(3) An augmented proper Tc-injective coresolution of M is an R-complex

Y= 0—> M — > Homp(C, I°) —2> Homp(C, ')

61

of R-module homomorphisms such that each I' is injective and the complex Hompg(*Y, Homg(C, J)) is

exact for every injective module J. The truncated complex

81

Y = OHHOHIR(C,IO)LO)HOIHR(C711)4>“'

is the proper Ic-injective coresolution of M corresponding to TY.

(4) An augmented coproper Lo -injective resolution of M is an R-complex

Y= 2 Homgp(C, I) —2> Homp(C, Iy) — > M —> 0

of R-module homomorphisms such that each I; is injective and the complex Homg(Hompg(C, J), Y ) is

exact for every injective module J. The truncated complex

2 1
Yi= ... LHomR(C, L) LHomR(C, Iy) —=0

is the coproper Ic-injective resolution of M corresponding to Y.
Proposition 3.4. Let M and C be R-modules.
(a) An augmented proper Pc-projective resolution of M exists.

(b) An augmented proper Lc-injective coresolution of M exists.

Proof. (a) Lemma 2.2(a) gives a projective module Py and homomorphism 7 :

C ®r Py — M such that

Homp(C ®rQ, 7) is surjective for any projective module Q). Let Ky := ker 7. Applying Lemma 2.2(a) again,

we obtain a projective module P; and homomorphism ¢, : C ® g P; — Ky such that Homg(C ®p Q, ¢1) is



surjective. Define the homomorphism 9; to make the following diagram commute:

C®RP1—>C®RPO*>M*>O

R

Continue inductively. For each ¢ > 0, let K; := ker 9; and apply Lemma 2.2(a) to obtain the following

commutative diagram:

Oit1

C Qg Pit1 C®gr P
m /
i
Define the sequence
2
Xti= . DCerP 2 C0rP DM =0

using these maps. Note that by our construction, X is an R-complex. It remains to show that the complex
Hompg(C ®g Q, XT) is exact for any projective module Q. For i > 0, consider the sequence 0 — K; —
C®r b LiN K,;_1, which is exact by construction if we define K_; := M and ¢¢ := 7. Since the map

Homp(C ®r Q, ¢;) is surjective, the sequence
0— HomR(C XRnr Q,KZ) — HomR(C’ Rr Q,C Rr Pz) — HOmR(C KR Q;Ki—1) —0

is exact by left-exactness of the functor Homg(C ®g Q, —). A standard sequence-splicing argument implies
that Homg(C ®g Q, X 1) is exact.

(b) Lemma 2.2(b) gives an injective module I° and homomorphism € : M — Homg(C, I°) such that
Hompg(e, Homg(C, J)) is surjective for any injective module J. Let L° := cokere. Applying Lemma 2.2(b)
again, we obtain an injective module I' and homomorphism ° : L — Hompg(C,I') such that the map

Homp (¥°, Homg(C, J)) is surjective. Define the homomorphism 9° to make the following diagram commute:

0 ——= M —= Homg(C, I°) —>H0mR (C, 1Y)

.

Continue inductively. For each i > 0, let L := coker *~! and apply Lemma 2.2(b) to obtain the following

10



commutative diagram:
87‘,

Hompg(C, I') Hompg(C, I**1)

LZ
Define the sequence

+y € 0y @ 1y 9!
Y:= 0— M — Homg(C,I°) — Hompg(C,I") — ---

using these maps. Note that by our construction, Y is an R-complex. It remains to show that the complex

Hompz(TY,Hompg(C,J)) is exact for any injective module .J. For i > —1, consider the sequence L° LN
Homp(C, I'Tt) — LIt — 0, which is exact by construction if we define L=! := M and 1)~! := e. Since the

map Hompg(v?, Homg(C, J)) is surjective, the sequence

0 — Homp(L™ Hompg(C,J)) — Hompg(Homp(C, I't'), Homg(C, J)) — Hompg (L, Homg(C, J)) = 0
is exact by left-exactness of the functor Hompg(—, Hompg(C, J)). A standard sequence-splicing argument
implies that Hompg ("Y', Hompg(C, J)) is exact. -~

We use these resolutions to define associated homological dimensions.

Definition 3.5. If C is a finitely generated R-module, the Pc-projective dimension of an R-module M is
Pe-pd(M) := inf {sup{n : X,, # 0} : X is a proper Pc-projective resolution of M}

and the Zo-injective dimension of M is
Ze-id(M) :=inf {sup{n : Y™ # 0} : Y is a proper Zo-injective coresolution of M} .

Definition 3.6. Let M, N,C be R-modules and 7 > 0.
(1) Let X be a proper Pg-projective resolution of M. We define Ext%;c (M,N) := H'(Homg(X, N)).
(2) Let Y be a proper Zo-injective coresolution of N. We define Ext%C (M, N) := H{(Hompg(M,Y)).

Remark 3.7 ([9, Remark 1.12]). Both “relative Ext-modules” above are well-defined and independent of

the choice of resolution.

Notice that Po-projective resolutions and Zs-injective coresolutions are not exact in general. How-

ever, the next few results establish Foxby class conditions under which they are exact.

11



Lemma 3.8 ([11, Lemma 2.1]). Let C' be a semidualizing R-module and M any R-module.

(a) If X* is an augmented proper Pc-projective resolution of M, then Hompg(C,X™) is an augmented

projective resolution of Hompg(C, M).

(b) If *Y is an augmented proper Lc-injective coresolution of M, then C @r 7Y is an augmented injective

coresolution of C @ M.

Proof. (a) Let
X+::---—>C®RP1—)C®RPO—>M—>0

be an augmented proper Pc-projective resolution of M, and consider

Homp(C,XT) =--- = Homp(C,C ®r P,) — Homp(C,C ®r Py) — Homp(C, M) — 0

where, for each ¢ > 0, the module P; is flat since it is projective, so it has finite flat dimension and thus

P; € Ac by Proposition 2.8(b). Definition 2.7 implies Homg(C,C ®g P;) = P;. Then

Homp(C,X*)=-.- = P, — Py — Homy(C,M) — 0

is exact by Definition 3.3(1) since C = C ® g R is C-projective since R is projective as an R-module.
(b) Let
Y := 0— M — Homg(C,I°) — Homg(C,I') — ---

be an augmented proper Zc-injective coresolution of M, and consider

CorTY = 0%C®RM%C®RHomR(C’,IO)%C@RHomR(C’,Il)%~~

where, for each i > 0, the module I’ has finite injective dimension and thus I* € B¢ by Proposition 2.8(d).
We have
CRrY> 0-C@rM—>I1I°—>T1'— ...

since, by Definition 2.7, C ®p Homg(C,I?) = I' for each i. To show this complex is exact, choose E
to be any faithfully injective R-module. Since TY is an augmented proper Zco-injective coresolution, by
Definition 3.3(3) the complex Hompg(TY,Hompg(C, E)) = Homg(C ®r Y, F) is exact. Since F is faithfully

injective, the complex C' ®g 1Y is exact. -~

12



Proposition 3.9 ([11, Proposition 2.2]). Let C' be a semidualizing R-module, M any R-module, and n > 0

an integer.
(a) The following conditions are equivalent:
(i) There exists an augmented proper Pc-projective resolution of M that is exact in homological degree
less than n.
(ii) Each augmented proper Pc-projective resolution of M is exact in homological degree less than n.
(iii) The natural homomorphism €5, : C @ Hompg(C, M) — M is an isomorphism and for 0 < i < n
we have Tor?(C, Hompg(C, M)) = 0.
(b) The following conditions are equivalent:
(i) There exists an augmented proper Lo-injective coresolution of M that is exact in cohomological
degree less than n.
(ii) Each augmented proper Ic-injective coresolution of M is exact in cohomological degree less than n.
(iii) The natural homomorphism +§; : M — Hompg(C,C ®r M) is an isomorphism and for 0 < i < n

we have Ext’ (C,C @r M) = 0.

Proof. (a) (ii) = (i). This follows immediately from Proposition 3.4(a).

(i) = (iii). Let X be an augmented proper Pc-projective resolution of M that is exact in degree
less than n. We have shown in Lemma 3.8(a) that Homp(C, X) is a projective resolution of Homp(C, M).
Since each X; is in Po C B¢ by Corollary 2.10(a), we have C® g Homp(C, X) = X, and this complex is exact
in positive homological degree less than n. This gives the desired vanishing since Tor(C, Hompg(C, M)) =

H;(C ®gr Homp(C, X)). To show the given isomorphism, consider the commutative diagram

C®r HomR(C’, X1) ——(C®g HOIHR(C7 Xo) ——(C®g HOIDR(C7 M) —— 00—

0
| | o )

X1 Xo M 0 0

where the bottom row is exact by assumption and the top row is exact by Lemma 3.8(a) and right-exactness
of the functor C' ® g —. An application of the Five Lemma ensures that fﬁ is an isomorphism.

(iii) = (ii). Let X be an augmented Pc-projective resolution of M. Since £ is an isomorphism and
each X; € Bo by Corollary 2.10(a), we have Xt 2 C @ Homp(C, XT). Since Tor(C, Homg(C, M)) = 0
for 0 < i < n and the associated tensor product is right-exact, the complex X is exact in homological

degree less than n.

13



(b) (ii) = (i). This follows immediately from Proposition 3.4(a).

(i) = (iii). Let Y™ be an augmented proper Zc-injective coresolution of M that is exact in coho-
mological degree less than n. We have shown in Lemma 3.8(b) that C' ®p Y is an injective coresolution
of C ®zr M. Since each Y is in Zo C Ac by Corollary 2.10(b), we have Homg(C,C ®r Y) = Y, and
this complex is exact in positive cohomological degree less than n. This gives the desired vanishing since
Exth(C,C ®@r M) = H'(Homp(C,C ®r Y)). To show the given isomorphism, let Y* := Hompg(C, I?) for

1 > 0 and consider the commutative diagram

M < Yo y!

c ~ | 4 C ~ | AC
l’yM —\L"/Yo _\L’Yyl

HOIHR(C,C XRnr M) #HOIDR(C,C Rnr YO) HHomR(C,C (9] 3 Yl)

1R
O<——O

IR
O<——0O

where the top row is exact by assumption and the bottom row is exact by Lemma 3.8(b) and left-exactness
of the functor Hompg(C, —). An application of the Five Lemma ensures that ’yl\c/} is an isomorphism.

(iii) = (ii). Let TY be an augmented proper Zo-coinjective resolution of M. Since 7§, is an
isomorphism and each Y* € Ac by Corollary 2.10(b), we have 7Y = Homp(C,C @ TY). Since we have
Ext%(C’, C®r M) =0 for 0 <i<n and the associated Hom functor is left-exact, the complex TY is exact

in cohomological degree less than n. -~

Remark 3.10. Note that the case n = 0 in the previous result is false. To see this, suppose by way of
contradiction that (b) = (c). Consider the case when R is a local ring with maximal ideal m and residue
field k := R/m. If we choose C % R, then C is not cyclic (as in [7, Corollary 2.1.14]), so Nakayama’s lemma

implies that Hompg(C, k) = k0 = C ®@p k for some integer 5y > 2. Then
C ®p Homp(C, k) = C @ k% = (C @ k)P = (k%)% = k%

Since C ®@r k = k% and By # 0, there is a surjection C @ k — k. There is a surjection R — k, so
right-exactness of the tensor product implies that C ®gp R - C ®gr k — k. For any augmented proper

Pc-projective resolution X+ of k we have the following commutative diagram by properness:

C®rR

A

k

Xo

T

It follows that 7 is a surjection, so every augmented proper Pgo-projective resolution of & is exact in homologi-
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cal degree —1. By assumption and our previous work, we have the isomorphism R C®rHompg(C, k) =k,

which is a contradiction since By > 2.

Corollary 3.11 ([11, Corollary 2.4]). Let C be a semidualizing R-module and M an R—module.
(a) If M € Be, then every augmented proper Pc-projective resolution of M is exact.

(b) If M € Ac, then every augmented proper Zc-injective coresolution of M is exact.

Proof. Both results follow immediately from Proposition 3.9 and Definition 2.7. -~

We can use Foxby equivalence to relate membership in the Foxby classes to Pc-projective and

Zc-injective dimensions.

Corollary 3.12 ([11, Corollary 2.9]). Let C be a semidualizing R-module and M an R-module.
(a) If Pc-pdg(M) is finite, then M € Be.

(b) If ¢ -idgr(M) is finite, then M € Ac.

Proof. (a) Suppose Pc-pdr(M) = n. By Definition 3.5, there exists an augmented proper Pc-projective
resolution X+ such that X; = 0 for all i > n. By Lemma 3.8(a), this means that Hompg(C, X ) is a bounded
augmented projective resolution of Homg(C, M), so Homg(C, M) has finite flat dimension. It follows by
Proposition 2.8(b) that Hompg(C, M) € Ac, and Theorem 2.9(a) implies that M € Be.

(b) Suppose Z¢ -idg(M) = n. By Definition 3.5, there exists an augmented proper Zc-injective
coresolution *Y such that Y* = 0 for all i > n. By Lemma 3.8(b), this means that C ® TY is a bounded
augmented injective coresolution of C' ® g M, so C' ®g M has finite injective dimension. It follows by

Proposition 2.8(d) that C ® g M € B¢, and Theorem 2.9(b) implies that M € Ac. -~

Corollary 3.13 ([11, Corollary 2.10]). Let C be a semidualizing R-module and M any R-module.

a) The inequality Po-pdr (M) < n holds if and only if there is an exvact sequence
R
0-C®rP,— - CrFPy—>M—0

with each P; a projective R-module. If such a sequence exists, then it is proper and M € B¢.

(b) The inequality Zc-idg(M) < n holds if and only if there is an exact sequence
0 — M — Homg(C,I°) — -+ — Hompg(C,I") — 0

with each I' an injective R-module. If such a sequence exists, then it is proper and M € Ac.
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Proof. (a) Suppose first that P -pdgp(M) < n for some n. Then M € Bc by Corollary 3.12(a), so Corol-
lary 3.11(a) implies that every augmented proper Pc-projective resolution of M is exact. Since M has an
augmented proper Pc-projective resolution X+ such that X; = 0 for i > n, we are done. To show the

converse, let

Xt = 0*>C®3Pni>--~$C®RPO*T>M*>O

be exact, where each P; is projective. Since each C @ P; € B¢ by Corollary 2.10(a), we have that M € B¢

by Proposition 2.8(c). Consider the associated short exact sequences
0K, —>C®rP,—>K;_1—0
for K; :=Im 0;;1, where K_; := Im7 = M. We have the long exact sequence in Ext%(C’, =)
0 — Homp(C, K;) — Homp(C,C @r P;) — Homp(C, K;_1) — Extp(C, K;) — - -

with Exty(C, K;) = 0 since K; € Bo by Proposition 2.8(c). A standard sequence-splicing argument im-
plies exactness of Homg(C, X ™). If Q is any projective R-module, Hom-tensor adjointness implies that
Hompg(C ®r Q, X 1) 2 Hompg(Q,Hompg(C, X 1)) is exact, so Xt is proper and the desired inequality holds.

(b) Suppose first that Z¢-idg(M) < n for some n. Then M € Aq by Corollary 2.8(b), so Corol-
lary 3.11(b) implies that every augmented proper Zc-injective coresolution of M is exact. Since M has an
augmented proper Z¢-injective coresolution TY such that Y = 0 for ¢ > n, we are done. To show the
converse, let

50

Y= 0— > M —>Homgp(C, I — L~ ... 2" Homp(C,I") — 0

be exact, where each I* is injective. Since each Hompg(C, ') € Ac by Corollary 3.12(b), we have that

M € B¢ by Proposition 2.8(a). Consider the associated short exact sequences
0— L' = Hompg(C,I') = L" =0
for L' :=Im 9" = M, where L~! := Ime. We have the long exact sequence in TorZR(C, -)
<o = Torf(C, L) - C@r L't = C @r Homg(C, 1) - C@r L' =0

with Torf(C,L?) = 0 since L' € A¢ by Definition 2.7. A standard sequence-splicing argument implies
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exactness of C @z TY. If J is any injective R-module, Hom-tensor adjointness implies that the complex

Homp(TY ®@r C,J) 2 Homg (Y ,Hompg(C, J)) is exact, so 7Y is proper; hence the desired inequality. =

The following corollary shows that modules of Po-projective dimension zero are in Pe and, dually,
that modules of Zo-injective dimension zero are in Z¢o. Because augmented proper Po-projective resolutions

and Zo-injective coresolutions are not exact in general, this result requires a proof.
Corollary 3.14. Let C be a semidualizing R-module and M an R-module.
(a) We have Po-pdg(M) =0 if and only if M € Pc.

(b) We have Ze-idr(M) = 0 if and only if M € Z¢.

o

Proof. (a) Suppose first that M € Po C Bg. Then 0 - C ® g P — M — 0 is an augmented proper
Pc-projective resolution of M, so Po-pdr(M) = 0. Conversely, if Po-pdgr(M) = 0, then M € B by Corol-
lary 3.12(a). Corollary 3.11(a) implies that the augmented proper Pc-projective resolution 0 -+ C ® g P —
M — 0 of M is exact, so M =2 C ®gr P and hence M € Pc.

(b) Suppose first that M € T C Ac. Then 0 — M =N Hompg(C,I) — 0 is an augmented proper
Zc-injective coresolution of M, so Zg-idg(M) = 0. Conversely, if Zo-idg(M) = 0, then M € Ac by
Corollary 3.12(b). Corollary 3.11(b) implies that the augmented proper Z¢-injective coresolution 0 — M —
Hompg(C,I) — 0 of M is exact, so M = Hompg(C,I) and hence M € Z¢. -~

The next result establishes a connection between projective and C-projective dimension, and between

injective and C-injective dimension, when C' is semidualizing. It is Theorem 1.3 from the introduction.

Theorem 3.15 ([11, Theorem 2.11]). Let C' be a semidualizing R-module and M any R-module. The

following equations hold:

(a) pdg(M) = Pc-pdp(C ®r M);

(b) Zc-idr(M) = idr(C ®@r M);

(¢) Po-pdg(M) = pdg(Hompg(C, M)); and
(d) idr(M) = Zc -idg(Homp(C, M)).

Proof. (a) Let pdp(M) = n < oo, and consider an augmented projective resolution X of M of length n.
Since M has finite flat dimension, M € A by Proposition 2.8(b) and by Definition 2.7 we have Tor®(C, M) =
0 for 4 > 1. This and right-exactness of the tensor product imply the complex C ®r XT is exact of

length n, and hence an augmented proper Pco-projective resolution of C ® g M by Corollary 3.13(a). This
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implies the inequality Pe-pdr(C ®r M) < pdi(M). To show the reverse inequality, suppose we have
Pe-pdp(C ®r M) = m < co. We have shown in Corollary 3.13(a) that there exists an exact augmented
proper Pc-projective resolution ZT of C ®g M of length m and C ® g M € B¢, so Theorem 2.9(b) implies
that M € Ac. Hence Hompg(C,C ®@r M) = M. By Lemma 3.8(a), we have that Hompg(C, Z1) is an
augmented projective resolution of Homp(C,C ®@r M) = M of length m, so pdp(M) < Pe-pdr(C @r M)
and we are done.

(b) Let Zo-idr(M) = n < oco. We have shown in Corollary 3.13(b) that there exists an exact
augmented proper Z¢-injective coresolution TY of M of length n and M € Ac. By Lemma 3.8(b), we have
that C @z 7Y is an augmented injective coresolution of C @ g M of length n, so idg(C ®@r M) < Z¢o -idr(M).
To show the reverse inequality, suppose we have idr(C®r M) = m < 00, and consider an augmented injective
coresolution T Z of C ®g M of length m. Since C ®g M has finite injective dimension, we have C®r M € B
by Proposition 2.8(d), and by Definition 2.7 we have Ext’(C,C®p M) = 0 for i > 1. This and left-exactness
of the Hom functor imply the complex Hompg(C, T Z) is exact of length m, and hence an augmented proper
Zc-injective coresolution of Homg(C,C ®r M) = M since M € Ac, so I -idg(M) <idr(C ®g M) and we
are done.

(¢c) Let Pe-pdgp(M) =n < co. We have shown in Corollary 3.13(a) that there exists an exact aug-
mented proper Pg-projective resolution X+ of M of length n and M € B¢. By Lemma 3.8(a), we have that
Hompg(C, XT) is an augmented projective resolution of Hompg(C, M) of length n, so pd;(Hompg(C, M)) <
Pe-pdr(M). To show the reverse inequality, suppose we have pdp(Hompg(C,M)) = m < oo, and con-
sider an augmented projective resolution Z* of Hompg(C, M) of length m. Since Hompg(C, M) has finite
projective dimension, we have Homp(C, M) € A¢ by Proposition 2.8(b) and by Definition 2.7, we have
TorlR(C’7 Hompg(C,M)) = 0 for ¢ > 1. This and right-exactness of the tensor product imply the com-
plex C ® g Homp(C, M) is exact of length m, and hence an augmented proper Pc-projective resolution of
C ®@g Hompg(C, M) = M since M € B¢, so Po-pdg(M) < pdr(Hompg(C, M)) and we are done.

(d) Let idgr(M) = n < oo, and consider an augmented injective coresolution *Y of M of length n.
Since M has finite injective dimension, M € B¢ by Proposition 2.8(d) and by Definition 2.7 we have
Ext%(C,M) = 0 for i > 1. This and left-exactness of the Hom functor imply the complex Homp(C, 1Y)
is exact of length n, and hence an augmented proper Zo-injective coresolution of Hompg(C, M) by Corol-
lary 3.13(b). This implies the inequality Z¢ -idr(Homp(C, M)) < idr(M). To show the reverse inequality,
suppose we have Z¢ -idg (Homp (C, M)) = m < co. We have shown in Corollary 3.13(b) that there exists an
exact augmented proper Zc-injective coresolution ¥Z of Hompg(C, M) of length m and Hompg(C, M) € Ac,
so Theorem 2.9(b) implies that M € Bc. Hence C ®p Homp(C,M) = M. By Lemma 3.8(b), we

have that C @z TZ is an augmented injective coresolution of C @ g Hompg(C, M) = M of length m, so

18



idr(M) < Z¢ -idg(Homp(C, M)) and we are done. -~

Armed with these results, we can extend Foxby equivalence to include the modules of finite C-

projective and C-injective dimensions.

Theorem 3.16 (Extended Foxby equivalence [11, Theorem 2.12]). Let C' be a semidualizing R-module, and
let n > 0 be an integer. Let ’ﬁE(R)Sn,ﬁ(R)Sn,fE(R)Sn,fSn be the classes of R-modules of C-projective,
projective, C-injective, and injective dimension of at most n, respectively. Let P(R) and Z(R) be the classes

of projective and injective R-modules, respectively. We have the following equivalences of classes:

C®Rr—

P(R) Pc(R)
M Homp(C,—) M
~ C®r— —
P(R)gn < PC(R)Sn
N Homp(C,—) N
C®r—
Ac(R) " Be(R)
Homp(C,—)
oG8R
Ic(R)scn - "I(R)<n
Homp(C,—)
J COr— Y
Ie(R) " 1I(R)
Hompg (C,—)

Proof. We prove the claim only for the top half of the diagram; the bottom half follows similarly. The
equivalences P(R) «— Pc(R) and 73(R)§n — 73;(R)§n follow from Corollary 3.14 and Theorem 3.15(a).
The equivalence Ac(R) +— Bc(R) follows from Theorem 2.9. The inclusions P(R) — 73(R)§n and
Pc(R) — @(R)Sn are immediate. The inclusion ﬁ(R)Sn — Ac(R) follows from Proposition 2.8(b), and

the inclusion 73;(]%)3” — Bc(R) follows from Corollary 3.12(a). -~

The next result is Theorem 1.4 from the introduction, and is a version of the Auslander-Buchsbaum-

Serre result in Theorem 1.1.

Theorem 3.17 ([11, Proposition 5.1]). Let R be a local noetherian ring with residue field k, and C a

semidualizing R-module. The following conditions are equivalent:
(i) R is regular;
(ii) Po-pdp(M) < oo for every finitely generated R-module M; and

(iii) Pe-pdp(k) < oo.
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Proof. (ii) = (iii). This is immediate.

(iii) = (i). Suppose that Pc -pdg(k) is finite. By Theorem 3.15(c), pdzr(Hompg(C, k) = Pc -pdg(k)
is also finite. Since Hompg(C, k) is a nonzero vector space over k by Nakayama’s lemma, we have that pd (k)
is finite. Theorem 1.1 implies that R is regular.

(i) = (ii). Suppose that R is a regular local ring; then R is Gorenstein. It can be shown, as in [7,
Corollary 4.1.9], that in this case the only semidualizing R-module is R itself. Theorem 1.1 implies that
pdg(M) = Pc-pdr(M) < co for any R-module M. -~
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4. RELATIVE COHOMOLOGY AND Ext-VANISHING

Recall that in Section 1 we characterized projective and injective modules by Ext-vanishing. When

we compute Ext-modules using Pc-resolutions or Zo-coresolutions, we obtain an analagous result.
Theorem 4.1 ([11, Theorem 3.1]). Let C be a semidualizing R-module and M any R-module.
(a) The following conditions are equivalent:
(i) Exth, (M, -) = 0;
(i) Extlp, (M, —) =0 fori>1; and
(iii) M € Pc.
(b) The following conditions are equivalent:
(i) Exty.(—, M) =0;
(i) Exty, (=, M) =0 fori>1; and
(iii) M € Z¢.
Proof. (a) (iii) = (ii). Suppose that M € Pc¢; then the complex .-+ - 0 — M — M — 0 is an exact
augmented proper Pc-projective resolution of M so we have the desired vanishing.

(ii) = (i). This is immediate.

(i) = (iii). Consider the commutative diagram

X+Z:~-~*>C®RP2LC®RP1 CRrPy——>M—>0

A

Ky

where X is an augmented proper Pc-projective resolution of M. Here 3 is the inclusion map and Ky :=
ker 7. Since X7 is an R-complex, we have Bads = 9102 = 0; since 3 is injective, we have ady = 0. Since

Ext%, (M, Ko) = 0 by assumption, the sequence
or 2
HOHIR(C ®R Po, Ko) I HOI’IlR(C ®R Pl, Ko) I HOHIR(C ®R PQ, Ko)

is exact. Since 0 = ady € Hompg(C ®g P2, Ky), we have 95(a) = 0, so a € Im ;. Hence there exists

v € Homp(C ®r Py, Ko) such that a« = 97 (y) = 701 = ySa by commutativity of the diagram. The last
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equation implies that Hompg(C, @) = Hompg(C,vBa) = Hompg(C,v) Homg(C, 8) Homg(C, ). Observe that
the sequence

0*>K1*>C®RP1$-KO*>O

is Hom(C, —)-exact by properness, where K; := ker 9;. This means that Homg(C, «) is surjective, so we have
the composition Homp(C,~) Homg(C, 8) = lHom(c,k,)- This and properness of X imply that the sequence

Hom(C,8)

0 —— Hompg(C, Ky) Hompg(C,C ®g Py) — Hompg(C, M) ——=0

-
Hom(C'v)

is split exact. Now Hompg(C,C ®@gr Py) = P, is projective, so Homg(C, M) is also projective and hence
Pe-pdr(M) = pdr(Homp(C, M)) = 0 by Theorem 3.15(c). Corollary 3.13(a) implies that there is an exact
sequence 0 - C ®r Qg — M — 0, s0 M = C ®pr Qg for some projective Qg and M € Pc.

(b) (iii) = (ii). Suppose that M € Z¢; then the complex 0 - M — M — 0 — --- is an exact
augmented proper Zc-injective coresolution of M so we have the desired vanishing.

(ii) = (i). This is immediate.

(i) = (iii). Consider the commutative diagram

Y= 0——= M —"+Homg(C, 1) —>H0mR C, Il)LHomR(C ?)——. ..
where 7Y is an augmented proper Zc-injective coresolution of M. Here L? := Imd°. Since 7Y is an R-

complex, we have 0'a8 = 9'9° = 0; since 3 is surjective, we have d'a = 0. Since Ext%c (L°, M) = 0 by

assumption, the sequence
0 0 o 0 1 o 0 2
Hompg (LY, Hompg(C, 1)) —— Hompg (LY, Homg (C, I')) —— Hompg (L, Homg(C, I%))

is exact. Since 0 = d'a € Hompg (LY, Homg(C, I?)), we have d!(a) = 0, so a € Im 3. Hence there exists
v € Hompg (L%, Homp(C, I°)) such that a = 9%(y) = 8% = aBvy by commutativity of the diagram. The last

equation implies that C @ a = C ® (yfa) = (C @ v)(C ®@ B)(C @ a). Observe that the sequence
0 —— L% —*> Homg(C,I°) —= L' ——=0

s (C @r —)-exact, where L' := Imd*. This means that C' ® « is injective, so we have the composition
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(C®7)(C ® B) = legrHomp(c,10)- This and properness of Y imply that the sequence

Ccep
04>C®RM4>C®RHOH1R(C,IO) >C®p L’ ——0
C®y

is split exact. Now C ®g Hompg(C, I%) 22 I is injective, so C ®p M is also injective and hence Z¢ -idg(M) =

idg(C ®r M) = 0 by Theorem 3.15(b). Corollary 3.13(b) implies that there is an exact sequence 0 - M —

Homp(C, J%) — 0, so M = Homg(C, J°) for some injective J° and M € Z¢. -~
The next lemma is sometimes called “dimension shifting” or “degree shifting”.

Lemma 4.2 ([11, 1.7]). Let M, N, and C' be R-modules, and n > 1.

(a) If XT is an augmented proper Pc-projective resolution of M with the usual notation, then there is an

isomorphism Ext%zl(M, N) Ext%;.c (coker Oy41, N) for alln > 0.

(b) If 7Y is an augmented proper Lc-injective coresolution of N with the usual notation, then there is an

isomorphism Extgil(M, N) Ex‘c%c (M, ker 0") for all n > 0.

The next result extends Theorem 4.1 by dimension shifting to investigate modules of finite C-

projective and C-injective dimension. It contains Theorem 1.5 from the introduction.
Theorem 4.3 ([11, Theorem 3.2]). Let C' be a semidualizing R-module, M any R-module, and n > 0.
(a) The following conditions are equivalent:
(i) Extpt'(M,—) =0;
(if) Extiy (M, —) =0 fori>1; and
(iti) P -pdp(M) < n.
(b) The following conditions are equivalent:
(i) ExtZ (-, M) =0;
(if) Ext?'" (=, M) =0 fori>1; and
(iil) Zo-idr(M) < n.
Proof. (a) (iii) = (ii). This follows by definition.

(ii) = (i). This is immediate.

(i) = (iii). Let

871.
Xt =... 2L C0@rP, - C@®rPr1—-—=M=0
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be an augmented proper Pc-projective resolution of M. There is a corresponding sequence
(X*tY:= 0-—cokerdpyy - CQRrPy 1 — - —M—=0

such that Hompg(C ®r Q, (X ™)) is exact for every projective module Q. Lemma 4.2(a) implies that
Ext%)c (coker Opq1,—) = Ext;?cfl(M, —) = 0 by assumption. By Theorem 4.1(a), we have that coker 9,11 €
Pc, so (X1) is an augmented proper Pc-projective resolution of M. The inequality Pe-pdp(M) < n
follows by definition.

(b) (iii) = (ii). This follows by definition.

(ii) = (i). This is immediate.

(i) = (iii). Let
Y= 0= M — - — Hompg(C, ") = Hompg(C,I") L5 ...
be an augmented proper Zo-injective coresolution of M. There is a corresponding sequence
Y= 0= M- = Homg(C,I" ") = kerd" — 0

such that Homg ("Y', Homg(C,J)) is exact for every injective module J. Lemma 4.2(b) implies that
Exty, (— kero") = Extgzl(—,M) = 0 by assumption. By Theorem 4.1(b), we have that ker 9" € Zg,
so Y’ is an augmented proper Zc-injective coresolution of M. The inequality Z¢ -idg(M) < n follows

by definition. -~

Recall that modules of finite projective and injective dimensions satisfy the standard “two of three”
condition; that is, if any two modules in a short exact sequence have finite projective (resp. injective)
dimension, then so does the third module. The next result shows that modules of finite Pc-projective

dimension and of finite Z¢-injective dimension satisfy an analagous condition.

Proposition 4.4 ([11, Proposition 3.4]). Let C be a semidualizing R-module. Consider an exact sequence
X= 0-M MM —0

of R-module homomorphisms.
(a) If any two of the modules have finite Pc-projective dimension, then so does the third.

(b) If any two of the modules have finite Zc-injective dimension, then so does the third.
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Proof. (a) Suppose that any two of the (possibly nonzero) modules in X have finite Po-projective dimen-
sion. Since Corollary 3.12(a) implies that these two modules are in B¢, Proposition 2.8(c) implies that the
remaining module must also be in Beo. Applying Definition 2.7, we have that Ext}%(C, M’) = 0 and hence
the sequence

0 — Hompg(C, M') — Hompg(C, M) — Hompg(C,M") — 0

is exact.

Since two of the (possible nonzero) modules in X have finite Po-projective dimension, the corre-
sponding Hom-modules have finite projective dimension by Theorem 3.15(c). It can be shown (as in [8],
Corollary VII.3.9) that this implies the remaining Hom-module must also have finite projective dimension,
so Theorem 3.15(c) ensures that its corresponding module in X has finite Po-projective dimension.

(b) Suppose that any two of the (possibly nonzero) modules in X have finite Z¢-injective dimension.
Since Corollary 3.12(b) implies that these two modules are in A¢, Proposition 2.8(a) implies that the
remaining module must also be in Ag. Applying Definition 2.7, we have that Torf (C,M") = 0 and hence
the sequence

0=-CrM - CRrM —CorM" -0

is exact.

Since two of the (possible nonzero) modules in X have finite Z¢o-injective dimension, the corre-
sponding tensor products have finite injective dimension by Theorem 3.15(b). It can be shown (as in [8],
Corollary VII.5.7) that this implies the remaining tensor product must also have finite injective dimension,

so Theorem 3.15(b) ensures that its corresponding module in X has finite Z¢-injective dimension. -~

Extended Foxby equivalence is used to prove the next result, which relates relative and absolute

Ext-modules.

Theorem 4.5 ([11, Theorem 4.1]). Let C be a semidualizing R-module, and let M and N be any R-modules.

Then for i > 0 we have the following isomorphisms:
(a) Extp,(M,N) = Exty(Homg(C, M), Hompg(C, N)); and
(b) Exty (M, N) = Exty(C®r M,C @ N).

Proof. (a) Let X* be an augmented proper Po-projective resolution of M, and choose i > 0. Lemma 3.8(a)
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implies that Hompg(C, X) is a projective resolution of Hompg(C, M). Hence, we have

Extp, (M,N) = H'(Hompg(X,N))

1%

H'(Hompg(C ®p Homp(C, X), N))

Il

H (Homp(Hompg(C, X), Hompg(C, N)))

= Exth(Homp(C, M), Homg(C, N))

where the first isomorphism follows since Po C B¢ from Theorem 3.16 and each module in X is C-projective,
and the second follows from Hom-tensor adjointness.
(b) Let Y be an augmented proper Zo-injective coresolution of N, and choose ¢ > 0. Lemma 3.8(b)

implies that C ® TY is an injective coresolution of C @ g N. Hence, we have

Exty (M,N) = H'(Homg(M,Y))

1%

H'(Homp(M,Hompg(C,C ®rY)))

1%

H(Hompg(C ®pr M,C ®rY))

= ExtR(C®r M,C®@gN)
where the first isomorphism follows since Z¢ C A¢ from Theorem 3.16 and each module in Y is C-injective,
and the second follows from Hom-tensor adjointness. -
The next three definitions are for use in Lemma 4.10 and Theorem 4.11.

Definition 4.6. Let X and Y be R-complexes and f : X — Y a chain map. We say f is a quasiisomorphism

if the induced map H,(f) : Hi(X) — H;(Y) is an isomorphism for all i. In this case, we write f: X = Y.
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Definition 4.7. A double complex of R-module homomorphisms is a commutative diagram

where each row and column is an R-complex.
Definition 4.8. Let P be a double complex over R, with notation as above. Define P, := @ P; ; for

i+j=m
each m and the maps D,, : P, — P,_1 via Dm(Cz’J’) = 8i7j(ci,j) + (71)idi7j(ci7j). Then

D D
~'~—>P1—1>P0—0>P_1—>"~

is the total complex of P, denoted Tot P.

Remark 4.9. If P is a double complex over R, then Tot P is an R-complex.

Lemma 4.10 ([3, 6.14 and 6.12]). Let X = Y be a quasiisomorphism of R-complezes.

(a) If I is a bounded above complex of injective R-modules, then Tot Homp(X, I) <— Tot Homp(Y, I).

(b) If P is a bounded below complex of projective R-modules, then Tot Homp (P, X) = Tot Homg(P,Y).
The following result is Theorem 1.6 from the introduction.

Theorem 4.11 ([11, Corollary 4.2]). Let C' be a semidualizing R-module, and let M and N be any R-

modules.
(a) If M,N € Bc, then Extp (M, N) = Exty (M, N) fori > 0.
(b) If M,N € Ac, then Exty_ (M, N) = Ext}(M,N) fori > 0.

Proof. (a) Choose i > 0. Let P be an augmented projective resolution of Hompg(C, M) and *I an aug-

mented injective coresolution of N. Since M, N € B¢, the complexes C @ g PT and Hompg(C, TI) are exact;
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in particular, C @ P = C' ® g Homg(C, M) = M and Homg(C,I) <= Hompg(C, N). Lemma 4.10 gives the

quasiisomorphisms

Tot Homp(C @ P,I) <= TotHompg(M,I)

Tot Homp (P, Homp(C,I)) <= Tot Homg (P, Homg(C,N))
that each give rise to isomorphisms of homology modules. Since there is an isomorphism
Homp(C ®g P,I) = Hompg (P, Hompg(C,I))
of double complexes, we have

Exto(M,N) = H'(Homg(M,I))

= H'(Tot Hompg(M,I))

IR

H'(Tot Homg(C ®g P, I))

Il

H(Tot Hompg (P, Homg(C, I)))

IR

H'(Tot Homp (P, Homg(C, N)))
= H'(Hompg(P,Homg(C, N)))

= Exth(Hompg(C, M), Homp(C, N))

Il

Extp,_ (M, N)

where the last isomorphism is by Theorem 4.5(a).

(b) Choose i > 0. Let P* be an augmented projective resolution of M and TI an augmented
injective coresolution of C @z N. Since M, N € A¢, the complexes C @ g PT and Hompg(C, T1) are exact;
in particular, Homg(C, I) & Homp(C,C ®r N) =2 N and C ®g P = C ®p M. Lemma 4.10 gives the

quasiisomorphisms

Tot Homp (P, Homp(C, I)) Tot Homp (P, N)

&
Tot Hompz(C @ P,I) < TotHompg(C ®g M,I)

that each give rise to isomorphisms of homology modules. Since there is an isomorphism

Homp(P, Homp(C,I)) = Hompr(C ®g P, I)
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of double complexes, we have

Extn (M, N) H'(Hompg (P, N))

= H'(Tot Hompg(P, N))

Il

H'(Tot Hompg (P, Homp(C, I)))

Il

H'(Tot Hompg(C ®p P, 1))

I

H(Tot Hompg(C ®r M, I))
= H'(Homp(C ®r M,I))
= Exth(C®prM,C®gN)

= Exti_ (M,N)

where the last isomorphism is by Theorem 4.5(b).
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5. COMPLETE PC- AND IC-RESOLUTIONS

In this section we combine projective and C-projective resolutions and, dually, injective and C-

injective resolutions in a useful way.

Definition 5.1. Let C be an R-module. A complete PC-resolution is an exact sequence of R-module
homomorphisms

0 1
X=-2p %P %ce,Q" L copQt 2 ...

such that each P; and @7 is projective and the complex Hompg(X,C ®r Q) is exact for every projective
module Q.

A complete IC-resolution is an exact sequence of R-module homomorphisms
0 1
Y = 2 Homp(C, 1) 25 Homp(C, Ip) 2 J° 25 gt 25 ..
such that each I; and J/ is injective and the complex Homg(Hompg(C,J),Y) is exact for every injective

module J.

Definition 5.2. Let C' be an R-module. An R-module M is said to be G¢-projective if there exists a
complete PC-resolution (using the notation above) with M = Im dy = ker 8°. The module M is said to be

G c-injective if there exists a complete IC-resolution (using the notation above) with M 2 ker 8° = Im 0.

The next result shows that complete PC- and IC-resolutions are built from Pg-projective resolutions

and Zg-injective coresolutions, respectively.
Proposition 5.3 ([12, Proposition 2.2]). Let M and C' be R-modules.

(a) The module M is Gg-projective if and only if M admits an exact augmented coproper Pc-projective

coresolution and Ext%(M, C®rQ) =0 fori>0 and for all projective modules Q.

(b) The module M is G¢-injective if and only if M admits an exact augmented coproper Zc-injective reso-

lution and Ext’y(Hompg(C,J), M) =0 fori > 0 and for all injective modules .J.

Proof. (a) Suppose first that M is a Gg-projective R-module. Then there exists a complete PC-resolution
0 1
X=--2p %P %ce,Q" L copQt 2 ...

such that M = Imd3dy by Definition 5.2. Here we adopt the convention that X; := P; for ¢ > 0 and
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X; = C ®g Q"' otherwise. Form the augmented projective resolution
+ o Do o1 T
PTi=... 5 P —PFP—-M-—=0

of M by truncation of X. Since the complex Hompg(X,C ®r Q) is exact for every projective module @ by

Definition 5.1 and the complexes PT and X agree in positive degree, we obtain that

Extp(M,C®©rQ) = H'(Homg(P,C®rQ))
= H'(Homp(X,C ®r Q))

= 0

for i > 0; exactness in degree i € {—1,0} follows from left-exactness of Hompg(—,C ®r Q). Consider

the complex

v € o 8° 1 ot
Yi= 0-MS3CorQ" —=CorQ" — -

obtained by truncation, where € is chosen such that er = 8y. Since Y; = X;_; for 4 < 0 and the maps 0"
are equal, we obtain that H;(Homgz(TY,C ®r Q)) = H;1(Homg(X,C ®r Q)) = 0 for i > 1 by Definition
5.1 and exactness in degree i € {—1,0} follows from left-exactness of Homg(—,C ®r Q). Hence TY is an
augmented coproper Pc-projective coresolution of M.

To show the converse, let
+ L 62 81 T
PTi=.. P —FP—-M-=0
be an augmented projective resolution of M and
+ € o 8° 1 ot
Y= 0-M—->C®rQ"  —CRrQ" — -
an exact augmented coproper Pgo-projective coresolution of M. Form the complex

Xi=...- 2. p 2

0 1
Py — C®RQOL>C®RQ1L>~-~

that we claim is a complete PC-resolution of M. Here we adopt the same degree convention as above.
Since X is exact by construction, it suffices to show that Homp(X,C ®g Q) is exact for every projective

R-module Q.
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For ¢ > 0, we have

H'(Homg(X,C ®r Q) = H'(Homg(P,C®rQ))
= Exth(M,C®grQ)

= 0

by assumption. For i > 1, we have H;(Hompg(X,C®rQ)) = H;—1(Homgr("Y,C®rQ)) = 0 by coproperness
of TY. Left-exactness of the functor Hompg(—,C ®g Q) gives exactness of Homg(X,C ®g Q) in degree
1 € {0,1}. Hence Homg(X,C ®r Q) is exact and M is Go-projective by Definition 5.2.

(b) Suppose first that M is a Go-injective R-module. Then there exists a complete IC-resolution

0 1
Y = 2 Homp(C, I;) 2 Homp(C, Ip) 2 J° 25 gt 25 .

such that M = kerd° by Definition 5.2. Here we adopt the convention that Y; := J~% for i < 0 and

Y; := Hompg(C, I;,_1) otherwise. Form the augmented injective coresolution

of M by truncation of Y. Since the complex Homg(Hompg(C,I),Y) is exact for every injective module I by

Definition 5.1 and the complexes *.J and Y agree in negative degree, we obtain that

Extls(Hompg(C,I),M) = H'(Homg(Homg(C,I),J))
= H'(Hompg(Hompg(C,I),Y))

= 0

for i > 0; exactness in degree i € {—1,0} follows from left-exactness of Hompg(Hompg(C,I),—). Consider

the complex

2 1
7t = L Homp(C, 1) L5 Homp(C, Io) = M — 0
obtained by truncation, where 7 is chosen such that er = 9. Since Z;_; = Y; for ¢ > 1, we obtain
that H;(Hompg(Homg(C,I),Z")) = H;y1(Homg(Homg(C,I),Y)) = 0 for i« > 0 by Definition 5.1 and

exactness in degree i € {—1,0} follows from left-exactness. Hence Z* is an augmented coproper Zo-injective

resolution of M.
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To show the converse, let
TTi= 0=-MSJ0 25 gt 2o
be an augmented injective coresolution of M and
Zt = 2 Homp(C, 1) 2 Homp(C, I) = M — 0

an exact augmented coproper Zgc-injective resolution of M. Form the complex

Y ot

Y= - 2> Homp(C, I) > Homp(C, Ip) — "= J* ~>= !

that we claim is a complete IC-resolution of M. Here we adopt the same degree convention as above. To
show this, it suffices to show that Hompr(Homp(C,I),Y) is exact for every injective module I.

For ¢ > 0, we have

H'(Homp(Homp(C,1),Y)) = H'(Homg(Homg(C,I),"J))
= Exth(Hompg(C,I), M)

= 0

by assumption. For i > 1, we have H;(Homgr(Hompg(C,I),Y)) = H;_1(Homg(Hompg(C,I),ZT)) = 0 by
coproperness of Z1. Left-exactness of the functor Homg(Hompg(C, I), —) gives exactness of the complex
Homp(Hompg(C,I),Y) in degree ¢ € {0,1}. Hence Hompg(Homp(C,I),Y) is exact and M is Go-injective

by Definition 5.2. -~
Corollary 5.4 ([4, Proposition 2.4]). Let C' be an R-module. If M is Gg-projective, then M admits a
complete PC'-resolution of the form

i F 5 Fy - CorG* - CoprGH— ---

where each F; and GV is free.

Proof. Let @ be a projective R-module. Since every R-module admits a free resolution, there exists an
augmented free resolution

2 S B D M0
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of M that is Homp(—,C ®p Q)-exact by left-exactness. By Proposition 5.3(a), there is a complete PC-

resolution of M yielding the exact sequence
€ B° Bt
0-MSCorQ° = CopQ' = -

by truncation; this sequence is Homg(—,C @ Q)-exact since it is an augmented coproper Pa-projective
coresolution of M. Since each @7 is projective, it is the direct summand of a free module. Choose P° such
that G° = Q° @ PY is free. For j > 0, inductively choose P such that G7 = Q7 @ P’~! @ PJ is free.

Define the sequence
0 1
X=--202%52%0c:6" 5 0copct 2.

combining the above resolution and coresolution. Define the map 9° : C @z G* — C ®@g G! via °(z,y) :=
(B°(x),y,0). For j > 0, define the map & : C ®r G — C ®r G'*! via & (z,y,2) = (#(z),2,0).
Define the map 0y : Fy — C @ G° via 9y(x) := (er(z),0). Note that since X is constructed in negative
homological degree by summing the above Pgc-projective coresolution with exact sequences of the form
0— C®rP— C®p P’ —0,it is still Homg(—,C ®r Q)-exact in these degrees.

We show that X is exact. Exactness at F; (for ¢ > 0) follows immediately from the given free
resolution. To show exactness at Fy, observe that dy01 = (e79;,0) = (0,0) since the given free resolution is
an R-complex. Further, suppose y € ker dp; then y € ker(er) and 7(y) € kere. Since € is injective, we have
7(y) = 0 and hence y € ker 7 = Im ;.

To show exactness at C ®r G, observe that 9°9y = (3%, 0,0) = (0,0). Further, suppose (z,y) €
ker 9°; then y = 0 and z € ker 8 = Ime. Hence there is some m € M such that e(m) = x. Surjectivity of 7

gives m’ € Fy such that 7(m') = m. It follows that
do(m') = (er(m/),0) = (e(m),0) = (x,0) = (z,y)

as desired. To show exactness at C ®g Q' for i > 0, observe that 9°9'~! = (8‘8°1,0,0) = (0,0,0).
Further, suppose (z,y, 2) € ker 3; then z = 0 and = € ker 3 = Im 8~1. Hence there is some 2’ such that

Bi71(2') = z. Tt follows that
O 2',0,y) = (B (@), 9,0) = (z,y,0) = (2,9, 2)
and hence X is exact. It can be shown that Homp(X,C ®g Q) is exact for every projective R-module Q.
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Hence X is a complete PC-resolution of M. -~

The next result shows that complete PC- and IC-injective resolutions play nicely with products

and coproducts.

Proposition 5.5 ([12, Proposition 2.4]). Let C' be an R-module.

(a) If {X\} is a set of complete PC-resolutions, then the complex 1], X\ is a complete PC-resolution.
(b) If {Y)\} is a set of complete IC-resolutions, then the complex [], Y is a complete IC-resolution.

Proof. (a) Suppose that {X,} is such a set. Then X and Hompg(X,C ®g Q) are exact for any projective

module Q; hence [[, X and [[, Hompg(Xy,C ®r Q) are also exact. Recall that there is an isomorphism

HHomR(XA,CQ@R Q) = Homp (HXMC@R Q)
A A

of R-modules. Thus Hompg ([[,,C ®r Q) is exact and [, X is a complete PC-resolution.
(b) Suppose that {Yy} is such a set. Then Y and Homp(Hompg(C, J),Y)) are exact for any injective

module J; hence [], Y\ and [[, Homg(Hompg(C, J),Y)) are also exact. Recall that there is an isomorphism

HHomR(HomR(C, J),Y,) 2 Hompg (HomR(C, J), HY>\>
A A

of R-modules. Thus Hompg (Hompg(C, J),[], Y)) is exact and [], Y} is a complete IC-resolution. -~

Corollary 5.6. The class of Go-projective modules is closed under direct sums and the class of G -injective

modules is closed under direct products.

Proof. Since taking cokernels commutes with coproducts and taking kernels commutes with products, the

results follows immediately from Proposition 5.5. -~
We use the following six lemmata below.
Lemma 5.7. Let F be a flat R-module and I an injective R-module. Then Hompg(F, I) is also injective.

Proof. Let X be an exact sequence of R-module homomorphisms. By definition, X ®g F' is exact since
F is flat. Since I injective, the sequence Hompg (X ®g F,I) is exact by definition. Applying Hom-tensor

adjointness, we find that Homg(X®gF, I) = Homg (X, Hompg(F, I)) is exact, so Homp (F, I) is injective. =

Lemma 5.8. Let P and @ be projective R-modules. Then P ®p Q is projective.
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Proof. Since P and @ are projective, the functors Homp(P, —) and Hompg(Q,—) are exact. Hom-tensor

adjointness gives that Homg(P®rQ, —) = Hom g (P, Homp(Q, —)) is also exact, so PQrQ is projective. =
Lemma 5.9 ([12, Lemma 2.5]). Let C' be an R-module.

(a) Let P and @ be projective R-modules and X an R-complexr. If Homg(X,C ®g Q) is exact, then the
compler Homp (P ®@r X,C ®r Q) is exact. In particular, if X is a complete PC-resolution of a module

M, then P ®gr X is a complete PC-resolution of P ®@r M.

(b) Let P be a projective R-module, J an injective R-module, and Y an R-complezx. If Homg(Hompg(C,J),Y)
is exact, then the compler Homg(Hompg(C, J), Homg(P,Y)) is exact. In particular, if Y is a complete

IC-resolution of a module N, then Hompg(P,Y) is a complete IC-resolution of Homp (P, N).

Proof. (a) Suppose that Hompg (X, C®r Q) is exact, where @) is projective. Since P is projective, the complex

Homp(P ®r X,C ®r Q) = Homp (P, Homg(X,C ®r Q))

is exact. Now suppose

X= =P +P=C0C0rQ°=>CorQ" — -

is a complete PC-resolution of M. Since P is projective and X is exact, the complex

PRrX = - P@rP, > POrPy—Por(Co®rQ%) > PRg(CRRQY) — -

1

-5 PRr P+ POrPy = Cor(PorQ%) - Cor (PR Q) — -

is exact; further, it is a complete PC-resolution of P ®z M since each P @y P; and P ®pr Q7 is projective
by Lemma 5.8 and since taking cokernels commutes with P ® g — by right-exactness.

(b) Suppose that Homg(Hompg(C, J),Y) is exact, where J is injective. The complex

HOmR(HOmR(O,J),HOIHR(P,Y)) = HOInR(P@RHOInR(C,J),Y)

Homp (P, Homg(Hompg(C, J),Y))

Il

is exact since P is projective. Now suppose

Y =+ = Hompg(C, ;) — Homp(C, Iy) — J° = J' — -
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is a complete IC-resolution of N. Since P is projective and X is exact, the complex

Hompg(P,Y) = ---— Hompg(P,Homg(C,I)) = Hompg(P,J%) — ---

Il

-+« — Hompg(C, Homg(P, Iy)) — Homp(P, J%) — ---

is exact; further, it is a complete IC-resolution of Homp (P, N) since each Homg(P, I;) and Homg(P, J7) is
injective by Lemma 5.7 and since taking kernels commutes with Homp (P, —) by left-exactness. N
Lemma 5.10 (7, Lemmata A.1.2, A.1.3]). Let L, M, N be R-modules.

(a) If L is finitely generated and N is flat, then Homg(L, M) @ g N = Hompg(L, M Qg N).

(b) If L is finitely generated and N is injective, then L @ g Hompr (M, N) = Hompg(Hompg (L, M), N).

Lemma 5.11 ([7, Proposition 5.4.1(a)]). Let C be a semidualizing R-module and M a finitely generated
R-module. If there is an isomorphism M = Hompg(Hompg(M,C),C), then the natural biduality map M —

Homp(Hompg (M, C),C) is an isomorphism.

Lemma 5.12. Let C be a semidualizing R-module and § a positive integer. The biduality maps R® —
Hompg(Homg(R?,C),C) and C# — Homp(Hompg(CP, C),C) are isomorphisms.

Proof. We have

Il

Homp(Hompz(R?, C),C) Homp(Homg(R, C)?,C)

IR

Hompg(C?,0)

Il

Hompz(C, C)?

IR

RP

where the last isomorphism follows since C' is semidualizing. We have

Homp(Homg(C?, C),C) = Hompg(Homg(C,C)?, C)
>~ Hompg(R?, C)

>~ Homg(R,C)?

IR

cP

similarly. By Lemma 5.11, the corresponding biduality maps are isomorphisms. N
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The next proposition shows how the construction of G¢-projective modules generalizes that of
projective and C-projective modules. The construction of G¢-injective modules similarly generalizes that of

injective and C-injective modules.

Proposition 5.13 ([12, Proposition 2.6]). Let C be a semidualizing R-module.

(a) If P is a projective R-module, then P and C ®gr P are G¢-projective.

(b) If I is an injective R-module, then I and Hompg(C,I) are Gc-injective.

Proof. (a) From Lemma 5.9(a), it suffices to show that C and R admit complete PC-resolutions. We first
show that C' admits such a resolution. Since C' is semidualizing, there is an augmented projective resolution

Xt= ..o R 5 RY 5 C =0

that is exact; in particular, C' 2 coker(R” — RP0). It remains to show that Homgz(X+,C ®pr Q) is exact
for any projective R-module @). Exactness in nonnegative degrees follows from left-exactness of the functor

Hompg(—,C ®g Q). For i > 1 we have

HiHomp(X,C ®5r Q)

Il

H'(Homg(X*,C) ®r Q)

1%

H'(Homp(X™,C)) ®@r Q
= Exth(C,C)®grQ

= 0

where the first isomorphism follows from Lemma 5.10(a) since each X" is finitely generated and @ is flat, the
second follows from [8, Theorem IV.1.10(a)] since @ is flat, and the final equality follows from Definition 2.1.

We now claim that Homg(X™,C) is a complete PC-resolution of R. We have

Homg(X™,0) 0 — Homp(C,C) — Homg(R?,C) — Homg(R?,C) — ---

~ (0 — R — Hompg(R,C)? — Homg(R,C)*" — -

~ 0R—-CP 50— ...

since Hompg(C,C) = R by Definition 2.1. Thus Hompg(X™*,C) has the correct form for a complete PC-
resolution of R. The complex Hompg(X ™, C) is exact by setting @ = R in our previous work. Further, the

biduality map X+ — Hompg(Homg(X ™, C), C) is an isomorphism by Lemma 5.12. Hence for any projective
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module @ we have

Homp(Homg(X™,C),C ®r Q) = Homg(Homg(X™,C),0)®rQ

Il

Xt orQ

as before. Since X is exact and @ is projective, the complex X T @@ is exact, so the complex Hompg (X T, C)
is a complete PC-resolution of R.

(b) Let I be an injective R-module. There exists an augmented injective resolution

Y = 0— Homg(C,I) - I1° 1" — ...

of Homg(C,I). We claim that TY is a complete IC-resolution of Hompg(C, ), giving that Homg(C, I) is

Gc-injective. It suffices to show that

Homp(Homg(C,J),"Y) = 0 — Homg(Homg(C,J),Homg(C,I)) — Homp(Homg(C, J), I°) — - -

is exact for every injective R-module J. We obtain exactness at Hompg(Hompg(C, J), Homg(C,I)) and
Hompg(Hompg(C, J), I°) by left-exactness of the functor Hompg(Homp(C,J), —). For the remaining terms,
it suffices to show that Ext’(Homp(C,J), Homg(C, 1)) = 0 for i > 1. Let Pt be an augmented projective

resolution of C. Then Homp (P, I) is an augmented injective resolution of Hompg(C, I), so

1%

Ext’ (Hompg(C, J), Homg(C, I)) H'(Homg(Hompg(C, J), Homg(P,I)))

Il

H'(Hompg (P ®f Hompg(C, J), 1))

1%

Homp(H;(P ®g Homp(C, J)),I)

1%

HomR(Tor?(C, Hompg(C, J)), I)

= 0

since J € Be. Hence Hompg(C, I) is Ge-injective. It remains to show that I is Ge-injective. Let

X:=05R—=CP 507 ...

be the complete PC-resolution of R from part (a). We claim that Homp(X, I) is a complete IC-resolution
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of I, and hence that I is G¢-injective. Indeed,

Homp(X,I) = ---— Hompg(C?, 1) — Homg(C™, I) — Homg(R,I) =0

1%

.-+ = Hompg(C, I?) = Hompg(C,I7°) = I — 0

where each Hompg(C, I?) € Zc. Thus Homg(X, I) has the correct form for a complete IC-resolution of I.

We must also show that Homr(Hompg(C, J), Homg(X, I)) is exact for any injective module J. We have

Homp(Homp(C,J),Homp(X,I)) = Hompg(X ®r Hompg(C,J),I)

>~ Hompg(X,Homg(Hompg(C, J),I))

Il

Homp(X,C ®p Hompg(J, 1))

Il

Homp(X,C) ® g Hompg(J, I)

where the third isomorphism follows from Lemma 5.10(b) since I is injective and C is finitely generated,
and the last isomorphism follows from Lemma 5.10(a) since Homg(J, I) is flat and Hompg (X, C); is finitely
generated for all i. By the proof of part (a), the complex Hompg (X, C) is an augmented free resolution of C,
so it is exact; the flatness of Homp(J, I) gives that the complex Homp (X, C) ®g Hompg(J, I) is also exact.

Hence I is G¢-injective. -~

Corollary 5.14. Let C be a semidualizing R-module. Every R-module admits a G¢-projective resolution

and a G¢-injective coresolution.

Proof. Every module admits a projective resolution and an injective coresolution. The result follows since

every projective module is Go-projective and every injective module is G¢-injective by Proposition 5.13. =
Next, we obtain some useful Ext-vanishing.
Proposition 5.15 ([12, Proposition 2.7]). Let C' be a semidualizing R-module.

(a) If X is a complete PC-resolution and L has finite Pc-projective dimension, then Hompg (X, L) is exact.

In particular, if M is Gc-projective, then Ext's(M, L) = 0 for i > 0.

(b) IfY is a complete IC-resolution and L has finite Zc-injective dimension, then Hompg(L,Y) is exact. In

particular, if M is Go-injective, then EX‘U’R(L, M) =0 fori>O0.

Proof. (a) We proceed by induction on n := Pc-pdg(L). In the case where n = 0, we have L = C Qg Py

for some projective R-module Py, so Hompg(X, L) =2 Homg(X,C ®g P) is exact by definition. In the case
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where n > 0, consider an augmented proper Pco-projective resolution

0—-C®rP,— 2 CRQQxRrRP —-CQrPy—>L—0

of L. By Corollary 3.13(a), this resolution is exact. Form the commutative diagram

01

0——=CQrP,—— - —CQRrbP CR®rPy—=L—>0

Im 31
O / \ 0
where the two crossing subsequences are exact by construction. The complex Homg(X,C ® Py) is exact

by the base case previously shown. Observe that Po-pdp(Imd;) < n by our diagram, so by induction the

complex Hompg (X, Im d) is exact. The sequence
0— HOHIR(X, Imal) — HOIIlR()(7 C®r Po) — HOIIIR(X, L)

is exact by left-exactness of the functor Hompg(X, —).

We show that the map Homp(X,C ®r Py) — Homp(X, L) is surjective. By the long exact se-
quence in Extp(X;, —), it suffices to show that Exth(X;,Imd;) = 0 for all i. By definition, each X; is
either projective or C-projective. If X; is projective, then Ext}%(Xi,Im 01) = 0. If instead X; € Pe,
then Ext}(X;,Tmd;) = Ext%;c (Xi,Imdy) = 0, where the isomorphism follows from Corollary 3.13(a) and
Theorem 4.11(a), and the vanishing is from Theorem 4.1(a).

The long exact sequence in homology implies that Hompg (X, L) is exact. If M is Go-projective, then
the Ext-vanishing follows by using a truncation of X as a projective resolution of M.

(b) We proceed by induction on n := Z¢ -idg(L). In the case where n = 0, we have L = Hompg(C, I°)
for some injective R-module I°, so Hompg(L,Y) = Homg(Homz(C, I°),Y) is exact by definition. In the case

where n > 0, consider an augmented proper Z¢-injective coresolution

0 — L — Homp(C,I°) — Homg(C,I*) = --- — Hompg(C,I") = 0
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of L. By Corollary 3.13(b), this coresolution is exact. Form the commutative diagram

80

Hompg(C,I') —— -+ —— Homg(C, I") — 0

7

Im 9°
O / \ O

where the two crossing subsequences are exact by construction. The complex Homz(Y, Homg(C, I?)) is

0 —— L —— Homg(C, I°)

exact by the base case previously shown. Observe that Z¢ -idz(Im 8°) < n by our diagram, so by induction

the complex Hompz(Y,Im ) is exact. The sequence
0 — Homg(Im8°,Y) — Homg(Homp(C,I°),Y) — Hompg(L,Y)

is exact by left-exactness of the functor Hompg(—,Y).

We show that the map Hompg(Hompg(C,I°),Y) — Hompg(L,Y) is surjective. By the long exact
sequence in Extp(—,Y?), it suffices to show that Exty(Imd° Y?) = 0 for all i. By definition, each Y*
is either injective or C-injective. If Y7 is injective, then Ext}%(lm 3%, Y = 0. If instead Y? € Z¢, then
Extp(Im % Y?) = Ext} (Imd°,Y?) = 0, where the isomorphism follows from Corollary 3.13(b) and Theo-
rem 4.11(b), and the vanishing is from Theorem 4.1(b).

The long exact sequence in homology implies that Hompg(L,Y) is exact. If M is G-injective, then

the Ext-vanishing follows by using a truncation of Y as an injective coresolution of M. -

The next definition leads to a main result. It is a slightly weaker version of the usual “two of three”

condition on modules in short exact sequences.
Definition 5.16. Let x be a class of R-modules.
1. We say x is resolving if it satisfies the following conditions:
(a) P(R) C x;

(b) for every short exact sequence 0 — M’ — M — M"” — 0 of R-module homomorphisms with

M" € x, we have M € x if and only if M’ € y; and

(¢) x is closed under direct summands.
If  satisfies only conditions (b) and (c), we say it is quasi-resolving.

2. We say x is coresolving if it satisfies the following conditions:
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(a) Z(R) C x;
(b) for every short exact sequence 0 — M’ — M — M" — 0 of R-module homomorphisms with
M’ € x, we have M € x if and only if M € x; and

(¢) x is closed under direct summands.
If y satisfies only conditions (b) and (c), we say it is quasi-coresolving.
The next result is part of Theorem 1.7 from the introduction.
Theorem 5.17. Let C be a semidualizing R-module.
(a) The class of C-projective modules is quasi-resolving.
(b) The class of C-injective modules is quasi-coresolving.

Proof. (a) Let 0 - M’ — M — M"” — 0 be a short exact sequence of R-module homomorphisms such
that M" € Pc. Assume that either M"” € Ps or M € Po. Then M"” € Bc by Theorem 3.16 and either
M’ € B or M € Bo. By Proposition 2.8(c), we conclude that M’ € B and M € Be. In either of our
cases, the sequence

0 — Homp(C, M') — Hompg(C, M) — Homg(C,M") — 0

is exact since Extp(C, M’) = 0 by Definition 2.7. Since Homp(C, M") is projective by Theorem 3.15(c)
and Corollary 3.14(a), we have that Hompg(C, M’) is projective if and only if Homg(C, M) is projective. It
follows by the same corollary that Pc-pdg(M’) = 0 if and only if Pe-pdg(M) = 0.

It remains to show that Pg is closed under direct summands. Let M = L & N € Po. We must
show that L € Po. Theorem 3.16 implies that Homp(C, M) = Hompg(C, L) @ Homg(C, N) is projective, so
the summands are also projective. Another application of Theorem 3.16 implies that L € Pc. Hence P¢ is
quasi-resolving.

(b) Let 0 — M’ — M — M" — 0 be a short exact sequence of R-module homomorphisms such that
M' € Tc. Assume that either M” € Zg or M € Z. Then M’ € Ac by Theorem 3.16 and either M"” € Ac

or M € Ac. By Proposition 2.8(a), we conclude that M € Ac and M” € Aq. In either case, the sequence

0=-CrM - CRrM —-CorM" =0

is exact since Torf(C,M") = 0 by Definition 2.7. Since C ®z M’ is injective by Theorem 3.15(b) and
Corollary 3.14(b), we have that C ® g M is injective if and only if C ® g M" is injective. It follows by the
same corollary that Zo -idg(M) = 0 if and only if Z¢ -idr(M”) = 0.
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It remains to show that Zs is closed under direct summands. Let M = L& N € Z. We must show
that L € Z¢. Theorem 3.16 implies that C ® g M = (C ®r L) ® (C ®r N) is injective, so the summands are

also injective. Another application of Theorem 3.16 implies that L € Zo. Hence Z¢ is quasi-coresolving. =

To show that the classes of G-projective and Ge-injective modules are resolving and coresolving,

respectively, we need modified versions of some well-known results.

Lemma 5.18 (Horseshoe lemma). Let 0 — M’ LM 4 M = 0 be a short ezact sequence of R-module

homomorphisms.

(a) If X’ and X" are complete PC-resolutions of M' and M" (respectively), then there is a complete PC-
resolution X of M such that there is a degreewise split exact sequence 0 — X' — X — X" — 0 of

R-complezes. In particular, if M’ and M" are Gc-projective, then so is M.

(b) If Y/ and Y are complete IC-resolutions of M' and M" (respectively), then there is a complete IC-
resolution Y of M such that there is a degreewise split exact sequence 0 — Y —Y — Y"” — 0 of

R-complezes. In particular, if M’ and M" are G¢-injective, then so is M.

Proof. (a) Suppose that M’ and M" are G¢-projective with complete PC-resolutions X’ and X", respec-
tively. From X’ and X" we may extract augmented projective resolutions --- — P — Pj — M’ — 0 and
-+ = P - P/ - M"” — 0 and, applying the projective horseshoe lemma (as in [8, Lemma VIIL.3.2]), we
may construct an augmented projective resolution --- — P; & P’ — P}/ ® P} - M — 0 of M such that

the diagram

’
with exact rows commutes. We may extract augmented coproper Pc-projective coresolutions 0 — M’ =
6//

0X' 51X —» ... and 0 - M" == 9X” — 1X" — ... where we define ‘X’ := C ®p *Q’ for some

projective module ‘@’ (and similarly for *X”). Applying the functor Homp(—,°X"’) to the original short
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exact sequence, we obtain the exact sequence

0 — Homp(M","X") — Homp (M, X") — Homp(M',°X") — Extp(M", X)

and the vanishing Ext(M",°X") = 0 by Proposition 5.3(a) since °X’ € P¢. This vanishing implies the map
Homp(M,°X") — Homp(M’,°X’) is surjective, so we obtain the following commutative diagram, where the
existence of the map ¢ € Homp(M’,°X’) implies the existence of the map h € Homp(M,°X’) such that

e = hf and we define € := (h,e”g):

0 0 0
0 ]\L / J\£ g J\/lf" 0
l noo i l ,

L -
00X/ L 0x/g0xw 0x7 0

We then apply the snake lemma and obtain the next commutative diagram

0 0 0

0 Mty 0
’ h - € "

0 OX/A OX/GBOX” OX// 0

0 —— coker ¢ ———— coker e —— cokere¢”” ——= 0
with exact rows and columns. Since coker € and coker € have coproper Po-projective coresolutions, we may

apply the same procedure to the bottom row of the diagram. We obtain the commutative diagram

0 — coker ¢ ———— coker ¢ ——— coker ¢/ ——= 0

RO //
09/ // 09 05"
-
A

0 1X/ 1X/€B1X// 1X// 0

l | |

0 — coker °9 —— coker °9 —— coker %9 —— 0

with exact rows and columns, where we define °0 as above. Splicing these diagrams together and continuing
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this process inductively, we obtain the commutative diagram

0 0 0
0 M’ M M 0
04>0X/4>0X/EB0XN OX// 0
08/ BO 08//
0 5 lX/ 1X/@1X” lX// 0
18/ 81 18//

with exact rows and columns. Splicing this diagram with the diagram obtained from the projective horseshoe

lemma yields the exact sequence

0= X' =X X"—0.
We claim that that X is a complete PC-resolution of M. To show this, fix any projective R-module Q). We
have the exact sequence

0— HOHIR(X”,C@R Q) — HOIIlR(X7C XRRr Q) — HOHIR(X/,C SR Q) —0

by Ext-vanishing, so exactness of Hompg (X', C®r Q) and Hompg (X", C®r Q) imply exactness of the complex

Hompg (X, C ®r Q) using the long exact sequence in homology. Further, we have
M = coker(P| @ P’ — Pj & Pf)

by construction.
uppose tha an are G¢-injective with complete IC-resolutions Y’ an respectively.
b) S that M’ and M" G ¢-injecti ith lete IC' luti Y and Y tivel
From Y’ and Y” we may extract augmented injective coresolutions 0 — M’ — 9J' — 1J' — ... and
0— M" —0%J" = 1J" — ... and, appying the injective horseshoe lemma (as in [8, Lemma VIIL.3.4]), we

may construct an augmented injective coresolution 0 — M — 0.J' ®0J"” — LJ' @ 1J"” — ... of M such that
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the diagram

E, € e//
0 5 OJ/ OJ’@OJ“ OJ// 0
03/ Oa 08//

0 ;1J’ 1J/@1J// 1J// 0

18/ la 10//

’
with exact rows commutes. We may extract augmented coproper Z¢-injective resolutions - - - — Y{ — Y{ AR

"
T

M —0and --- - Y - Yy — M"” — 0 where we define Y/ := Hompg(C, I!) for some injective module I}
(and similarly for Y;”). Applying the functor Hompg(Yy', —) to the original short exact sequence, we obtain

the exact sequence
0 — Hompg(Yy', M') — Homp(Yy', M) — Homp(Yy', M") — Exty(Yy, M)

and the vanishing Ext% (Yy’, M’) = 0 by Proposition 5.3(b) since YJ’ € Z¢. Since the map Hompg(Yy', M) —
Homp(Yy', M) is surjective, we obtain the following commutative diagram, where the existence of the map
7" € Homp(Yy', M") implies the existence of the map h € Hompg(Yy’, M) such that 7"/ = gh and we define

7 such that (z,y) — f7'(z) + h(y):

0—Y —YjeY) —Y)/——0

Ve
Tli i’r h/ ’ l/‘r”
7
f #

g

0 M M M 0
0 0 0
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We apply the snake lemma and obtain the commutative diagram

0 ker 7/ ker 7 ker 7"/ 0
0 Yy Yo Yy Yy 0
’ T h - - "
0 YR VR B Y 0
0 0 0

with exact rows and columns. Since ker 7”7 and ker 7 have coproper Zg-injective coresolutions, we may apply

the same procedure to the top row of the diagram. We obtain the commutative diagram

0 ker 94 ker dy ker 07/ 0
0 Y Yoy Yy 0
, i l o i .
o1 dy - e
2 -
0 ker 7/ ker T ker 7"/ 0

with exact rows and columns, where we define d; as above. Splicing these diagrams together and continuing

this process inductively, we obtain the commutative diagram

0 M M M 0
0 0 0

with exact rows and columns. Splicing this diagram with the diagram obtained from the injective horseshoe

lemma yields the exact sequence
0-Y =Y ->Y"—>0.
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We claim that Y is a complete IC-resolution of M. To show this, fix any injective R-module J. We have

the exact sequence
0 — Homg(Hompg(C, J),Y’) — Homg(Homg(C, J),Y) — Homg(Hompg(C, J),Y") = 0

by Ext-vanishing, so exactness of Homg(Hompg(C,J),Y’) and Homg(Homg(C, J),Y") imply exactness of

Homp(Hompg(C, J),Y) using the long exact sequence in homology. Further, we have
M%ker(OJ’@OJ”ﬁ 1J’@1JN)

by construction. N

Lemma 5.19 (Lifting lemma). Let C be a semidualizing R-module.

(a) Let X and X' be complete PC-resolutions of R-modules M and M’, respectively. Let f: M — M’ be a

homomorphism. Then f induces a chain map F : X — X' such that the diagram

Xg——> M —>0X

1T

X6 — M —-0X’
commutes.

(b) Let Y and Y’ be complete IC-resolutions of R-modules M and M', respectively. Let g : M — M’ be a

homomorphism. Then g induces a chain map G : Y — Y’ such that the diagram

Yo —> M —= 07

Goi lg \LGO
YO’ — > M — 0y
commutes.

Proof. (a) Let

X == - 5P 5P —>CrQ°=>CorQ" = -

X = - 5P 5P —-Cor(Q") - Cor(Q"Y) — -

be complete PC-resolutions of M and M’, respectively. By the construction in Proposition 5.3(a), there are
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augmented projective resolutions P :=--- - P, - Py - M = 0and P :=--- - Pl - P; - M’ — 0 of
M and M, respectively. The projective lifting lemma (as in [8, Proposition VI.3.2]) gives maps such that

the diagram

P B M 0
lfl ifﬂ lf
Py P} M’ 0

defines a chain map P — P’. Proposition 5.3(a) gives augmented coproper Pc-projective coresolutions

0 1
0-M—-CorQ" S Cort 25 ...

/ 0y/ (80)/ 1y/ (31)/
0—->M - Cor(Q°) — Cer(Q) —— -

of M and M’, respectively. Consider the exact sequence
0=+M—=CopQ° =Imd® =0
and the associated sequence
0 — Hompr(Im8°, C @5 (Q°)") — Homg(C ®r Q°,C ®r (Q%)) — Homg(M,C ®r (Q°)) =0
that is also exact since Exth(Imd°, C @g (Q°)') = 0 by Proposition 5.3(a). Hence we have a surjection
Hompg(C ®r Q°) — Homg(M,C ®r (Q°))
that gives a map f° such that the diagram

81

0
9 CorQ' —2 ...

0 M CorQ°

b
(8%

OHM’HO@R(QO)'HC@)R(Ql)’4>---

commutes. Continue this process inductively to obtain a chain map between these coresolutions induced

by f. A routine diagram chase gives the resulting chain map F : X — X'.
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(b) Let

Y = --- = Homg(C,I;) = Homg(C,Iy) = J° — J* — .-

Y' = ... — Homg(C,I;) = Homp(C, I}) = (JO) — (J') — ---

be complete IC-resolutions of M and M’, respectively. By the construction in Proposition 5.3(b), there are
augmented injective coresolutions J :=0— M — J* - J' — ... and J' :=0— M' — (JO) — (JY) — ---
of M and M’, respectively. The injective lifting lemma (as in [8, Proposition V1.3.6]) gives maps such that

the diagram

0 M JO J!

Pk

04>M'4>(.]0)/4>(J1)/4>---

defines a chain map J — J’. Proposition 5.3(b) gives augmented coproper Zs-injective resolutions

P Homp(C, 1) 2 Homp(C, Io) — M — 0
RGN Hompg(C, I7) G Hompg(C, Ij) — M' — 0
of N and N’, respectively. Consider the exact sequence
0 — Im(0')" — Homg(C, 1)) - M' =0

and the associated sequence

0 — Homp(Homp(C, Iy), Im(d)) = Hompz(Hompg(C, Iy), Homg(C, I}))) — Hompz(Hompg(C, In), M) — 0
that is also exact since Exth(Homp(C, Iy), Im(8")’) = 0 by Proposition 5.3(b). Hence we have a surjection

Hom g(Hompg(C, Iy), Homg(C, I})) = Homg(Hompg(C, Iy), M')
that gives a map go such that the diagram
- % Hompg(C, Ip) —2> Homp(C, Ip) ——= M ——>0

]
(62)/ 61)/

-+ — Hompg(C,I}) —= Hompg(C,I})) —= M' ——0

o1



commutes. Continue this process inductively to obtain a chain map between these resolutions induced by g.

A routine diagram chase gives the resulting chain map G : Y — Y. -~
Lemma 5.20. Let C be a semidualizing R-module.

(a) Let X and X' be complete PC-resolutions of R-modules M and M', respectively. Let f : M — M’ be
an epimorphism. Then there exists a complete PC-resolution X of M such that f induces a surjective

chain map F: X — X'.

(b) Let Y and Y’ be complete IC-resolutions of R-modules N and N', respectively. Let g : N — N’ be a
monomorphism. Then there exists a complete I1C-resolution Y of N’ such that g induces an injective

chain map G:Y — Y.

Proof. (a) We construct the resolution and lifting by induction, constructing at each step a new resolution
and a lifting that is surjective in increasing homological degree. The proof of Lemma 5.19(a) gives augmented

projective resolutions of M and M’ and a lifting {..., f1, fo, f} making the diagram

2P M 0
fi l i fo lf
a4 a, -
> P —= P} M’ 0
commute. Construct the commutative digram

0—kerr Py M 0

T
0 —— ker7’ P M’ 0

( goﬁ T(ag o) Tf

OHP{@kerTﬁP{@R)ﬁMHO

060

where the maps are defined by the first diagram and the associated natural maps 7{ : P — ker7’ and

€ : kert — Py, and ¢° is the induced map on kernels. Here the maps f and (7’{ 90> are surjective

by construction, so <ai f0> must also be surjective by the snake lemma. Use this map to construct the
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augmented projective resolution of M and lifting

0 10
.(32) P{@Pl(oal)P{@Po (OT)M 0

(1 h)l i(ai fo) lf
o ,

a, -
— P — B M 0

that is surjective at the two rightmost degrees and exact since it is of the form PT @ Z’ for Z' := 0 — P] L
P{ — 0. Continue this process inductively using this diagram and its associated natural maps to obtain a
projective resolution of M and surjective lifting. The construction of an appropriate augmented coproper
‘Pc-projective coresolution of M and projective lifting follow similarly; we splice them together to obtain X.

(b) We construct the resolution and lifting by induction, constructing at each step a new resolu-
tion and a lifting that is surjective in increasing cohomological degree. The proof of Lemma 5.19(b) gives

augmented injective coresolutions of N and N’ and a lifting {g, ¢°, g', ...} making the digram

0 Nty @&
|k
0 N’ € (JO)’ @) (Jl)/ @

commute. Construct the commutative diagram

1 0
0 (19

OHNIMJl @ (JO)K*> J' @ coker e ——=0

QT T(ao g°) T(eo ho)

0 N JO coker € 0
0 N’ (JOy coker e ——— 0

where the maps are defined by the first diagram and the associated natural maps (79)" : (JY)" — coker ¢’

and € : cokere — J!, and hY is the induced map on cokernels. Here the maps g and (60 h0> are injective

by construction, so (ao go> must also be injective by the snake lemma. Use this map to construct the
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augmented injective coresolution of N’ and lifting

0 N o o A

gl J{(ao ) l(l g")

0 N’ Jl P (JO)/ Jl D (Jl)/ ..

(o¢) ((1)(8(3)/) (({ﬁ)/)

that is injective at the two leftmost degrees since it is of the form I @ Z for Z := 0 — J! Lo

Continue this process inductively using this diagram and its associated natural maps to obtain an injective
coresolution of N’ and injective lifting. The construction of an appropriate augmented coproper Zg-injective

resolution of N’ and injective lifting follow similarly; we splice them together to obtain Y. -
Here is the main result of this section. It is part of Theorem 1.7 from the introduction.

Theorem 5.21 ([12, Theorem 2.8] and [4, Proposition 1.4]). Let C' be a semidualizing R-module.

(a) The class of Gc-projective modules is resolving.

(b) The class of Gg-injective modules is coresolving.

Proof. (a) Let 0 — M’ Lo M 4 M” = 0 be an exact sequence of R-modules. Suppose that M’ and M”
are Go-projective. Lemma 5.18(a) implies that M is also Go-projective. If M and M" are G¢-projective,
there are corresponding complete PC-resolutions X and X", respectively, and a chain map G : X — X"
induced by g. By Lemma 5.20(a), we may assume without loss of generality that G is surjective. There is

the following commutative diagram:

0 0 0 0
ker G ker Gg ——>kerG° ——— > ker G} —— - ..
Py P CorQ° CopQl —— -
G1 Go Qo al
Pll/ Pé/ C ®n (QO)// C ®r (Ql)// ..
0 0 0 0

Denote the top row of the above diagram by X’; this complex is exact by the long exact sequence in homology.

Since the bottom two rows are complete PC-resolutions, long exact sequences in Extr(—,C ®g @) give that
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each column is Hompg(—, C ® g Q)-exact for every projective R-module @ by Propositions 5.3(a) and 5.13(a).
Hence Hompg(X,C ®g Q) is exact by the associated long exact sequence in homology. Since the classes
of projective and C-projective modules are quasi-resolving, each ker G; is projective and each ker G7 is
C-projective. Truncation of the above diagram after the second column gives, by the snake lemma, the
sequence

0 — coker(ker Gy — ker G) — coker d; %> cokerd) — 0
N—— N—_——

=) s
and implies that coker(ker G; — ker Go) = ker g = M’; hence M’ is G¢-projective.

It remains to show that the class of G¢-projective modules is closed under direct summands. Let
Y @ Z be Ge-projective. If we define W =Y ®Z@Y ®Z@---, then W € Pc by Proposition 5.5(a). Since
WeYe(YaeZ)e(Y®Z) --=Y & W, there is an exact sequence 0 - Y - Y &W — W — 0. Since we
have shown that Y & W =2 W is G¢-projective, our previous work shows that Y is also G¢-projective and
we are done.

(b) Let 0 — M’ Lo M % M” =5 0 be an exact sequence of R-modules. Suppose that M’ and M"”
are Gc-injective. Lemma 5.18(b) implies that M is also Ge-injective. If M’ and M are G-injective, there
are corresponding complete IC-resolutions Y’ and Y, respectively, and a chain map F : Y’ — Y induced
by f. By Lemma 5.20(b), we may assume without loss of generality that F' is injective. There is the following

commutative diagram:

0 0 0 0
.- — > Hompg(C, I') — Homp(C, I}) (JOY (JLy
Fy Fo F° F!
--—>HomR(C’,Il)—>H0mR(C’,IQ) JO Jl

-« ——> coker F; ——— coker Fj

Denote the bottom row of the above diagram by Y”/; this complex is exact by the long exact sequence in
homology. Since the top two rows are complete IC-resolutions, long exact sequences in Extg(Hompg(C, J), —)
give that each column is Homp(Hompg(C, J), —)-exact for every injective R-module J by Propositions 5.3(b)
and 5.13(b). Hence Homp(Homp(C, J),Y) is exact by the associated long exact sequence in homology.

Since the classes of injective and C-injective modules are quasi-coresolving, each coker F" is injective and
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each coker F; is C-injective. Truncation of the above diagram after the second column gives, by the snake
lemma, the sequence

0 — ker(9%)’ L5 ker 8° — ker(coker F — coker F'') — 0
—

——
oM ~M

and implies that ker(coker F¥ — coker F1) = Im f =2 M"; hence M" is G¢-injective.

It remains to show that the class of G¢-injective modules is closed under direct summands. Let
Y @ Z be Ge-projective. If we define W =Y x Z xY x Z x ---, then W € Z¢ by Proposition 5.5(b). Since
WY x (Y xZ)x (Y xZ)x =Y xW 2W xY, there is an exact sequence 0 - W - W dY - Y — 0.
Since we have shown that W @Y = W is G¢-injective, our previous work shows that Y is also G¢-injective

and we are done. -~
Corollary 5.22 ([12, Proposition 2.9]). Let C be a semidualizing R-module.

(a) Ewery cokernel in a complete PC-resolution is Gc-projective.

(b) Every kernel in a complete IC-resolution is G¢-injective.

Proof. (a) Consider a complete PC-resolution
0 1
Xim o 2Py 25 By 0 0 Py Capl D

of an R-module M. There is a short exact sequence 0 — cokerdy — Py — M — 0 since M = coker 0y
by definition. Since both Py and M are G¢-projective, Theorem 5.21(a) implies that coker 9s is also G-
projective. Inductively, we form short exact sequences of the form 0 — coker 9;y; — P;—1 — cokerd; — 0
and, since both P;_; and coker 9; are G¢-projective, we have that coker 0,11 is also G¢-projective.

By Proposition 5.3(a), it suffices to show that Exth(cokerd/,C @z Q) = 0 for i > 0, j > 0, and
all projective R-modules ). Consider the short exact sequence 0 — M — C ®g Q° — coker§y — 0. We
have that M is G-projective by assumption, and Proposition 5.13(a) implies that C' @z Q° is also G-
projective. Hence, we have Exth(M,C ®r Q) = 0 = Exth(C ®r Q°,C @5 Q) for all i > 1. This gives

Ext’, (coker 8y, C @ Q) = 0 for i > 1. Since Homg(X,C ®r Q) is exact, the sequence
0 — Hompg(coker 0y, C ®r Q) — Homp(C @r Q°,C ®@r Q) — Homgz(M,C @r Q) — 0

is exact as well, so Ext}%(coker 00,C ®r Q) = 0. Inductively, we form short exact sequences of the form
0 — coker ! — C ®p QT — coker & — 0 and apply the same reasoning to conclude that each coker 67

is Go-projective.
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(b) Consider a complete IC-resolution

Y = 2 Homp(C, 1) 25 Homg(C, Io) 2 0 25 gt 25 .

of an R-module M. There is a short exact sequence 0 — M — J° — kerd' — 0 since M = ker 3° by
definition. Since both J° and M are G¢c-injective, Theorem 5.21(a) implies that ker 8! is also G c-injective.
Inductively, we form short exact sequences of the form 0 — ker 8° — J* — ker &**! — 0 and, since both J*
and ker &' are G¢-injective, we have that ker 91! is also Gc-injective.

By Proposition 5.3(b), it suffices to show that Ext’(Hompg(C,J),kerd;) = 0 for all i > 0, j > 0,
and all injective R-modules J. Consider the short exact sequence 0 — ker 9y — Hompg(C, Iy) — M — 0.
We have that M is Ge-injective by assumption, and Proposition 5.13(b) implies that Homp(C, I) is also
G c-injective. Hence, we have Ext’(Homp(C,J), M) = 0 = Ext’(Homg(C,J), Homg(C, Iy)) for all i > 1.

This gives Ext%(Hompg(C, J),ker dy) = 0 for i > 1. Since Hompg(Hompz(C, .J),Y) is exact, the sequence
0 — Hompg(Hompg(C, J), M) — Homg(Homg(C, J),Homg(C, Iy)) = Homg(Hompg(C, J),ker dy) — 0

is exact as well, so Ext}%(HomR(C’, J),ker 9p) = 0. Inductively, we form short exact sequences of the form
0 — ker &’ — Homp(C,I’) — ker &~! — 0 and apply the same reasoning to conclude that each ker &7 is

G c-injective. -~
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