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ABSTRACT

This dissertation investigates the interplay between properties of Ext modules
and ascent of module structures along ring homomorphisms. First, we consider a
flat local ring homomorphism ¢: (R,m, k) — (S, mS, k). We show that if M is a
finitely generated R-module such that Ext (S, M) satisfies NAK (e.g. if Ext’ (S, M)
is finitely generated over S) for i = 1,...,dimg(M), then Exth(S, M) = 0 for all
1 # 0 and M has an S-module structure via ¢. We also provide explicit computations
of Ext(S, M) to indicate how large it can be when M does not have a compatible
S-module structure.

Next, we consider the properties of an R-module M that has a compatible S-
module structure via the flat local ring homomorphism ¢. Our results in this direction
show that M cannot see the difference between the rings R and S. Specifically, many
homological invariants of M are the same when computed over R and over S.

Finally, we investigate these ideas in the non-local setting. We consider a
faithfully flat ring homomorphism ¢: R — S such that for all m € m-Spec R, the
map R/m — S/mS is an isomorphism and the induced map ¢*: Spec(S) — Spec(R)
is such that ¢*(m-Spec(S)) € m-Spec(R), and show that if M is a finitely generated
R-module such that Ext’y(S, M) satisfies NAK for i = 1,...,dimg(M), then M has

an S-module structure via ¢, and obtain the same Ext vanishing as in the local case.
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CHAPTER 1. INTRODUCTION

This dissertation is in the area of commutative algebra, that is, the study of
commu- tative rings. Rings are sets that are endowed with addition and multiplica-
tion. Rings are used in a multitude of settings, from doing arithmetic on a clock, to
solving systems of equations. Understanding rings allows us to answer a wide range
of questions found in the areas of geometry and topology. For example, rings can
help to decide whether two geometrical objects are the same or different.

In studying rings, we look at sets they act on. This is like studying groups
by looking at sets that they act on, i.e., group actions. Rings act on sets called
modules, which have the same axioms as vector spaces with the coefficients coming
from a commutative ring. Information about a module’s structure tells us information
about the ring.

One idea in this vein is the following: Given a ring homomorphism p: R — S,
describe how R-modules are related to S-modules. For instance, every S-module N
has an R-module structure via restriction of scalars: rn := ¢(r)n. On the other hand,
an R-module M may or may not have an S-module structure, e.g., Z as a Z-module is
not a Q-module. One can create a new R-module related to the original one that does
have an S-module structure. Specifically, the R-modules S®g M and Hompg(S, M) are
S-modules. However, this is rather unsatisfactory, as these operations yield modules
different from M in general. The goal of this dissertation is, in a sense, to remedy

this situation.
1.1. Conventions and Notations

Most of our definitions and notational conventions come from [5, 7, 15]. For the
sake of clarity, we specify a few items here.
Throughout Chapters 2 and 3, (R, m) and (S,n) are commutative noetherian

local rings and ¢: R — S is a flat local homomorphism (i.e. such that S is flat over
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R and p(m) C n) with the property that R/m — S/mS is an isomorphism. Given an

R-module M, the m-adic completion of M is denoted M.

Definition 1.1. Let R be a commutative ring. A sequence of R-module homomor-
phisms
o}, M o,
M:"'—>Mi+1 —>Mi—l—)Mi_1 —_—
is called an R-complez if 9M,0M = 0 for all i. We say M; is the module in degree i

in the R-complex M.

Definition 1.2. Let R be a commutative ring and let M be an R-complex. The ith

homology module of an R-complex is defined as

~ Kerd}
Im oM,

We say that an R-complex is ezact if H;(M) = 0 for all 7.

Definition 1.3. Let R be a commutative ring and let X be an R-complex. For each
n € Z the nth suspension or shift of X is the R-complex X" X defined as 2" X; = X,;_,

and OF"X = (=1)"9X,. Whenn =1set ¥ X = ¥'X.

Remark 1.4. Let R be a commutative ring and let X be an R-complex. There is an

isomorphism of homologies H;(¥"X) = H, ,,(X) for all i,n € Z.

Definition 1.5. Let Y and Z be R-complexes. The Hom-complex Hompg (Y, Z) is
defined as follows: Hompg(Y,Z); = [[,c;Homg(Y,, Z,4;) for each i € Z. Each
element o« € Hompg(Y, Z); is called a homomorphism «:Y — Z of degree i. This
homomorphism is a family o = (ay)pez € [[,ez Homg(Y}, Zp4i) of linear maps
a,: Y, = Zy4;, with no requirement of commutativity.

Next, to define the differential QHomR(Y’Z): Homg(Y, Z); — Homg(Y, Z);_1 we

take a family of linear maps o = (a,)pez € Homp(Y, Z); and let the homomorphism
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8H0mR Y,2)

(o) € Hompg(Y, Z);_1 of degree i — 1 have p-th component
az‘HomR(YZ)(a)p = a;/+iap - (_1)iap—1a£(: Yp = Zpri1

Definition 1.6. Let X and Y be R-complexes. We define the tensor-compler X ®rY
as follows: For [ € Z the [-th module is given by (X ®rY), = HpEZ X, ®rYi_p. The
l-th module (X ®p Y); is generated by elements z, ® y;_, for p € Z,z, € X, and
Yp—1 € Y,_;. The differential 8lX®RY: (X®RrY); = (X®grY),_1 is given on a generator

T @Y € Xp ®r Y1, S (X ®pY) by
8lX®RY (xp ® yl—p) = 815( (xp) & Yi—p + (_1)pxp ® al{p(yl—p)a

which is an element in (X, 1 Q@ Yi—,) ® (X, ®rYi_p-1) C (X ®rY)_1.

Definition 1.7. Let R be a commutative ring, and let X and Y be R-complexes.
A chain map F: X — Y is a sequence {F;: X; — Y;});cz making the next diagram

commute.

071 o 07,
X e X; X
F F; Fi1
oY, oY Y
i+1 1—1
Y o Yi— Y,

We say that the chain map F'is a quasi-isomorphism if for each index ¢ the induced

map H,;(F): H;(X) — H;(Y) given by H;(F)(Z) = F;(x) is an isomorphism.

Definition 1.8. Let R be a commutative ring and let f: X — Y be a chain map.



The mapping cone of f is the R-complex Cone(f) defined as follows:

aiy fifl aiy_l fi—2
i Yi- Yi-
0 -9%, Lo -oX, i
Cone(f)=---— SN y @ —
Xz—l Xi_Q Xz—S

That is, the module in degree i is Cone(f); = Y; ® X;_; and the differential in degree

0 fi
iis 9"V =
0 -5,

Fact 1.9. For each chain map of R-complexes f: Y — Z, the mapping cone Cone( f)
gives rise to a short exact sequence 0 — Z — Cone(f) — XY — 0. Hence we have

the following associated long exact sequence on homology.

H;(f)
)

Using the long exact sequence, it is straightforward to show that f is a quasi-

isomorphism if and only if Cone(f) is exact.

We now define a very useful tool, the Koszul complex. This tool is used to detect
the depth of a module, to detect quasi-isomorphisms, and to describe resolutions for

quotients by regular sequences.

Definition 1.10. Let R be a commutative ring, and let x = xy,...,z, € R. Set
Ly = R with basis 1. Set L; = R"™ with basis ey,...,e,. Fori = 2...,n, let L;

denote the free R-module whose basis is the following set of formal symbols:

{6j1/\ej2/\"'/\eji|1<ji<“'<ji<n}'



Let L be the sequence

oL or oL
L=0—-L,—~L,q— - —Ly—0
with maps defined on the bases as follows. For i = 1, let 9F: R™ — R be given by

ej — x;. For i > 1, let 9F: L; — L;_; be given by
J
ey Nej, N+ Nej, — Z(—l)l+1mlejl Nej, N Nej_ Nej N Ney,.
I=1

We call the complex L the Koszul complexr on x.

Another useful way to define and use the Kozul complex is in terms of a specific
mapping cone as follows. This allows us to use either definition depending on which

is more useful.

Definition 1.11. Let R be a commutative ring, and let M be an R-module. Let
X =11,...,2, € R. The Koszul complex K¥(x; M) is constructed inductively on n
as follows:

Base case: n = 1. Consider the module M as an R-complex concentrated in
degree 0. For each r € R, the map pu": M — M given by p"(m) = rm is an R-module
homomorphism and a chain map. Such a map is called a homothety. Taking the cone

of the chain map p*' is the Koszul complex on x;. That is

K®(zy; M) := Cone(uf) = 0 M2 0

Inductive step: Assume that n > 2 and that Kf(xy,..., 7, 1; M) has been con-

structed. Let p®: K®(xy,...,2p_1; M) — KE(z1,...,2,_1; M) be the homothety



given by p* (k) = z,k, and set

K®(x; M) = K™y ..., 2p_1, 2n; M) = Cone(p™).

When M = R, we write K%(x) = K®(x; M).

Example 1.12. Let R be a commutative ring, and let M be an R-module. Let

x,y,z € R. It is straightforward to show the following:

K% (z; M) = 0 M—==M 0

and
Yy
=) (=)
K®(z,y; M) = 0 M M? M 0
and Kf(z,y,2; M) =
z y 2z 0
—y —x 0 =z
T 0 —z —y <a: Y z)
0— M s M? s M s M — 0

by using the definition of the Koszul complex.

The remainder of this chapter is devoted to giving a general overview of the

subsequent chapters.
1.2. Summary of Chapter 2

The origins of Chapter 2 begin with the following result of Buchweitz and
Flenner [4, Theorem 2.3].



Theorem 1.13. Assume that (R, m) is local, and let M be an R-module. If M is
m-adically complete, then for each flat R-module F one has Exti(F, M) = 0 for all

1> 1.

A natural question to ask is when does the converse hold? The converse fails

with no extra assumptions on M, as seen in the following example.

Example 1.14. Let M be a non-zero injective R-module, and assume that (R, m)
is a local ring of positive depth (e.g., R is a local domain and not a field). Then
Exth(—, M) = 0 for all i > 1. However, the fact that M is injective implies that it

is divisible. Thus, we have M = mM, and it follows that M=0 # M, so M is not

complete.

What restrictions if any on M must we have to ensure the converse holds? The
next result of Frankild and Sather-Wagstaff [9, Corollary 3.5] shows that the converse

to Theorem 1.13 does hold when M is finitely generated.

Theorem 1.15. Assume that (R, m) is local, and let M be a finitely generated R-

module. Then the following conditions are equivalent.

(i) M is m-adically complete.

(ii) Exth(F, M) =0 for alli > 1 for each flat R-module F.
(iii) Extiy(R, M) =0 for alli > 1.

It is worth noting that the proof of this result is quite technical, relying heavily
on the machinery of derived local homology and derived local cohomology.

Since the module M in Theorem 1.15 is finitely generated, a standard result
shows that condition (i) is equivalent to the following: M has an R-module structure
that is compatible with its R-module structure via the natural map R — R. Thus,

we consider the following ascent question, focusing on homological conditions.
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Question 1.16. Given a ring homomorphism ¢: R — S what conditions on an R-
module M guarantees that it has an S-module structure compatible with its R-module

structure via @7

In the setting of Question 1.16, the module S ®z M has a natural S-module
structure. Thus, if one had an R-module isomorphism M = S ®gr M, then one
could transfer the S-module structure from S ®r M to M. One can similarly
inflict an S-module structure on M if M = Hompg(S, M). The following result of
Frankild, Sather-Wagstaff, and R. Wiegand [10, Main Theorem 2.5] and Christensen
and Sather-Wagstaff [6, Theorem 3.1 and Remark 3.2] shows that, when ¢ is a local
homomorphism with properties like those of the natural map R — E, these are in

fact the only way for M to admit a compatible S-module structure.

Theorem 1.17. Let ¢: (R,m) — (S,n) be a flat local ring homomorphism such that
the induced map R/m — S/mS is an isomorphism. Let M be a finitely generated

R-module, and consider the following conditions.
(i) M has an S-module structure compatible with its R-module structure via .
(ii) Exth(S, M) =0 for all i > 1.

(iii) Ext%(S, M) is finitely generated over R fori=1,..., dim(M).

(iv) The natural map Hompg (S, M) — M given by f — f(1) is an isomorphism.
(v) The natural map M — S ®@g M given by m — 1 ® m is an isomorphism.
(vi) S®pgr M is finitely generated over R.

(vii) Ext%(S, M) is finitely generated over S fori=1,... dimg(M).

Then conditions (i)—(vi) are equivalent and imply condition (vii). If R is Gorenstein,

then conditions (1)—(vii) are equivalent.



The proof of this result is less technical than that of Theorem 1.15. But it does
use the Amplitude Inequality of Foxby, Iyengar, and Iversen [8, 13]—a consequence
of the New Intersection Theorem— and derived Gorenstein injective dimension.

The next result is the main theorem of Chapter 2. It contains several improve-
ments on Theorem 1.17. First, it removes the Gorenstein hypothesis for the impli-
cation (vii)) = (i). Second, it further relaxes the conditions on the Ext-modules
needed to obtain an S-module structure on M. Third, the proof is significantly less
technical than the proofs of these earlier results, relying only on basic properties of

Koszul complexes.

Definition 1.18. Assume that (R,m) is local. An R-module N satisfies NAK if
N =0 or N/mN # 0.

Remark 1.19. Let ¢: (R,m) — (S,n) be a local ring homomorphism. Given an
S-module N, the condition “N satisfies NAK” is ambiguous since N is both and
S-module and an R-module. For instance, if M is an R-module this is the case for
Ext% (S, M). When there is any danger of ambiguity, we write “satisfies NAK over
S” or “satisfies NAK over R”. It is worth noting that if NV satisfies NAK over S, then
it satisfies NAK over R because of the epimorphism N/mN = N/mSN — N/nN.
Furthermore, this reasoning shows that the converse holds if mS = n, e.g., if the

induced map R/m — S/mS is an isomorphism.

Theorem 1.20. In Theorem 1.17 the conditions (1)—(vii) are equivalent, and they

are equivalent to the following:
(viii) Ext(S, M) satisfies NAK fori=1,... dimg(M).

We conclude this section by outlining the contents of Chapter 2. Section 2.1
summarizes foundational material needed for the proof of Theorem 1.20. Section 2.2

is devoted to the proof of this result. Finally, Section 2.3 consists of an example
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demonstrating how large Ext’(S, M) is when it does not satisfy NAK, even over a
relatively small ring. The results of Chapter 2 have been accepted for publication in

the Proceedings of the American Mathematical Society
1.3. Summary of Chapter 3

The genesis of Chapter 3 is in the following observation. Given an R-module
M with a compatible S-module structure as in Theorem 1.17, we have the following

equivalences:

(i) Hompg(S, M) = M = Hompg(R, M).

(i) S@rR M =M~ R®p M.

(iii) Exto(S, M) = 0= Extly(R, M) for all i > 1.
(iv) Torf (S, M) = 0= Torf(R, M) for all i > 1.

Thus we begin to see that the R-module M cannot distinguish between the rings

R and S. This gives rise to the following question.

Question 1.21. Given ¢: (R, m) — (5, n) flat local such that R/m = S/mS and an
R-module M that has a compatible S-module structure via ¢, what properties of M

over R are equivalent to properties of M over S7

Chapter 3 answers this question by establishing a collection of equalities between
invariants computed over R and S. We also provide equivalences between certain Ext
modules and equivalences between certain Auslander and Bass classes.

We conclude this section with a synopsis of Chapter 3. Section 3.1 is used to
define the homological invariants used in Section 3.2 for the ease of the reader. Section

3.2 consists of the main results for this chapter.

10



1.4. Summary of Chapter 4

Chapter 4 is devoted to answering the following question. Do we need the local
hypothesis on ¢ in Theorem 2.5 to obtain a unique compatible S-module structure
via ¢? An immediate problem arises when removing this hypothesis, in the fact
that there are many ways to generalize the property R/m = S/mS. Section 4.1
discusses the various ways one can generalize this property to the non-local setting.
We focus on the case where ¢: R — S is faithfully flat such that R/m = S/mS and
for ¢*: Spec S — Spec R we have ¢*(m-SpecS) C m-Spec R. Using this property,
we prove versions of Theorem 1.17 and Theorem 1.20 in this non-local setting in
Theorem 4.22. Section 4.2 builds the various tools and background required for the

proof of Theorem 4.22. Finally, Section 4.3 is devoted to the proof of this result.
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CHAPTER 2. NAK FOR EXT AND ASCENT OF
MODULE STRUCTURES

Let ¢: (R,m) — (S, n) be a flat local ring homomorphism such that the induced
map R/m — S/mS is an isomorphism. This chapter is devoted to the proof of
Theorem 1.20; see Theorem 2.5. Note that the assumption n = mS implies that
an S-module N satisfies NAK over S if and only if N satisfies NAK over R; see
Remark 1.19.

2.1. NAK and Ext Vanishing

This section contains the foundational material needed for the proof of the main

results of this chapter.

Lemma 2.1. Let iy be a fized integer, let € = x1,...,x, be a sequence in a commu-
tative ring T, and let Y be an T-complex such that H;(Y') = 0 for all i < ig. Then

H; (KT () @7 Y) =0 for all i < ig and Hy (K" (z) @7 V) =2 H;,(Y) /() H;, (V).

Proof. We proceed by induction on n. For the base case let uy': Y — Y be the map
given by u3*(y) = x1y and note that we have K7 (z1) @7 Y = Cone(uy*). Now since

iy is a chain map we have an exact sequence of complexes

0—=Y — Cone(y') = XY =0

Hence we can apply the long exact sequence to obtain the following exact sequence

<= Hy(Y) = H;(Cone(u3t)) — Hi 1 (Y) = Hi 1(Y) — -+

If i < ig then by our assumption we have H;(Y) =0 = H;_1(Y). Therefore, from the

exactness of the above sequence we have H;(Cone(uy')) = 0 for all ¢ < 4. Now if

12



1 = ig then we have the following exact sequence of T-modules

= Hy (V) 25 Hy (Y) — Hyy(Cone(uft)) — 0

Since the sequence is exact we have H; (Cone(uy*)) = H;(Y)/x1H;, (Y) as desired.
For the induction step we set Y/ = KT(xy,...,2,_1) ®7 Y and suppose that

H;(Y') =0 for all i < iy and H;,(Y') = H;y(Y)/(x1,...,2n-1)H;,(Y). Note that we

have K7 (x)®7Y = Cone(uy%), so we can apply our base case to Cone(uy%) to obtain

H;(KT(x) ®7Y) =0 for all i < iy and H; (KT (x) @7 Y) = H; (Y)/(x)H;, (Y). O

Lemma 2.2. Let p: R — S be a flat local ring homomorphism such that the induced
map R/m — S/mS is an isomorphism. Let x = x1,...,x, € R be a generating

sequence for m.
(a) The natural map e: K®(x) — S @r K%(x) is a quasi-isomorphism.

(b) The induced map €: Homg(S @ K% (x),J) — Homg(K%(x),J) is a quasi-

isomorphism, for each bounded above complex J of injective R-modules.

Proof. Part (a) is from [10, 2.3]. For part (b) Suppose that € is a quasi-isomorphism.
That is, we have H;(Cone(e) = 0 for all i. Note that we have Cone(Hompg(e, J)) =

Y ! Hompg(Cone(e), J) by [7, 3.48]. This gives the first step in the following display.

H; (Cone(Homp(e, J))) = H;(X' Hompg(Cone(e), J))
= H;_1(Hompg(Cone(e), J))

=0.

The second step is from Remark 1.4. Since J is a bounded above complex of injective

modules we have by [7, 6.5] Homg(—, J) preserves homological triviality giving the

13



third step. Therefore, since the mapping cone Cone(Homg(¢, J)) is exact, the chain

map Hompg(e, J) is a quasi-isomorphism. O
The next result is from [10, proof of Theorem 2.5].

Lemma 2.3. Let p: R — S be a flat ring homomorphism, and let M be an R-module.
Then Ext'(S, M) = 0 for all i > dim(R/ Anng(M)). In particular, if M is finitely
generated, then Ext'(S, M) =0 for all i > dimg(M).

2.2. Main Results

This section contains the lemmata used for the proof of Theorem 1.20 along

with the proof of this result.

Lemma 2.4. Let p: R — S be a flat local ring homomorphism such that the induced
map R/m — S/mS is an isomorphism. Let M be an R-module, and let z > 1. If

Ext’% (S, M) = 0 for all i > z and Ext3(S, M) satisfies NAK then Ext%(S, M) = 0.

Proof. Let x = x1,...,2, € R be a generating sequence for m, and let J be an R-
injective resolution of M. By assumption we have H_;(Homp(S, J)) = Exty(S, M) =
0 for all i > 2, so we have H_;( K(x) ®z Hompg(S, J)) =0 for all i > z and

H_,(K%(x) ®p Homg(S, J)) = H_,(Homg(S, J))/x H_,(Homg(S, J))

~ Ext5(S, M) /xExty (S, M)

by Lemma 2.1.
We claim that Exty(S, M)/x Ext5%(S, M) = 0. To see this, consider the mor-

phism a: Hompg(S,J) — J given by f +— f(1). Apply Homg(K*(x),—) to obtain

14



the top row of the following diagram

Hompg (KB (x),a)

Hompg(K*(x), Hompg(S, J)) Homp(K%(x), J)

«| /

Hompg(S ®@p K% (x), J)

where the vertical isomorphism is Hom-tensor adjointness and the diagonal quasi-
isomorphism is from Lemma 2.2(b). It follows that Hompg(K%(x),a) is a quasi-
isomorphism and thus Cone(Homp(K®(x),a)) is exact. The fact that KT(x) is a
self-dual and bounded complex of finitely generated free R-modules implies that the
R-complexes Cone(Hompg (K®(x),a)) and T "K*(x) ® Cone(a) are isomorphic. It
follows that the complex K*(x) @ Cone(«) is exact.

The long exact sequence in homology associated to Cone(«) implies that

H;(Cone(a)) = Ext, “(S, M) (1)

for all ¢ < —1, and that there is an exact sequence

Hy(Cone(a)) — Extg(S, M) — 0. (2)

We have EXt{Q(S , M) =0 for all j > z, by assumption, so the isomorphism (1) implies
that H;(Cone(a)) =0 for all i < 1 — .

We consider two cases.

Case 1: z > 2. In this case, the isomorphism (1) shows that H;_,(Cone(a)) =

Ext% (S, M). From Lemma 2.1, we conclude that

0 =H,_.(K"(x) @ Cone(a)) = Ext%(S, M) /x Ext}(S, M).

Case 2: z = 1. In this case, the exact sequence (2) conspires with the right-

15



exactness of tensor product to explain the epimorphism in the next display:

Hy(Cone(a)) Exty (S, M)

0 = Ho(K*®(x) ®p Cone(a)) = x Ho(Cone(a)) — x BExth(S, M)’

The other steps are justified as in Case 1. This implies that

Ext% (S, M) /x Ext}(S, M) = Extp(S, M) /x Extp(S, M) = 0.

This proves the claim. (It is worth noting that there is an alternate proof of this
claim in [1].)

As Ext; (S, M) satisfies NAK, the claim implies Ext (S, M) = 0 as desired. [
Here is Theorem 1.20 from the introduction.

Theorem 2.5. Let ¢: R — S be a flat local ring homomorphism such that the induced
map R/m — S/mS is an isomorphism, and let M be a finitely generated R-module.
If Ext’(S, M) satisfies NAK for i = 1,...,dimg(M) then Ext(S, M) = 0 for all
it # 0 and M has an S-module structure compatible with its R-module structure via

@.

Proof. Lemma 2.3 implies that z = sup{i > 0 | Ext’%(S, M) # 0} < dimg(M). Note
that z < 0: if z > 1, then Lemma 2.4 implies that Ext%(S, M) = 0, a contradiction.
It follows that Ext(S, M) = 0 for all  # 0, and the remaining conclusions follow

from Theorem 1.17. O

Remark 2.6. As we note in the introduction, our proof of this theorem removes the
need to invoke the Amplitude Inequality in the proof of Theorem 1.17. Indeed, the
Amplitude Inequality is used in the implication (iii) = (ii), which we prove directly

in the proof of Theorem 2.5.
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Remark 2.7. One can paraphrase Theorem 2.5 as follows: In Theorem 1.17(iii) one
can replace the phrase “is finitely generated over R’ with the phrase “satisfies NAK”.
It is natural to ask whether the same replacement can be done in Theorem 1.17(vi).
In fact, this cannot be done because, given a finitely generated R-module M, the
S-module S ®gz M is finitely generated, so it automatically satisfies NAK, regardless

of whether M has a compatible S-module structure.
2.3. Explicit Computations

Given a ring homomomorphism ¢: R — S as in Theorem 2.5, if M is a finitely
generated R-module that does not have a compatible S-module structure, then we
know that Ext’(S, M) does not satisfy NAK for some i. Hence, this Ext-module is
quite large. This section is devoted to a computation showing how large this Ext-
module is when R # R= S, even for the simplest ring R, e.g., for R = k[X]x) where

k is a field or for the localization Z,z;. See Remark 2.10.

Lemma 2.8. Let ¢: R — S be a faithfully flat ring homomorphism, and let C' be an

R-module. Let m be a mazimal ideal of R, and assume that C' is m-adically complete.
(a) Then Ext»(S/R,C) = 0= Exth(S,C) for all i > 1.

(b) If R is local and the natural map R/m — S/mS is an isomorphism, then
Homp(S/R,C) = 0, and C has an S-module structure compatible with its R-
module structure via ¢, and the natural maps C — Hompg(S,C) — C are

inverse isomorphisms.
(c) If R is local, then Ext',(R/R,R) = 0 = Extgl(ﬁ,ﬁ) for alli > 0, and the
natural maps R — HomR(ﬁ, ﬁ) — R are inverse 1somorphisms.

Proof. (a) The fact that S is faithfully flat over R implies that ¢ is a pure monomor-
phism, and it follows that S/R is flat over R; see [15, Theorem 7.5]. Since S and S/R

are flat over R, the desired vanishing follows from Theorem 1.13.
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(b) Assume that R is local and the natural map R/m — S/mS is an isomor-
phism. In particular, the ideal mS C S is maximal.

Claim: the natural map @: R — S between m-adic completions is an isomor-
phism. To see this, first note that the fact that mS is maximal implies that S is local
with maximal ideal m5S. Furthermore, the induced map ﬁ/ mR — 5 / mS is equivalent
to the isomorphism R/m — S/mS, so it is an isomorphism. It follows from a version
of Nakayama’s Lemma [15, Theorem 8.4] that Sisa cyclic R-module. Since it is also
faithfully flat, we deduce that @ is an isomorphism, as claimed.

For each n € N; the induced map R/m™ — S/m"S is an isomorphism: indeed,
this map is equivalent to the induced map ﬁ/ m" — S / m"S which is an isomorphism

because R — S. This justifies the last step in the following display:
(S/R) ®r (R/m") = (S ®@g (R/m"))/(R®r (R/m")) = (S/m"5)/(R/m") = 0.
The above display explains the fifth isomorphism in the next sequence:

Hompg(S/R, C) = Homg(S/R, lim C/m"C)
= Jim Homp(S/R, C/m"C)
= Jim Homp(S/ R, Hompm: (B/m", C /m"C))
~ l'%nHomR/mn((R/mn) ®r (S/R),C/m"C)
= Jim Hom g (0, C/m"C)

=0.

Now consider the exact sequence 0 - R — S — S/R — 0 and part of the long exact
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sequence in Extg(—,C).

0 = Hompg(S/R, C) — Homp(S, C) — Homg(R, C) — pxt}%(S/R, C)
=0 0 =0

=0 ~C

It follows that the induced map a: Homg(S,C) — C' is an isomorphism. It is
straightforward to show that this is the evaluation map f +— f(1). Since C is
complete, the isomorphism R~§S implies that C' has an S-module structure that
is compatible with its R-module structure via ¢. From this, it follows that the
map (: C — Homg(S,C) given by ¢ — (s — sc) is a well-defined S-module
homomorphism. Since the composition af is the identity on C| it follows that «
and [ are inverse isomorphisms.

(c) This follows from parts (a) and (b) using C' = R. O

Proposition 2.9. Let k be a field, let R = k[X]|x) denote the localized polynomial
ring in one variable with completion R= k[X]. Then R is a discrete valuation ring
that is not complete, with m = XR. Set E = Eg(k) = Ez(k), and consider the
quotient fields K = Q(R) and K = Q(é) If [I? : K] = oo, then there are an

uncountable cardinal C' and R-module 1somorphisms

0 ifi#1

E® KO jfi=1

1%

Exth (R, R)

where K© is the direct sum of copies of[? indexed by C'.

Proof. As a K-vector space and as an R-module, we have K = K@ for some infinite
cardinal A. Note that since R and R are discrete valuation rings with uniformizing
parameter X, we have K = Rx and K~ fiX = K ®g R. Since K has no X-torsion,

we have Hompg(k, K) = 0.
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Claim 1: We have Ext%(R, R) = 0 for all i # 1. Since idg(R) = 1, it suffices
to show that Hompg(R, R) = 0. From [10, Corollary 1.7] we know that Homp(R, R)
is isomorphic to a complete submodule I C R. Since R is a discrete valuation ring,
its non-zero submodules are all isomorphic to R, which is not complete. So we must
have HomR(ﬁ, R)=1=0.

Claim 2: There is an R-module isomorphism HomR(ﬁ, E) = E, and we have
Extﬁ%(é, ZTE) = 0 for all 4 # 0. The isomorphism is from the following sequence of

standard R-module isomorphisms:

Homp(R, R) = Homp(R, @R/mn)
= |im Homp(R, R/m")
i~ @HomR(ﬁ/mnE, R/m™)
o @HomR(R/m", R/m")

= I'&nR/mn

I

R.

The vanishing follows from [4, Theorem 2.3] which says that Ext%(F,C) = 0 for all
flat R-modules F', for all complete R-modules C, for all ¢ # 0.

Claim 3: There is an R-module isomorphism R/R = K /K. In the following
commutative diagram, the top row is a minimal R-injective resolution of R, and the

bottom row is a minimal R-injective resolution of R:

0 R K E 0
| | j (3)
0 R K E 0
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The Snake Lemma yields an R-module isomorphism R/R =~ K /K.
Claim 4: We have an R-module isomorphism HomR(ﬁ, R/R) = (K/K)®
for some infinite cardinal B > A. This is from the next sequence of R-module

isomorphisms where the first step is from Claim 3:

Homp(R, B/R) =~ Homp(R, K/ K)
~ Homp(R, Homy (K, K /K))
~ Homy (K ®p R, K /K)
~ Homg (K, K /K)
~ Homy (K, K /K)
~ Homg (K, K /K)*
~ (K /K)*

~ (K/K)®).

The third step is by Hom-tensor adjointness, and the fourth step is from the isomor-
phism K~¥K® R R noted at the beginning of the proof, and the remaining steps are
standard. Since A is infinite, we must have B > A, as claimed.

Claim 5: There is a cardinal C' and an R-module isomorphism Extllq(]:?, R) =
E® K©. We compute Ext}%(ﬁ, R) using the injective resolution of R from the top

row of (3). From Claim 1, this yields an exact sequence of R-module homomorphisms
0 — Hompg(R, K) — Homp(R, E) — Exth(R, R) — 0. (4)

(One can also see this from the long exact sequence in Ext R(fi, —) associated to the
the top row of (3), using Claim 1.) Since K and E are injective over R, the modules

Hompg(R, K) and Homp(R, E) are injective over R. (Given a ring homomorphism
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R — S and an injective R-module J, the module Homg(S, J) is injective over S.)
Because Hompg(R, K) is injective over R, the sequence (4) splits. As Hompg(R, E)
is injective over fi, it follows that Ext}%(]:?, R) is injective over R. So, there is an

R-module isomorphism

ExtL(R,R) = EP) @ K(© (5)

for cardinals C' and D where D = dim;(Homp(k, ExthL(R, R))). Since the sequence (4)

splits, we have the third step in the next sequence:

k = Hompg(k, E)
= Homp(k, HomR(ﬁa E))
= Homp(k, Homp (R, K)) @ Homp(k, Exty (R, R))
= Hompg(k, K) @ Homp(k, Exth(R, R))

= Homp(k, Exth(R, R))

The second and fourth steps follow by Hom-tensor adjointness, and the fifth step
follows from the vanishing Hompg(k, K) = 0 noted at the beginning of the proof. It
follows that D = 1, so the claim follows from the isomorphism (5).

Now we complete the proof of the proposition. Because of Claim 5, we need

only show that C' is uncountable. Consider the exact sequence
0—R—->R—R/R—0
and part of the associated long exact sequence induced by Ext R(E, —):

Homp (R, R) — Hompg(R, R) — Hompg(R, R/R) — Ext}%(ﬁ, R) — Ext}%(ﬁ, R).
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Over R, this sequence has the following form by Claims 1,2, and 4 and Lemma 2.8(c):
0— R— (K/K)® — ExtL(R,R) — 0.
Apply the functor (—)x to obtain the exact sequence of K-module homomorphisms
0— K — (K/K)?) — Exth(R,R)x — 0
which therefore splits. Since EFx = 0, it follows from Claim 5 that over R we have
K(©) o~ Ext}z(ﬁ, R)x = (_}N(/K)(B)/_f( o (K(A))(B)/K(A) ~ K(B)/K(A) ~ K(B)

The last two steps in this sequence follow from the fact that A and B are infinite
cardinals such that B > A.

Suppose that C' were countable. It would then follow that C' < A, so we have

KB o FO) o (KA)(©) o g4)

It follows that B = A, contradicting the fact that B > A. It follows that C is

uncountable, as desired. O

Remark 2.10. Nagata [16, (E3.3)] shows that the assumption [K : K] = oo in
Proposition 2.9 is not automatically satisfied. On the other hand, the next result

shows that the condition [I? : K] = oo is satisfied by the localizations Z,; and
R = k[X]x).

Proposition 2.11. Assume that R is a discrete valuation ring with m = XR and
such that |R| = |k|. For the quotient fieldls K = Q(R) and K = Q(R), we have
K : K] = 0.
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Proof. We claim that |R| > |R|. To show this, let {a;}cx C R be a set of represen-
tatives of the elements of k. Then every element of R has a unique representation
Yoo, X" Tt follows that IR| = |k|Y > |k| = |R]|, as claimed.

Suppose now that [K : K] = A < co. The fact that K is infinite implies that
|K| = AlK| = |K| = |R| > |R| = |K|

a contradiction. ]
The proof of Proposition 2.9 translates directly to give the following.

Proposition 2.12. Let k be a field, let R = k[X]x) denote the localized polynomial
ring in one variable with completion R= k[X]. Then R is a discrete valuation ring
that is not complete, with m = XR. Set E = Egr(k) = Eg(k), and consider the
quotient fieldls K = Q(R) and K = Q(R). If[K : K] = A < oo, then there are

R-module isomorphisms

0 ifi#1

E®KA? ifi=1.

I

Ext’y (R, R)

Remark 2.13. It is worth noting that, in the notation of Proposition 2.12, we cannot
have A = 1. Indeed, if A = 1, then we have K = K, and the proof of Proposition 2.12
shows that ﬁ/ R~K /K = 0, contradicting the assumption that R is not complete.

On the other hand, Nagata [16, (E3.3)] shows how to build a ring R such that
A = 2, which then has Ext%(ﬁ, R) = E by Proposition 2.12.
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CHAPTER 3. THE BLINDNESS OF EXTENDED
MODULES

This chapter is predicated on the following idea: given a flat local ring ho-
momorphism ¢: (R,m) — (S,mS), such that the induced map R/m — S/mS is
an isomorphism, a finitely generated R-module M that has a compatible S-module
structure cannot see the difference between R and S. This chapter establishes a
collection of equalities between various invariants computed over R and S. We also
provide equivalences between certain Ext modules and equivalences between certain

Auslander and Bass classes.

3.1. Homological Invariants

This section documents definitions of homological invariants used in Section 3.2

for the readers convenience.
Definition 3.1. Let R be a commutative ring, and let M be an R-module. The Krull
dimension of R is

dim(R) = sup{n > 0| there exists a chain py C p; C --- C p, in Spec(R)}

The Krull dimension of M is

dimg(M) = sup{n > 0| there exists a chain py C p; C --- C p,, in Suppr(M)}

=

where Suppz(M) = {p € Spec(R) | M, # 0}.

Definition 3.2. Let R be a commutative ring, and let M be an R-module. An
element x € R is M -regular if x is not a zero-divisor on M and M # M. A sequence

X =1x1,...,T, € Ris M-regular or is an M-sequence if x| is M-regular, and x;,; is
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regular on M/(zy,...,x;)M for i =1,...,n— 1. Let I be an ideal, and assume that
x1,...,x, € I. Then xy,...,x, is a mazximal M-reqular sequence in I if xz1..., x, is
an M-regular sequence and, for all b € I the sequence x4, ..., x,,b is not M-regular.
The depth of a module with respect to I, denoted depthy(I; M), is the supremum of
the lengths of maximal M-regular sequences in /. When [ = m we write depth (M)

instead of depthy(m; M).

Fact 3.3. All maximal M-regular sequences in I have the same length because the

ring R is local by [3, Theorem 1.2.5]

Definition 3.4. Let M be an R-module. The projective dimension of M is
pdp(M) =inf{n > 0| M has a projective resolution P such that P, =0 for i > n}.
The injective dimension of M is

idr(M) =inf{n > 0| M has a injective resolution I such that I_; = 0 for i > n}.

Definition 3.5. An R-module C' is totally reflexive if it satisfies the following:
(1) C is finitely generated over R;

(2) the biduality map 6%: C — Homz(Homz(C, R), R) given by 62(c)(¢) = ¢(c), is

an isomorphism; and
(3) Exth(C, R) = 0 = Exty(Homg(C, R), R) for all i > 1.

Definition 3.6. Let M be a finitely generated R-module. A G-resolution of M is an

exact sequence

9% a¢ a7, o
G=—G —G_ 41— - —Gy—>M—=0
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such that each G; is totally reflexive. The G-dimension of M is
G-dimpg(M) = inf{sup{n > 0| G,, # 0} | G is a G-resolution of M }.

Definition 3.7. An R-module J is said to be Gorenstein injective if there is an exact

sequence

I
871'71

o0 ol
I=0.---—I1;,—1I;, 11—

such that J = Ker(d!) and the complex Hompg(E, ) is exact for every injective

R-module E.

Definition 3.8. Let R be a commutative ring and M an R-module. A G-injective

resolution of M is an exact sequence

89i+1 oz,
G:0—>M—)G0 >G—i \G—i—1—>

such that each G; is a Gorenstein injective module. The Gorenstein injective dimen-

sion of M is given by

Gidr(M) = inf{sup{n > 0| G_,, # 0} | G is a G-injective resolution of M }.

Definition 3.9. An R-module C' is semidualizing if it satisfies the following:

(1) C is finitely generated;

(2) the homothety map x%: R — Homg(C,C) given by x&(r)(c) = re, is an isomor-
phism; and
(3) Exth(C,C) =0 for all i > 0.

Definition 3.10. Let C be a finitely generated R-module. An R-module M is totally

C-reflexive if it satisfies the following conditions:
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(1) M is finitely generated over R;

(2) the biduality map §¥;: M — Homg(Homp(M, C), C) given by 65;(m)(¢) = ¢(m),

is an isomorphism; and
(3) Exti(M,C) = 0 = Extl(Homg(M, C),C) for all i > 1.

Definition 3.11. Let C' be a semi-dualizing R-module and M a finitely generated

R-module. A Gg-resolution of M is an exact sequence
0, o¢ a7, o
G=—G —G_ 41— —G —>M—=0
such that each G; is totally C-reflexive. The G¢-dimension of M is
Go-dimg(M) = inf{sup{n > 0 | G,, # 0} | G is a G¢-resolution of M}.

Definition 3.12. Let C' be a semi-dualizing R-module and M a finitely generated

R-module. A Gg-injective resolution of M is an exact sequence

a€i+1 oz, i—
G:0—>M—)G0 )G_i G_i_1—>

such that each G; is a G-injective R-module. The Gg-injective dimension of M is

Go — idg(M) = inf{sup{n | G_,, # 0} | G is a G¢-injective resolution of M }.

Definition 3.13. Let (R, m) be a local ring. A quasi-deformation of R is a diagram
of local ring homomorphisms

RL R EQ

where p is flat, and 7 is surjective with kernel generated by a (Q-regular sequence. Let
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M be a finitely generated R-module. The complete intersection dimension of M is

Cl-dimg(M) = inf{pdy(R' ®r M) —pdy(R) | R = R < Q is a quasi-deformation}.

Definition 3.14. Let (R, m) be a local ring and let M be an R-module. The complete

intersection injective dimension of M is

Cl-idg(M) = inf{idg(R' ®pr M) — pdy(R') | R = R < Q is a quasi-deformation}.

Definition 3.15. Let C' be a finitely generated R-module. The Auslander class

Ac(R) is the class of all R-modules M satisfying the following conditions:

(1) the natural map ~{;: M — Homz(C,C ®x M) given by v{;(m)(c) = m®c, is an
isomorphism; and
(2) Torf(C, M) =0 = Ext®(C,C ®r M) for all i > 1.

Definition 3.16. Let C be a finitely generated R-module. The Bass class Bo(R) is

the class of all R-modules M satisfying the following conditions:

(1) the natural map £5;: C @ Homp(C, M) — M given by £§;(c @ ¢) = ¢(c), is an
isomorphism; and
(2) Exth(C, M) = 0= Tor’(C,Homg(C, M)) for all i > 1.

Definition 3.17. Let (R,m) be a local ring and M an R-module. The ith Bass
number of M is given by pb(M) = dimy Ext’(R/m, M).
Definition 3.18. Let (R, m) be a local ring and M an R-module. The ith Betti
number of M is given by 8F(M) = dim, Ext’ (M, R/m).
Definition 3.19. Let R be a commutative ring and M an R-module. The direct
sum R @ M can be equipped with the product: (r,m) - (r',m’) = (rr',rm’ + r'm).
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This turns the module R & M into a ring called the trivial extension of R by M and
is denoted by R x C.

3.2. Main Results

This section contains the main results demonstrating the blindness of M. We

begin by noting the following useful isomorphisms between Ext modules:

Lemma 3.20. Let ¢: R — S be a flat ring homomorphism and let N be an S-module.
If I is an injective resolution of N over S then I is an injective resolution of N over

R.

Proof. 1t suffices to show that if a module J is injective over S then J is injective
over R. So let J be an injective module over S and consider the an exact sequence
of R-modules

0—A—-B—-C—0

Since ¢ is flat then the following sequence is an exact sequence of S-modules.
0 —>S®rA—>S®KB—S®RrC —0.

Now J is injective over S, hence when we apply Homg(—, J) to the tensored sequence

we obtain the top exact sequence in the next display:

0—>H0m5(S®RC,J)—>HOH15(S®RB,J) HomS(S®RC,J)—>O

: : :

0— HOHIR(C, HOHIS(S, J)) - HomR(B, HOII15<S, J)) - HOIIlR<A, HOIIls(S, J)) =0

]% lg lg

Homg(C, J) Hompg(B, J) Hompg(A, J)

0 0

where the vertical isomorphisms from the top row to the middle row are Hom-tensor

30



adjointness and the vertical isomorphisms from the middle row to the bottom row

are Hom cancelation. Thus J is injective over R. ]

Lemma 3.21. Let ¢: (R,m) — (S,n) be a flat local ring homomorphism with R/m =
S/mS. Let M be a finitely generated R-module that has a compatible S-module
structure via . Then for i > 1 we have Exts(M,S/mS) = Exth(M, R/m) and
Ext%(S/mS, M) = Ext’(R/m, M).

Proof. Let F be a free resolution of M over R. Notice that since ¢ is flat we have

S®prF'is a free resolution of S®r M over S. This gives us the following isomorphisms:

Exti(M,S/mS) = Exty(S®@z M,S/mS)
.= H_;(Homgs(S ®f F, S/mS))
~ H,(Homp(F, Homg(S, S/mS)))
= H-;(Homg(F, R/m))

= Exth(M,R/m).

Where the first isomorphism is from S ®r M = M, the second isomorphism is Hom-
tensor adjointness, and the third isomorphism is Hom-cancellation. For the other

variance let I be an injective resolution of M over S, which is an injective resolution

of M over R by Lemma 3.20. Then we have:

Exty(S/mS, M) = H_;,(Homg(S/mS,I))
= H_;(Homg(S ®r R/m,I))
= H,i(HOHlR(R/m, HOHls(S, [)))

12

H_;(Homg(R/m,I))

= Exth(R/m, M).
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Where the first isomorphism is from S ®g R/m = S/mS, the second isomorphism is

Hom-tensor adjointness, and the third isomorphism is Hom-cancellation. O

Proposition 3.22. Let p: (R,m) — (S,n) be a flat local ring homomorphism such
that the induced map R/m — S/mS is an isomorphism. Let M be a finitely generated
R-module that has a compatible S-module structure via ¢. Then we have dimg(M) =

dimg(M) as well as depthg(M) = depthy(M).

Proof. From [3, Theorem A.11], we have for N an R-flat finite S-module

dimg(M ®g N) = dimg(M) + dimg(N/mN).

Thus, with S = N we have

dimg(M) = dimg(S ®r M) = dimp(M) + dimg(S/mS) = dimg(M).

To show that M has the same depth we note that depth(S/mS) = 0, since n = mS.

Now from [19, Theorem IX.3.6] we have

depthg(M) = depthg(S @ M) = depthy(M) + depth(S/mS) = depth,(M).

]

Proposition 3.23. Let p: (R,m) — (S,n) be a flat local ring homomorphism such
that the induced map R/m — S/mS is an isomorphism. Let M be a finitely generated

R-module that has a compatible S-module structure via ¢. Then pdz(M) = pdg(M).

Proof. By [19, Theorem VII.3.14] there is an equality between the projective dimen-

sion and the largest index of a non-vanishing Ext module:

pdg(M) = sup{i > 0 | Extiy(M, R/m) # 0}.
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This characterization uses the fact that M is a finitely generated R-module. Now,
by Lemma 3.21 we have Exty(M,S/mS) = Exth(M,R/m). Therefore, we have
Ext’% (M, R/m) # 0 if and only if Exts(M, S/mS) # 0. Note that if no such value of

1 exists, then both projective dimensions are —oc. O

Proposition 3.24. Let p: (R,m) — (S,n) be a flat local ring homomorphism such
that the induced map R/m — S/mS is an isomorphism. Let M be a finitely generated

R-module that has a compatible S-module structure via ¢. Then idgr(M) = idg(M).

Proof. By [3, Proposition 3.1.14] there is an equality between the injective dimension

and the largest index of a non-vanishing Ext module:

idr(M) = sup{i > 0 | Exth(R/m, M) # 0}.

This characterization uses the facts that R is local and M is a finitely generated R-
module. Now, by Lemma 3.21 we have Ext’y(S/mS, M) = Ext(R/m, M). Therefore,
we have Ext’(R/m, M) # 0 if and only if Exts(S/mS, M) # 0. Note that if no such

value of 7 exists, then both injective dimensions are —oo. O]

Proposition 3.25. Let p: (R,m) — (S,n) be a flat local ring homomorphism such
that the induced map R/m — S/mS is an isomorphism. Let M be a finitely generated
R-module that has a compatible S-module structure via p. Then we have Gidg(M) =
Gidg(M).

Proof. Since ¢ is a flat local ring homomorphism, we can apply [6, Theorem A] along
with the fact that Ext’ (S, M) = 0 for all i > 1 to obtain the first equality in the next

sequence:

Since M has a compatible S-module structure we have Hompg(.S, M) = M. This gives

the second equality. O]
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Proposition 3.26. Let p: (R,m) — (S,n) be a flat local ring homomorphism such
that the induced map R/m — S/mS is an isomorphism. Let M be a finitely generated
R-module that has a compatible S-module structure via @, and let C' be a semi-

dualizing R-module. Then we have Go-dimg(M) = Gggpo-dimg(M).

Proof. Note that since ¢ is flat then by [20, Proposition 2.2.1] we have S ®x C'is a
semidualizing S-module. The isomorphism S ®g M = M justifies the first equality

in the following display:

Gsepo-dimg(M) = Ggg,o-dimg(S @ M) = Ge-dimp(M).

Since S is flat over R we have Tor’(S, M) = 0 for all i > 1, so we obtain the second

equality by [20, Theorem 6.3.1]. O

Corollary 3.27. Let ¢: (R,m) — (S,n) be a flat local ring homomorphism such that
the induced map R/m — S/mS is an isomorphism. Let M be a finitely generated R-
module that has a compatible S-module structure via ¢. Then we have G-dimp(M) =

G-dlms(M> .
Proof. Let C'= R and apply Proposition 3.26. n

Lemma 3.28. Let ¢: (R, m) — (S, n) be a flat local ring homomorphism such that the
induced map R/m — S/mS is an isomorphism. Let C' be a semi-dualizing module.
Then the map ¢': R x C — S ®r (R x C) given by v — 1 ® x is a flat local

homomorphism.

Proof. First we show that R x C is local. Let (0,¢),(0,¢) € 0 C C R x C and
notice that (0,¢) - (0,¢') = (0,0) for all ¢, € C. Hence 0 & C C m for all m €
m-Spec(R x C'). Therefore, each m € m-Spec(R x C') corresponds to a maximal ideal
in (Rx C)/(0® C) = R. Since R is local there can be only one maximal ideal in

R x C, namely m & C.
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Next we show S ®@g (R x C) is local. Let m: Rx C — Rand my: Rx C — C
be the natural surjections. Then the map 5: S ®gr (R x C) — (S®gr R) x (S ®r C)
given by s ® (r,¢) — (s ®r,s ® c) is an isomorphism by [12, Theorem 5.9]. Also, the
map v: (S@prR) X (S®rC) = Sx (S®rC) given by (s@7,5'®c) = (s-¢(r),s' ®c)
is an isomorphism by tensor cancelation. This explains the vertical isomorphism in

the following commutative diagram.

RxC Y S®r(RxC)
> %jWOB
Sx (S®rC)

The diagonal map « is given by (r,¢) — (p(r), 1®c), and ¢’ is the natural map given
by (r,¢) — 1®(r,c). First we show that these maps are ring homomorphisms. Notice
that 5 and v are group homomorphisms so we need only check that they respect the
multiplicative ring structures. Notice that it suffices to check that [ and ~ respect
the multiplicative ring structure on simple tensors since we can extend to finite sums
of simple tensors by the distributive property. Let r,7" € R and s,s',t,t' € S and
c,d € Crandlet v = (s®(r,c)) € S®r(RxC)andy = (¢ @(1',)) € S®@r(RxC).
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Then for g we have

Bx)Bly) = Bls®(r,c)) B(s' @ (')
= (s®rs®c-(for,sd§ed)
= (e er),(ser)(ad)+ (s ()
= (ss'@rr,(ss @rd)+ (ss @1r'c))
= (ss@rr', s’ @ (rd +r'c))
= [(ss'® (rr',rd +1'c))
= B(s®(r.c)- (s @ ()
= Blay).

Also, 3 respects identities since

B(lsenrxc)) = B(ls ® (1g,0)) = (1g ® 1, 1s ®0) = (1 ® 1g,0) = LisgR)x(S210)-

Let u = (s®@r,t®c) € (S@rR)X(S®rC) and v = (@1, t'®c) € (S®rR) X (S@rC).
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Then we have

Y(u)y(v) = v(s@nrtec) -y @r fed)
= (sp(r),t®@c)- (sp(r),t' @ )
= (ss'p(r)p(r'), so(r)(t' ® ) + 'o(r')(t @ ¢))
= (ss'p(rr'), (sp(r)t’) @ ¢ + (s'p(r)t) © ¢))
= (ss'p(rr’), (st") @ (rd) + (s't) @ (r'c))
= (ss'o(rr),(s@r)(t' @)+ (s @) (t®c))
= Y(s@r)(sfer),(sr){t' @d)+ (5 r)(tc))
= y(s@ntec) - (§rted))

= y(uv).

Also, v respects identities since

Y(Liserr)x(serc)) = V(1s ® 1g,0) = (1s¢(1r), 1s ® 0) = (15,0) = Lgx(ser0)-

To show that « is a ring homomorphism notice that

a(lrxe) = a(1g,0) = (p(1g), 1 ®0) = (15,0) = Lgx(sex0c)-
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So « respects identities. Now let r,r’,t € R,s,s' € S and ¢, € C' and notice that

a(r,c) +a(r',d) = (p(r),1®c) + (p(r'), 1o )
= (p(r) + (), (1®c)+ (1))
= (p(r+7),1® (c+))
=a(r+r,c+d)

= Oé((T, C) + (Tla Cl))

and for the multiplicative structure:

a(r,c)a(r’, ) = (o(r), 1 ®@c)(e(r'),1® )
= (p(r)e(r), p(r)1 @ ¢) + () (1 ® ¢))
= (p(r'),1@rd +1®7'c)
= (p(rr'), 1@ (rd +1'c))
= a(rr',rd +1'c)

=a((r,c)(r',d)).

Lastly we show that ¢’ is a ring homomorphism. Note that ¢’ respects identities since
we have

©'(1ree) = ¢'(15,0) = 15 @ (1g,0) = lsgprxC-
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Let r,7" € R and ¢, € C then

@(rie)+¢(rd) =1 (re)+1a (1)
=1® ((r,c) + (', )

=¢'((r,c) + (v, )

and

90,(7“’ C)(p,(T, C) = (1 & (T, C))(l ® (T/7 C,))
=1® ((T, C)(T/7 C,))

= ¢ ((r,0)(r'c)).

Therefore, all of the above maps are ring homomorphisms. The diagram commutes

by the following equalities:

VB (r0))) =B @ (r,0)) =71 @7 1@ c) = (p(r), 1@ c) = alr,c).

Since ¢ is flat then S ®p C' is a semi-dualizing S-module by [20, Proposition 2.2.1].
Using the fact that S is local a similar argument as above shows that S x (S ®g C)
is local with maximal ideal n @ (S @ C'). Hence o 8 being an isomorphism implies
that we have S ®p (R x C) is also local.

To see that ¢ is a local homomorphism notice that a(m® C) Cn @ (S @z C)
because S x (S ®p C) and ¢ are local. Now the fact that the diagram commutes
implies that ¢’ is a local homomorphism.

To show that ¢ is a flat homomorphism we need to show that S ®z (R x C)
is flat as an R-module. Let S be an exact sequence of R-modules and notice that by

tensor cancellation we have S ®@pxc (S ®g (RXx C)) = S ®@r S which is exact since S
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is flat over R. Therefore ¢’ is a flat local ring homomorophism. O

Proposition 3.29. Let p: (R,m) — (S,n) be a flat local ring homomorphism such
that the induced map R/m — S/mS is an isomorphism. Let M be a finitely generated
R-module that has a compatible S-module structure via ¢, and let C' be a semi-

dualizing R-module. Then G¢idr(M) = Gsgpeids(M).

Proof. Viewing M as an Rx C-module we can apply Proposition 3.25 and Lemma 3.28

to obtain the second equality in the following display.

Geidg(M) = Gidgwe(M)
= Gidsx(sgrc)(M)
= Gsgpoids(M)
The first and the third equalities follow from [11, Theorem 2.16]. O

Proposition 3.30. Let p: (R,m) — (S,n) be a flat local ring homomorphism such
that the induced map R/m — S/mS is an isomorphism. Let M be a finitely gen-

erated R-module that has a compatible S-module structure via @. Then we have

Cl-dimp(M) = CI-dimg(M).

Proof. By [17, Proposition 4.7(a)] we have the second equality below:

]

Lemma 3.31. Let p: (R,m) — (S,n) be a flat local ring homomorphism such that

the induced map R/m — S/mS is an isomorphism. Then R S.
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Proof. First we claim that R/m* = S/m!S for all ¢ > 1. Let ¢': R/m — S/mS be

the induced isomorphism and consider the following commutative diagram:

R/mt —2~ S/mtS

R/m ——= S/mS

o

where the vertical maps are the natural surjections and @: R/mf — S/m!S is the

induced map from ¢. The diagram commutes by the following calculations:
7a(p(r +m') = 7a(p(r) + m'S) = o(r) + mS

and

O (n(r+mh)) =¢'(r+m) = ¢(r) + msS.

To see that @ is surjective, let s+m'S € S/m!S. Now by [10, Lemma 1.1] there exists
r € R such that s — p(r) € n® = m'S. Thus ¢(r) and s are in the same equivalence
class in S/m*S and so we have g(r+m’) = s+ m’S. To see that ¢ is injective suppose
that r + m* € Ker(@). Hence in S we have o(r) € m'S. Now since ¢ is faithfully
flat we have r € m’ [15, Theorem 7.5]. Thus r + m’ = 0 + m’. Therefore, @ is an
isomorphism. Since ¢t was arbitrary this justifies the claim.

Now taking the inverse limits the claim provides the first isomorphism in the

following display:
R = lim R/m' = lim §/m'S = lim §/n'S = §
t t t

The second isomorphism is from the equality n = mS. O

Proposition 3.32. Let p: (R,m) — (S,n) be a flat local ring homomorphism such
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that the induced map R/m — S/mS is an isomorphism. Let M be a finitely generated
R-module that has a compatible S-module structure via @ and let C' be a semi-dualizing
R-module. Then M € Ac(R) if and only if M € Agsg,c(S), and M € Bo(R) if and
only if M € Bsg,c(5).

Proof. This results follows by [20, Proposition 3.4.6]. O

Proposition 3.33. Let p: (R,m) — (S,n) be a flat local ring homomorphism such
that the induced map R/m — S/mS is an isomorphism. Let M be a finitely generated
R-module that has a compatible S-module structure via ¢. Then we have BE(M) =

B5(M) as well as (M) = pis(M).

)

Proof. Notice that by Lemma 3.21 we have Exth (M, R/m) = Exty (M, S/mS) and
Ext(S/mS, M) = Ext’(R/m,M). Hence we have both B&(M) = pF(M) and

pin(M) = (M), s

Proposition 3.34. Let p: (R,m) — (S,n) be a flat local ring homomorphism such
that the induced map R/m — S/mS is an isomorphism. Let M be a finitely generated
R-module that has a compatible S-module structure via @ and let N be an S-module.

Then we have Exty(N, M) = Extl (N, M) and Exty(M, N) = Ext’y (M, N).

Proof. Let P be a projective resolution of M, and let I be an injective resolution of M
over 2. Note that since each module /; in the injective resolution [ is injective then
Hompg(S, I;) is also injective. Hence we have Hompg(S, I) is an injective resolution of

Homp(S, M) =2 M over S since Ext%(S, M) = 0 by Theorem 2.5. Thus, we have the
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following isomorphisms:

Ext4(N, M) = H_;(Homg(N,Homg(S,1)))

2

H_i(HOIl’lR(S Rs N, I))

12

H_,(Homp(N, )

= BExth(N, M).

The first and second isomorphisms are the Hom-tensor adjointness and tensor cancel-
lation isomorphisms respectively. Similarly, in the other variance, we have for each P,
in the projective resolution P the module S ®g P; is projective over S. Hence S®pg P

is a projective resolution of S ®z M = M over S since Tor®(S, M) = 0 because S is

flat. Thus, we have the following isomorphisms:

Exty(M,N) := H_;(Homg(S ®g P,N))
=~ H_;(Homg(P,Homg(S, N)))
= H_;(Homg(P,N))

= Exti(M,N).

The first and second isomorphisms are Hom-tensor adjointness and Hom cancellation

respectively. O]

43



CHAPTER 4. THE NON-LOCAL SETTING

This chapter is devoted to removing the local hypothesis from Theorem 1.17.
4.1. Some Daggers Are Better Than Others

There are many different ways one can remove the local hypothesis from Theo-
rem 1.17. Specifically, with R and S noetherian, how does one interpret the condition
R/m = S/mS on ¢ when R or S is not local? Below is a list of a few of the different
ways to consider generalizing this condition in the non-local setting. We use the
notation m-Spec(R) to mean the set of maximal ideals of R. For completeness, the

first dagger is the original local condition on .

(t) ¢: R — S flat and local such that the induced map R/m — S/mS is an

isomorphism.

(1) ¢: R — S faithfully flat such that the induced map R/m — S/mS is an

isomorphism for all m € m-Spec R.

(]AL) ¢: R — S faithfully flat such that for all n € m-Spec S, the map ¢,: R, — S,
satisfies () where p = ¢~ (n).

(t) ¢: R — S faithfully flat such that the induced map R/m — S/mS is an iso-
morphism for all m € m-Spec R, and the induced map ¢*: Spec(S) — Spec(R)

satisfies ¢*(m-Spec(S)) C m-Spec(R).

Remark 4.1. The containment ¢*(m-Spec(S)) C m-Spec(R) in (1) does not auto-
matically follow from the assumption that R/m — S/mS is an isomorphism for all

m € m-Spec R; see Example 4.6.

We first show some of the implications between the above daggers.
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Proposition 4.2. With the above notation, the condition (1) implies (1), and ()

implies both (1) and (7).

~

Proof. The implications (1) = (}) = ({') follow by definition. For () = (), let
n € m-Spec(S). Notice that ¢, is a flat local homomorphism by the local criterion
for flatness [15, Theorem 7.1]. Also, (1) implies that we have ¢~'(n) = m for some

m € m-Spec(R). So condition (}) implies that n = mS. Let 7, and m, be the natural

surjections in the following commutative diagram

Ry —2—~ 8,
Ryn/mRy, S Sp/nSy

where @, is the induced map on the quotients R,,/mR,, and S,/nS,. To see that the

diagram commutes let r/s € Ry, and notice that we have

o)~ () - s

and

o (on (5)) = (o) = 5+

Thus 7, 0 p, = P, oy, and the diagram commutes. Since localization commutes with

quotients we have the first isomorphism in the following display:
Sp/nS, 2 (S/n), =2 S/m= S/mS

The second isomorphism is because S/n is a field and the third follows from n = mS.
Similarly, since R/m is a field we have R, /mR, = (R/m), = R/m. Therefore @, is

an isomorphism and ¢ satisfies (). Hence (f) implies (}). O
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We know that (1) does not imply(1'), and neither (1) nor (1) implies (1), as

seen in the following examples. First we need the following lemmas.

Lemma 4.3. Let A and B be commutative rings. Let p € Spec(A) and q € Spec(B).
Then the homomorphisms f: (A X B)yxp — Ay given by (a,b)/(z,y) — a/x and

g: (A X B)axq — By given by (a,b)/(b,y) are both isomorphisms.

Proof. We prove that f is an isomorphism. The argument to show ¢ is an isomorphism
is similar. The homomorphism f is surjective since for any a/x € A, we have
f((a,b)/(z,y)) = a/z. To show that f is injective let (a,b)/(x,y) € Ker(f) then
f((a,b)/(x,y)) = a/xr = 0. Therefore there exists t € R\ p such that ta = 0. Note
that in (A X B)yxp the element (¢£,0) € (A x B) \ (p x B) so (¢,0) is an allowable

denominator. Thus we have

(a,b)  (a,b)(t,0) (at,0)

(@.y)  (2.9)(t,0)  (z,y)(t0)

Hence (a,b)/(z,y) = 0 and f is an isomorphism. O

Lemma 4.4. Let A be a commutative ring and let p,q € Spec(A). Let the map

p: A— A, x Aq be given by a— (a/1,a/1).
(i) o1 (pAp x Ag) =p and ™' (Ay x qAy) = q.

(ii) The induced maps pp: Ay = (Ay X Aq)(payxa,) and pg: Ay — (Ap X Ag) (4, xqa,)

are isomorphisms where P = pA, X Ay and Q) = A, X qA,.

Proof. For part (i) we prove ¢ '(pA, x A;) = p. The other equality is similar.
Set P' = ¢ 1 (pA, x Ay) = {z € A | ¢(x) € pA, x A;}. Let z € p and note
p(x) = (z/1,2/1) € pA, x A, since /1 € pA,. Hence p C P’. For the other
containment let y € P" and note that ¢(y) = (y/1,y/1) € pA, x A;. Thus y/1 € pA,

and soy € ANpA, =p.
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For part (ii) we prove that ¢p: A, — (A, X Aq)pa,xa,) is the inverse of the
composition

f «
(Ap X Aq)payxa, = (Aplpa, 2 Ap

where f is the map from Lemma 4.3 with A = A, and B = A, and

(@)%

The other inverse is similar. First note that for any

—~
»|Q
|

N—

€ (AP X Aq)(PApXAq)’

—~
18
SETS

~—

we have
(&0 _ (=
(Z,%) =)

N

To see this notice that (1,9) € (4, x Ag) \ (pAp X Ag). A routine computation shows

ED[EDED)-EPE] -

Hence we have

(5. %)

a
s
(%, %)
u’ v

(SOPOCYOf)(

)=or(o(2)) - o (@) - BB - 1)

So ppoao f= id(Aprq)(pAprq). Next, let a/x € A, and notice that we have

eoren )=o) () 552

Hence o f o pp =idy, and ¢p is the inverse of a o f. [

Example 4.5. Let (R, m) be a local ring and set S = R x R. Consider p: R — S
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given by r — (r,r). First we claim that ¢ satisfies (). To see this notice that if
n € m-Spec(S) then n is either m X R or R x m. Since R is noetherian, S is flat
over R, and mS # S we know that S is faithfully flat over R, that is, ¢ is faithfully
flat. Next set ny = m X R and ny = R X m and notice that Lemma 4.4 (i) implies
that ¢ '(n;) = m for ¢ = 1,2. Thus the homomorphism ¢, : Ry, — S, given by
x/y — (x,2)/(y,y) is well-defined. Now by Lemma 4.4 (ii) the map ¢y, : Ry — Sy,
is an isomorphism. Thus ¢, satisfies (1) for i = 1,2, and hence ¢ satisfies (7).

Next we claim that ¢ does not satisfy ({'). Let m € m-Spec(R) and note that
mS =m x m. Thus S/mS = R/m x R/m 2 R/m.

Example 4.6. Let (R, m) be a local ring with a prime ideal p such that p # m.
Let ¢: R — R X R, be given by r +— (r,r/1). Then ¢ is a faithfully flat ring
homomorphism; indeed, both R and R, are flat, and R is faithfully flat, so R x R,
is faithfully flat over R. Consider the induced map R/m — R/m x R,/mR,. Since
R,/mR, = 0, the induced map is an isomorphism. Hence ¢ satisfies (/). Also, ¢
satisfies (). We already have shown that ¢ is a faithfully flat ring homomorphism.
To see that ¢, satisfies (1) set n; = m x R, and ny = R X pR,. Lemma 4.4 (i)
implies that p; := ¢~ '(n;) = m and py := ¢ '(ny) = p. Thus the homomorphism
©n,: Ry, — Sy, given by z/1 — (z,2/1) is well-defined. Now by Lemma 4.4 (ii) the
map @n,: Rp, — Sy, is an isomorphism. Thus ¢, satisfies (1) for ¢ = 1,2, and hence

~

o satisfies ().

To see that ¢ does not satisfy (1) notice that R x pR, € m-Spec(R x R,) and

©*(R x pR,) = p which is not in m-Spec(R).

Remark 4.7. We do not know whether or not (1') implies ().

To obtain the results of Theorem 1.17 in the non-local setting we need (}); see
Theorem 4.22. It is worth noting that not all of the lemmata used in the proof of

Theorem 4.22 require the full strength of (}).
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4.2. Non-Local Lemmata

This section is dedicated to the lemmata required for the proof of Theorem 4.22.

We begin with a non-local version of Nakayama’s Lemma.

Lemma 4.8. Let A be a commutative ring. If T is a finitely generated A-module

such that T' = mT for all m € m-Spec(A), then T' = 0.

Proof. Let m € m-Spec(A) be arbitrary and suppose 7' = m7T. Localizing we have
T = mT,,. Since m was arbitrary we have T, = mT,, for all m € m-Spec(A). Thus
by Nakayama’s Lemma [2, Proposition 2.6] we have T,, = 0 for all m € m-Spec(A).

Therefore, by [2, Proposition 3.8] we have A = 0. ]
The next result is a non-local version of [10, Lemma 1.1].

Lemma 4.9. Let p: R — S be a faithfully flat ring homomorphism such that the
induced map R/m — S/mS is an isomorphism for all m € m-Spec R. Fiz my €

m-Spec R and set n = myS. For each t > 1 we have p(R) +n' = S.

Proof. First notice that S/n‘*! is finitely generated over R. To see this consider the

descending chain

S/t o/t o/ttt o o/t 50

and notice that the ith quotient is isomorphic to n'~!/n* & (S/n)* = (R/mg)* for

some «; = 0. We claim that

¢(R) +n' s S

m =
nt+1 nt+i nt+1 ’

for all m € m-Spec R. Notice that if m # my, then m and my are coprime, so
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m(S/n't1) = S/n'l In the case where my = m we have

R) +nt S R)+nt  myS +nitt
o( t)+ +mg _ o(R) + LMo +
n +1 nt+1 nt+1 nt-l—l
 @(R) + 0" +myS
o nt+1
_ p(R)+n
- nt+1
S
= qirl

as claimed.
Since S/n'*! is finitely generated over R,we can apply Lemma 4.8 to M /N with
M = S/n'™t and N = (¢(R) + n')/n'*! to obtain

o(R)+n" S
nt+l ot
Thus we have p(R) +n* = S for each ¢ > 1. O

The next result is a non-local version of Krull’s Intersection Theorem.

Lemma 4.10. Let A be a commutative noetherian ring and let N be a finitely

generated A-module. Then (¢, spec(ay (i1 n‘N = 0.

Proof. Let n € ) iz W'N. Then n € n'N for all ¢ > 1 and for all

nem-Spec
n € m-Spec(S). Therefore, n/1 € N, is contained in (),(nA,)*N,. Now by Krull’s In-
tersection Theorem [15, Theorem 8.9] we have (),(nA,)'N, = 0. Hence 0 =n/1 € N,

for all n € m-Spec(A). Thus, by [2, Proposition 3.8] we obtain n = 0. O
The next result is a non-local version of [10, Proposition 1.2].

Lemma 4.11. Let ¢: R — S be a faithfully flat ring homomorphism such that the

induced map R/m — S/mS is an isomorphism for all m € m-Spec R, and such that
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©*(m-Spec(S)) € m-Spec(R). If M and N are S-modules with N finitely generated,
then Hompg(M, N) = Homg(M, N).

Proof. The containment Hompg(M, N) O Homg(M, N) always holds so we only show
the other containment. Let f € Homg(M, N),m € M and s € S. We want to show

that sf(m) = f(sm). By Lemma 4.10, it suffices to show

sf(m)— f(sm) € ﬂ mntN.

nem-Spec(S) t

Fix an integer ¢ > 1. Let n € m-Spec(S) and set m = ¢*(n). Notice that we have
the following: f(n‘M) = f(m'M) = m'!f(M) C n’N. Use Lemma 4.9 to choose an

element r € R such that ¢(r) — s € n*. Then we have

flsm) —sf(m) = f(sm)— f(rm)+rf(m)—sf(m)
= f((s = (r))m) + (¢(r) = 5)f(m).

Hence f(sm)—sf(m) € f((s—(r))M)+(p(r)—s)N C f(n'M)+n'N =n'N. Since

t and n are arbitrary, we have f(sm) — sf(m) € \cmspecis) e WV = 0. O
The next result is a non-local version of [10, Lemma 1.4].

Lemma 4.12. Let ¢: R — S be a faithfully flat ring homomorphism such that the
induced map R/m — S/mS is an isomorphism for all m € m-Spec R, and such that
©*(m-Spec(S)) € m-Spec(R). Let N be a finitely generated S-module and let V' be
an R-submodule of N. Then gV has at most one compatible S-module structure.
Specifically, if V has an S-module structure (s,v) — sowv that is compatible with its
R-module structure on V' inherited from the S-module structure (s,n) — s-n on N,

then sov=s-v foralls €S and for allv e V.
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Proof. Let s € S and v € V be given. Fix t > 1 and n € m-Spec(S). Use Lemma 4.9
to choose r € R such that p(r) — s € n and set m = ¢~!(n). Notice that we have

the following;:

nfoV=(mS3)oV = mo(SoV) (6)

= mfoV=ml-VCm-N=n'N.

Furthermore, we have

sov—s-v=sov—rov+r-v—5-v=_(5s—(r)ov+ (p(r)—s)-v.

Thus display (6) implies that sov —s-v €nfoV +n'-V Cn'- N. Since t and n are

arbitrary then by Lemma 4.10 we have sov —s-v = 0. [
The next result is a non-local version of [10, Proposition 1.5].

Lemma 4.13. Let ¢: R — S be a faithfully flat ring homomorphism such that the
induced map R/m — S/mS is an isomorphism for all m € m-Spec R, and such
that ¢*(m-Spec(S)) € m-Spec(R). Let M be an R-module (not necessarily finitely
generated) that is an R-submodule of some finitely generated S-module N. Let V(M)
be the set of R-submodules of M that have S-module structures compatible with their
R-module structures. Then V(M) is exactly the set of S-submodules of N that are
contained in M. The set V(M) has a unique mazimal element V(M) and V(M) =
{reM|SxCM}y={xeN|SxC M}

Proof. Let W(M) be the set of S-submodules of N that are contained in M. For
the first assertion let A € V(M). That is, A is an R-submodule of M that has
an S-module structure compatible with its R-module structure. In particular A is

an S-module contained in M. Thus A is in W(M). For the other containment let
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B € W(M). Therefore B is contained in M and B is an S-module, and hence an
R-module by restriction of scalars. Thus the S-module structure on B is compatible
with the R-module structure obtained by restriction of scalars. Hence B € V(M).

Now since N is a noetherian S-module, the set of S-submodules contained in
M must have a maximal element V' (M). To see that V(M) is unique suppose C' is
another maximal element, then C' + V(M) is another S-submodule in V(M) since
V(M) is closed under sums. But then V(M) C C'+ V(M), and by the maximality of
V(M) and C we must have C' = V(M).

Let z € V(M). Then the S-submodule Sx C N, is contained in M. Which
shows

V(M) C{z € M|Sx CM}C{xeN|SxCM}C V(M)

Where the last containment follows from V(M) being the unique maximal element

of V(M). Therefore all the containments are equalities. O
The next result is a non-local version of [10, Proposition 1.6].

Lemma 4.14. Let ¢: R — S be a faithfully flat ring homomorphism such that the
induced map R/m — S/mS is an isomorphism for all m € m-Spec R, and such
that ¢*(m-Spec(S)) € m-Spec(R). Let L be an S-module (not necessarily finitely
generated). Let M be an R-submodule of some finitely generated S-module N, and
let V(M) be as in Lemma 4.13. Then the natural injection Hompg(L,V(M)) —

Hompg (L, M) is an isomorphism.

Proof. Let g € Hompg(L, M) and let W = Im(g). We need to show that W C V(M).
Let h be the composition L 2 M 5 N. Lemma 4.11 implies that A is S-linear, so

W = h(L) is an S-submodule of N, and therefore W C V(M). O

The next result is a non-local version of [10, Corollary 1.7].
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Corollary 4.15. Let ¢o: R — S be a faithfully flat ring homomorphism such that
the induced map R/m — S/mS is an isomorphism for all m € m-Spec R, and such
that ¢*(m-Spec(S)) € m-Spec(R). Let M be an R-submodule of a finitely generated
S-module, and let V(M) be as in Lemma 4.13. Then there is a commutative diagram

of R-module homomorphisms.

Homg (S, V(M) —2— V(M) M (7)

B
-
- E

Hompg(S,V(M)) Hompg(S, M)

> | IR

So V(M) is the image of the natural map e: Hompg(S, M) — M given by f — f(1)

and € is injective. Moreover, if M is finitely generated over R then so is Homg(S, M).

Proof. The isomorphism « is Hom cancellation, the equality v is from Lemma 4.11,
and the isomorphism ¢ is from Lemma 4.14. To see that the diagram commutes,
let ¢ € Homg(S,V(M)) then we have S(a(¢)) = B(¢(1)) = ¢(1) and €(6(v(¢))) =
€(0(9)) = () = o(1).

Since each of the maps «, 5, and ~ are injective and the map ¢ is an isomorphism
we have that e is injective. Now if M is finitely generated over R, then so is the

submodule V(M) = Hompg(S, M). O
4.3. Non-Local Main Results

This section contains the proof of our main non-local result, Theorem 4.22. We

begin with the following non-local version of Definition 1.18.

Definition 4.16. An R-module N satisfies NAK if either N = 0 or there exists a

maximal ideal m € m-Spec(R) such that N/mN # 0.

Note that Lemma 4.8 implies that every finitely generated R-module satisfies

NAK. The next result is a non-local version of Lemma 2.4
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Proposition 4.17. Let ¢: R — S be a faithfully flat ring homomorphism such that
the induced map R/m — S/mS is an isomorphism for all m € m-Spec R, and such
that ¢*(m-Spec(S)) € m-Spec(R). Let M be a finitely generated R-module, and let
z> 1. If Exty(S, M) =0 for all i > z and Ext%(S, M) satisfies NAK, then we have
Exty (S, M) = 0.

Proof. By way of contradiction suppose Ext% (.S, M) # 0. Since Ext%(S, M) satisfies
NAK, there exists m € m-Spec(R) such that Ext%(S, M)/mExt5(S, M) # 0. Let
X = I1,...,%, € R such that (x)R = m. The proof of Lemma 2.4 applies mutatis

mutandis to show Ext; (S, M)/mExt;(S, M) = 0, a contradiction. O

Lemma 4.18. Let ¢: R — S be a faithfully flat ring homomorphism such that the
induced map R/m — S/mS is an isomorphism for all m € m-Spec R, and such
that ¢*(m-Spec(S)) € m-Spec(R). Then an R-module N has a compatible S-module

structure if and only if the natural map 1: N — S @z N is an isomorphism.

Proof. One implication is clear. For the forward implication let (s,z) — s -z be
a compatible S-module structure on N. Notice that S ® N has two compatible
S-module structures, one from the multiplication in S, and the second from the S-
module structure on N. With the first structure S ®r N is finitely generated over
S. Hence S ®g N satisfies the hypotheses of Lemma 4.12, so these two S-module
structures must be the same. Therefore, 1 ® (sz) =s(1®@z) = s ® x.

We claim that the multiplication map p: S ®g N — N given by s ®  + sx is

the inverse of ¢, which will prove the claim. In fact we have

(nod)(x) = plu(z)) = p(l @) = 2.
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Hence we have j10¢ =idy. Also we have ¢ oy = idgg,n since,

(Lop)(s®@x)=1(sx) =1®sx =5 .

Where the third equality is from the previous paragraph. O
The next result is a non-local version of [10, Lemma 2.12]

Lemma 4.19. Let ¢: R — S be a faithfully flat ring homomorphism such that the
induced map R/m — S/mS is an isomorphism for all m € m-Spec R, and such that

©*(m-Spec(S)) € m-Spec(R). Let

0O—-M —>M—-M"—0

be an exact sequence of finitely generated R-modules. Then M has a compatible S-

module structure if and only if M' and M" have compatible S-module structures.

Proof. Applying S ®p — to the given exact sequence, and using the flatness of S, we

obtain the following commutative diagram with exact rows

0 M M M 0 (8)

T

0—S@pM —S@rM——S®@r M" —0.

Note that each map ¢; is injective for ¢ = 1,2,3. Thus by the Snake Lemma we see
that €5 is an isomorphism if and only if ¢; and e3 are isomorphisms. Thus M has
a compatible S-module structure if and only if both M’ and M” have compatible

S-module structures by Lemma 4.18. O

Lemma 4.20. Let ¢: R — S be a flat ring homomorphism. Then pdgz(S) < dim(R).
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Proof. This inequality follows from a result of Raynaud and Grunson [18, Seconde

Partie, Theorem (3.2.6)] and Jensen [14, Proposition 6]. O

Lemma 4.21. Let ¢: R — S be a faithfully flat ring homomorphism such that the
induces map R/m — S/mS is an isomorphism for all m € m-Spec R, and such that
©*(m-Spec(S)) € m-Spec(R). If N is an S-module then N satisfies NAK over R if
and only if N satisfies NAK over S.

Proof. f N =0 then N satisfies NAK over R and over S. So we assume for the rest
of the proof that N # 0.

(=) Suppose N satisfies NAK over R. Then there exists a maximal ideal m C R
such that N/mN # 0. Note that the extension mS is a maximal ideal in S because
R/m — S/mS for all m € m-Spec(R). Set n = mS and notice that N/nM =
N/mSN = N/mN # 0. Therefore N satisfies NAK over S.

(<) Suppose N satisfies NAK over S. Hence there exists a maximal ideal n C §
such that N/nN # 0. Set m = ¢*(n) which is a maximal ideal in R by the assumptions
on ¢. Then we have 0 # N/nM = N/mSN = N/mN. Therefore N satisfies NAK
over R. [

The next result is a non-local version of [10, Main Theorem 2.5].

Theorem 4.22. Let ¢: R — S be a faithfully flat ring homomorphism such that the
induces map R/m — S/mS is an isomorphism for all m € m-Spec R, and such that
©*(m-Spec(S)) € m-Spec(R). Let M be a finitely generated R-module. Then the

following conditions are equivalent:
(i) M has a compatible S-module structure.
(ii) the natural map v: M — S®@r M, (x — 1® x) is bijective.

(iii) the natural map e: Hompg(S, M) — M, (f — f(1)) is bijective.
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(iv) S ®gr M is finitely generated as an R-module.

(v) Ext%(S, M) satisfies NAK over R fori=1,... dimg(M).
(vi) Exth(S, M) satisfies NAK over S fori=1,... dimgz(M).
(vii) Ext%(S, M) =0 for all i # 0.

Proof. First notice that (iii) = (i), (ii) = (iv), (vil) = (v), and (vii) = (vi) follow
easily. The equivalence of (i) < (ii) is in Lemma 4.19. The equivalence of (v) < (vi)
is in Lemma 4.21.

(i) = (iii). Note that since M is finitely generated as an S-module, Lemma 4.11
implies that Hompg(S, M) = Homg(S, M) = M. Thus the map 6: M — Hompg(S, M)
given by m — {f,,: S — M} with f,,(s) = sm, is the inverse of e.

(iv) = (ii). Supposing (iv) we know that S ®pr S ®r M is finitely generated for
the S-action in the first position. Now S ®r S ®r M has two S-module structures,
one for each of the first two positions. Let - denote the S-module structure in the
first position and let o denote the S-module structure in the second position. That

is for ¢,s,t € S, and x € M

- (s®ter):=(¢s) ¥t x,

and

go(s®@t®x):=s® (qt) @ x.

Since (iv) implies that S®g S ®@g M is finitely generated over S, then by Lemma 4.12

these two structures are the same:

(gs)@tRr=q (sRtRr)=qo(sRtRr)=5R (¢t) V x.
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We claim that the map 5: S®r S ®r M — S ®g M given by s @t @ m +— st @ m is

the inverse of 1 ® t: SQ@r M — S ®Rr S ®r M. In fact we have

(I®)of)(s@t®r)= (1) (st®@x)
=(sh)®lex

=5RItx.

Hence (1®¢) o 8 =idgg,s0,m- We also have o (1 ® ¢) = idgg,m since,

Bo(l®))(s®@z)=Fs®1Rz)=s® .

Since ¢ is faithfully flat, we have ¢ is an isomorphism.

(v) = (vii). First recall that Ext%(S,M) = 0 for every i > dimg(M) by
Lemma 4.20 and the proof of [10, Main Theorem 2.5]. We proceed by contradiction.
Suppose that there exists a j > 1 such that Extjé(S, M) # 0, and set m = max{i |
Ext% (S, M) # 0}. Notice that 1 < m < dimg(M). Therefore, by Proposition 4.17
we have Ext; (S, M) = 0, a contradiction. Hence Ext',(S, M) = 0 for all i # 0.

(vii) = (iii). Let J be an injective resolution of M and let o be the morphism
a: Hompg(S,J) — J given by f — f(1). The long exact sequence in homology

associated to Cone(«) gives the following exact sequence

0 — H;(Cone(a)) — Hompg(S, M) < M — Hy(Cone(a)) — Ext,(S, M) — 0.

Now H;(Cone(a)) = 0 because we know that e is injective by Corollary 4.15. So
we need to show that Hp(Cone(a)) = 0. We proceed by contradiction. Assume
that 0 # Hy(Cone(a)). Notice that by assumption (vii) we have Exty(S, M) = 0.

Hence from the sequence above that we obtain Hy(Cone(w)) = M/Im(e). Set N =
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M /Im(e). Also notice that since N is finitely generated over R, it satisfies NAK over
R by Lemma 4.21. Thus there exists an ideal m € m-Spec(R) such that N/mN # 0.
Let x = (z1,...,2;,)R = m. Following the proof of Lemma 2.4 we have a quasi-
isomorphism Homp(K#(x), a): Homp(K%(x), Homg(S, J)) — Homp(K%#(x), J), so
we have Cone(Homp(K®(x),a)) is exact. The fact that KT(x) is a self-dual and
bounded complex of finitely generated free R-modules implies that we have an iso-
morphism of complexes ¥ " K (x) ® g Cone(a) = Cone(Hompg(K*(x), a)). It follows
that Kf(x) @ Cone(a) is exact. We claim that H;(Cone(a)) = 0 for all i < 0.
Consider the following portion of the long exact sequence in homology associated to

Cone(a)

-+ — Hy(Hompg(S, M)) — H;(J) — H;(Cone(a)) — H;—1(Homg(S, J)) — --- .

Notice that we have H;(J) = 0 for all i # 0 and by our Ext vanishing assumption
H,(Homg(S, J)) = Ext' (S, M) = 0 for all i # 0. Thus we have H;(Cone(a)) = 0 for

all © < 0. Applying Lemma 2.1 we have the following isomorphism:

0 = Ho(K*®(x) ®r Cone(a)) = Hy(Cone(a))/(x) Hy(Cone(a)) # 0,

which is a contradiction. Thus, we have Ho(Cone(«)) = 0 and € is an isomorphism.
(i) = (vii). (As we noted above, assumption (i) guarantees condition (ii).) Since

M is finitely generated over R, it admits a filtration by R-submodules

O=MyCcMyC---CMy=M

such that M;/M; 1 = R/p; for each i = 1,...,t. We proceed by induction on ¢. For

the base case t = 1, we have M = R/p;, for some p; € Spec(R). Now (ii) implies that
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M = S ®gr M, so in this case we have R/p; = S ®g R/p;. Let Q be an R-projective
resolution of S. Since S is flat, the complex Q® g R/p; is an R/p;-projective resolution

of S@R R/pl = R/pl Now

Homp(Q, R/p1) = Hompg(Q,Homgy, (R/p1, R/p1)) (9)

= Hompgyy, (Q ®r R/p1, B/p1).

Therefore, Ext’ (S, M) = Ext% (S, R/p;) = Extiq/pl(R/pl, R/py) =0 for i #0.
Now for ¢ > 1 assume the implication holds for each R-module M’ admitting
a prime filtration with fewer than ¢ links. Consider the following exact sequence of

R-modules:
0— M,y —M— M/M;_, — 0. (10)

By Lemma 4.19 both M, _; and M /M, 1 have S-module structures that are compatible
with their R-module structures via ¢. Also, both have filtrations that have less than
t links, hence both M;_; and M/M,_; satisfy the induction hypothesis. Therefore,
we have Exty (S, M;_ 1) = 0 = Exth(S, M/M,_,) for all i > 0. Now when we take the
long exact sequence in Ext (S, —) associated to (10), we obtain Ext’(S, M) = 0 for

all 7 > 0 as desired. O
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CHAPTER 5. FUTURE RESEARCH GOALS

One can continue the investigation into Question 1.16 by relaxing the hypothesis
on ¢ in Theorem 1.17. For instance, what conditions do we need on an R-module M
for the conclusions of Theorem 1.17 to hold when R/m — S/mS is assumed to be a
finite field extension? One condition that is required is for the number of generators
for M to be a multiple of the degree of the extension. An example of this is the field
extension of R to C, with M = R?", for some integer n.

Another line of inquiry into Question 1.16 is to relax the finitely generated
condition on the R-module M. That is, if we assume that M is not finitely generated
what other conditions are required to attain the results of Theorem 1.177 For instance,
if we assume that M is mini-max over R and that R/ Anng(M) = S/ Anng(M)S
then we have M = S ®r M. Although it is not known if the other conditions of
Theorem 1.17 hold.

Also one can continue the investigation into Question 1.21 in the non-local
setting. That is, given a ring homomorphism ¢: R — S faithfully flat such that
the induced map R/m — S/mS is an isomorphism, and for all m € m-Spec R the
induced map ¢*: SpecS — Spec R satisfies ¢*(m-SpecS) C m-Spec R and given
an R-module M that has a compatible S-module structure via ¢, what invariants
computed over R are equal when computed over S?

One can also inquire about other non-local results from [10]. For instance given
a ring homomorphism ¢: R — S faithfully flat such that the induced map R/m —
S/mS is an isomorphism, and for all m € m-Spec R the induced map ¢*: SpecS —
Spec R satisfies ¢*(m-Spec.S) C m-Spec R and given a finitely generated R-module
M, then does M have a compatible S-module structure if and only if S = R+ pS for

every p € Ming(M) and/or for every p € Suppy(M)?
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