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ABSTRACT

In the first part of the thesis the effective yield set of ionic polycrystals is
characterized by means of variational principles in L*° that are associated to supremal
functionals acting on matrix-valued divergence-free fields. The second part of the
thesis is concerned with the study of the asymptotic behavior, as p — oo, of the first
and second eigenvalues and the corresponding eigenfunctions for the p(x)-Laplacian
with Robin and Neumann boundary conditions, respectively, in an open, bounded
domain © € RY with smooth boundary. We obtain uniform bounds for the sequences
of eigenvalues (suitably rescaled), and we prove that the positive eigenfunctions
converge uniformly in 2 to viscosity solutions of problems involving the oo-Laplacian

subject to appropriate boundary conditions.
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1. INTRODUCTION

In this thesis we study several problems in Calculus of Variations and Partial
Differential Equations that are motivated in part by the analysis of issues arising in
Continuum Mechanics and Materials Science.

The definitions and auxiliary results that are needed throughout are collected
in Chapter 2 of the thesis.

Chapter 3 of the thesis is based on the paper [1], motivated by recent work in
connection with the mathematical derivation of various models related to polycrystal
plasticity and the characterization of the effective yield of a polycrystal (see e.g.,
Kohn-Little [36], Garroni-Nesi-Ponsiglione [29], Goldsztein [31], [32], Garroni-Kohn
[30], Bocea-Nesi [5], Bocea-Mihailescu-Popovici [7], Bocea-Popovici [8]). Polycrystals
are collections of grains, or single crystals, which are bonded together in different
orientations. The yield of a single crystal is described by a closed convex subset K
of Mg;n?;, the space of symmetric 3 x 3 real matrices. Yield in a crystalline solid
is associated with a finite number of slip systems, determined by pairs (ny,my) of
orthogonal vectors: ny - the normal to the slip plane, and my, - the direction of slip.
Assuming that there are s slips systems present in the polycrystal, a typical yield set
has the form

K:{A€M3X3 : (A ) < T, :1,---,5},

Sym

where p, := % (mg ® ny + ng ® my) is the k-th slip tensor, and 7 is the critical shear
stress corresponding to the k-th slip system (ng,my), k =1,--- ,s. The orientations
of the grains in a polycrystal occupying a domain  C R3 are described through a
piecewise constant function R : Q2 — SO(3), where for each point = € €2 the rotation

R(z) indicates the orientation of the grain which contains that point. If K is the



yield set of the basic crystal, the stress o :  — M3X3 in the polycrystal occupying €2

Sym

is constrained to satisfy
o(r) € R(z)KR"(z), = € Q. (1)

1
The set of all average stresses & := 9l / o(x)dz, where o obeys the constraint (1),
Q

together with the equilibrium equation

Div 0 =0 in €, (2)

is called the effective yield set of the polycrystal:

_'—L olx)dr an 0
Keg = a._|Q|Q/ ()d (1) d(2)hld . (3)

The definition of K.g is the usual one in the polycrystal plasticity literature (see,
e.g., Section 2 in [36], and references therein). The rigorous justification of the fact
that this accurately describes the macroscopic behavior of the polycrystal follows
from the homogenization theory (see, e.g., [35]). The solutions of the equilibrium
problems at the (microscopic) length scale € > 0 of the individual grains converge, as
e — 0, to a solution of the equilibrium problem considered on the larger (macroscopic)
scale. In the traditional model of polycrystal plasticity, the latter comes from a
degenerate variational principle governed by an effective energy Ei.,, obtained via
homogenization, that is equal to zero at matrices corresponding to stresses which, in
addition to solving the equilibrium equation, Div o = 0, satisfy the constraint (1) at
every point in the domain €2 occupied by the polycrystal, and it is equal to infinity
otherwise. Hence, the definition of K¢ that is currently used in the literature on the
subject (and which we have also adopted in the thesis) coincides with how one would

formally need to define the yield set of the polycrystal, namely set it equal to the



domain of the effective energy obtained via homogenization:

Dom (Ehem) := {0 € M*3 : Eyon(o) < 0o} = {0 € M*? : Eyon(o) = 0}.

For details regarding the homogenization procedure from a deformation based (gra-
dient fields) point of view we refer to the paper by Kohn and Little [36]. In the
divergence-free case, a different derivation of the model, based on power-law regular-
ization, is given in Bocea-Nesi [5].

The key issue in polycrystal plasticity is to understand the structure of the
effective yield set K.q, when the yield set K of the basic crystal is known, and
when some information on the shapes and orientations of the grains present in
the polycrystal is given. A similar problem arises in the analysis of models of
dielectric breakdown and electrical resistivity, where an effective yield (strength) set
is defined similarly, with a suitable modification of the pointwise constraint, and with
(2) replaced by the requirement that the field o : @ — R? be either curl-free or
divergence-free, respectively (see [29], [30], and [5]). For example, in Garroni-Kohn
[30], the pointwise constraint reads o(x) € R(x)K. The reason for the difference when
compared to (1) is that [30] is concerned with two model problems, antiplane shear
and plane stress, corresponding to gradient vector fields and divergence-free vector
fields, respectively. For example, in the (two-dimensional, for simplicity) antiplane
shear model, there are four basic slip systems with slip tensors +u™®), £, where
p) = %(_1> DK+ K® ?) and p@ = 1(j® K+Ke T), and with critical stresses

equal to =M and =1, respectively. The stress takes the particular form

0 0 0'13(1')
O'(l') = 0 0 0‘23(1') , T € Q.
0'13(33) O'23<$> 0



Thus, o can be identified with a vector field (oy3,093) in the plane. This is a
simplification of the polycrystal plasticity setting which we consider in the thesis,
where the stresses are divergence-free tensor fields (matrix valued, divergence free
on every row). In the particular cases considered by Garroni and Kohn in [30], the
pointwise constraint needs to be adapted to the fact that the stress o(z) is assumed
to be a three-dimensional vector at any point = € €2, so in their work the constraint
becomes o(z) € R(z)K C R3.

When a direct description of the effective yield set is not available, the common
approach has been to study the so-called Sachs and Bishop-Hill-Taylor bounds, which
are the natural inner and outer bounds for this set (see [30], [31], [32], [36]).

During the last decade the issues described above have been undertaken in the
framework of I'-convergence. The first work in this direction is due to Garroni, Nesi,
and Ponsiglione [29], who gave a mathematical derivation of first-failure dielectric
breakdown models as limiting cases (via I'-convergence) of various power-law models,
leading to an efficient variational characterization of the effective yield set by means of
variational principles associated to the limiting functionals. Bocea and Nesi [5] have
considered the coresponding problems in the framework of A-quasiconvexity, allowing
for more general linear differential constraints on the underlying fields. In particular,
the analysis in [5] leads to variational characterizations of the yield (strength) set
in the framework of electrical resistivity, where the underlying fields are divergence-
free. More recently these results have been extended in several directions (see, e.g.,
[6], [7]). First, it turns out that one can consider as a starting point more flexible
power-law models where the exponent in the power-law regularization is allowed to

depend on the point x € 2. Second, the power-law functionals can be adapted to treat

3x3

sym are divergence

situations where the underlying fields take values in stress space M

free, and where several (depending on the number of slip systems present in the basic



crystal) distinct pointwise constraints are simultaneously verified. This is the case
in some two-dimensional polycrystal plasticity models, such as antiplane shear and
plane stress.

We propose an approach to the analysis of a three-dimensional model of poly-
crystal plasticity for which the work mentioned above does not apply. The focus
will be on polycrystalline materials whose individual grains (crystallites) are assumed
to be ionic crystals. This class of crystals was introduced in the celebrated work
of Hutchinson [34], and it is representative in the modelling of crystalline materials
exhibiting a deficient supply of slip systems.

Section 3.1 is devoted to the variational characterization of the effective yield
set in Hutchinson’s model. In Section 3.2 we prove a ['-convergence result for the
class of supremal functionals involved in the characterization of the effective yield
set.

Chapters 4 and 5 of the thesis describe results obtained in [2] and [3]. They
are devoted to the study of the asymptotic behavior, as p — oo, of the second
and first eigenvalues and the corresponding eigenfunctions for the p(z)-Laplacian
with Neumann and Robin boundary conditions, respectively. The analysis of partial
differential equations with non-standard growth in the framework of variable exponent
spaces has been the subject of an increasing interest during the last decade. We refer
to the survey by Harjulehto, Hésto, Lé & Nuortio [33] for a comprehensive account
of the developments up to 2010. In particular, a lot of attention has been paid to the

study of eigenvalue problems for the p(z)-Laplace operator
Ly = =l ([VUP2V0) = Ay

in open bounded domains 2 C RY, subject to various boundary conditions. For

example, in the case of Dirichlet boundary conditions, this equation has been analyzed



in [24] (see also [25]), while the Neumann and Robin boundary conditions were studied
later in [26] and [17], respectively.

More general eigenvalue problems for the p(x)-Laplacian have also been inten-
sively studied in recent years. An excellent account of recent developments in this
direction can be found in Mihailescu’s Ph.D. Thesis [41].

During the last several years, a number of papers have been devoted to the
asymptotic analysis of solutions to partial differential equations involving the p(z)-
Laplacian as p(x) — oo. We mention here the work of Manfredi, Rossi & Urbano
[39], [40], Lindqvist & Lukkari [38], Pérez-Llanos & Rossi [44], [45], and Franzina &
Lindqvist [28]. For the case of Dirichlet boundary conditions, the asymptotic behavior
of the first eigenvalue/eigenfunction pairs associated to —A, ) has been studied in
[44] (see also [28]), but the corresponding problems for other classes of boundary
conditions have remained open. Chapters 4 and 5 of the thesis fit into this general
area of investigation. In Chapter 4 our focus is on the Neumann eigenvalue problem

for the p(z)-Laplacian:

—AP(I)U = Ap(.)|u|p(x)*2u in
ou __
oy = 0 on 0f).

The analysis of the limiting behavior of this problem as p — oo is undertaken in
the following sense: we replace p = p(x) above by p, = p,(z), where {p,} C C*(Q)
is a sequence of functions that satisfies p, — oo,VInp, — ¢ € C(Q,RY), and
BrsqeC (Q, (0, +0c0)) uniformly in €2, and then we study what happens with the
solutions of the problems at level n as n — oo. These conditions on the sequence p,
are typical in the literature (see, e.g. [40], [44], [45], or [38], [28] for the particular
case p,(-) = np(-)- corresponding to £ = VInp and ¢ = p). We refer to Chapter 4

for a list of possible choices of such sequences {p,}. We prove that after eventually



extracting a subsequence, the (positive) second eigenfunctions converge uniformly in

Q C RY to a viscosity solution of the problem

min {— A Ueo — [Voo|* In [V (€, Viine ), [ Vs — Aso|tisn]?} =0 in Q

Qe — on 09,
n
N
where A is the oco-Laplace operator, A u := > Ug; Uz Uz;z;, a0d Ay is the limit
ij=1

of the sequence of (suitably rescaled) second eigenvalues. Chapter 5 is devoted to the

Robin eigenvalue problem for the p(z)-Laplacian:

— Ayt = Ay [u|P @2y in Q2

[Vl 258 + Bluf@2u =0 on 00.

We prove that the (positive) first eigenfunctions converge uniformly in Q C R¥ to a

viscosity solution of the problem

min {—A,u — |Vul? In |Vul[{§, Vu), [Vu|? — Ag|ul?} =0  in Q
H(z,u,Vu) =0 on 012,

where A is the limit of the sequence of (suitably rescaled) first eigenvalues, and

H:Q x[0,00) x RY — R is given by

ma {[r[19) 61, (6,n(x)) ) if 7 >0

(0, n())x,.., (0] it r = 0.

H(x,r0)=

The plan of Chapters 4 and 5 is as follows: Sections 4.1 and 5.1 are devoted to the
Neumann and Robin eigenvalue problems for —A, ), respectively, for the case where
p = p(zx) is fixed. After recalling the definition of a weak solution for each of these

problems, we revisit some details concerning the Ljusternik-Schnirelman existence



theory in each case, and we show that continuous weak solutions are also solutions
in the viscosity sense. We adopt the definition of viscosity solutions for second-order
elliptic equations with fully nonlinear boundary conditions introduced by Barles in
[4]. In Section 4.2 we state and prove the main result of the chapter, Theorem 3,
regarding the convergence of the second eigenvalues and the corresponding positive
eigenfunctions for the Neumann problem as p(-) — oo. In Section 5.2 we prove
(Theorem 4) the convergence of the first eigenvalues and the corresponding positive

eigenfunctions associated to the Robin problem.



2. AUXILIARY RESULTS

2.1. I'-convergence and A-quasiconvexity
We first recall the definition of I'-convergence [15], [16] in metric spaces. A

thorough introduction to the subject may be found in [14] (see also [9], and [10]).

Definition 1. Let X be a metric space. A sequence {I,} of functionals I,, + X —
R := RU{+o0} is said to T'(X)-converge to I : X — R (we write I'(X) — lim I, = I)

n—oo
if

(i) for everyuw € X and {u,} C X such that u,, = u in X, we have

I(u) < liminf [, (uy,);
n—o0

(i) for every u € X there exists a recovery sequence {u,} C X such that u, — u

m X, and

I(u) > limsup I,,(u,).
n—o00
Let N, d,l € N be given, Q2 be an open, bounded domain in RY, 1 < p < oo, and
let p’ be the Holder conjugate exponent of p, that is, 1/p+1/p’ = 1. Let W~1P(Q; RY)
be the dual of Wol’p/(Q; RY). Given a family of linear operators A1, A®) ... AW ¢
Lin(R%; RY), consider the differential operator A : LP(Q;R?) — W~1P(Q;R!) defined
by

that is,



N N
(Av, u) = <Z AW® g;‘,u> = — Z/A(i)vggdx for all u € WS (Q:RY.  (5)
K3 i=1 (]

=1 0

Definition 2. The operator A satisfies the constant rank property if there ezists

r € N such that
rank (A(w)) = r for all w = (wy,--- ,wy) € SV, (6)
where

N
A(w) =) w;A” € Lin(R: RY).
i=1

The constant rank property was introduced by Murat and Tartar in connection
to the theory of compensated compactness (see, e.g., [42], [46], and [47]). We note that
this restriction still allows the treatment of a broad class of differential constraints
encountered in applications. Among these, we mention curl-free fields (gradients
and partial gradients), divergence-free fields, higher order gradients, symmetrized
gradients, and fields which satisfy Maxwell’s equations.

For the applications that we discuss in the thesis A will be the divergence
operator acting on fields which take values in the space of symmetric N x N matrices.

Given a function U € L? (Q; M"*Y), the differential operator A is given by

divU®

divU®
AU = DivU = ,

divU®

where, for i = 1,--- | N, U9(x) := (Uy(x),Upn(x),- - ,Uin(x)) stands for the i-th

10



row of the matrix U(z), € Q. Thus, if we take d = N2, = N, and we define, for

i,k=1,--- , Nand j=1,--- N2

A(k) B 5i(jf(k71)N) if (/{ — 1)N +1<j53<EkN
g

0 else,

the differential constraint AU = 0 can be written in the form (see (4))

3 49U
1 8xk
Note that the constant rank condition (6) is satisfied since for every w = (wy, -+ ,wy)

in SV we have
ker(A(w)) = {V e MV : wV =0},

and thus dim(ker A(w)) = N? — N.

We now recall the definition of A-quasiconvexity, introduced in Fonseca &

Miiller [27] (see also [13]).
Definition 3. A function g : R — R is said to be A-quasiconvex if

g(A) < / 9(A + w(x))dz
Q

for all A € R?, all Q-periodic w € C*°(Q;R?) such that Aw = 0 and /w(x)dx =0,

Q
where Q = (0, 1)V is the unit cube in RY.

By Jensen’s inequality, convex functions are A-quasiconvex. It is shown in [27]

that if A satisfies the constant rank property (6), @ C R¥ is an open, bounded

11



set, (u,v) : © — R™ x R? is measurable, and g :  x R™ x RY — R is a normal
integrand satisfying suitable growth assumptions, then A-quasiconvexity of g(z, u, -) is
a necessary and sufficient condition for the sequential lower semicontinuity of integral

functionals of the form

(u,v) H/g(m,u(x),v(x))dx

Q

along sequences such that u,, — u in measure, v, — v weakly in L?, and Av,, — 0 in

W12, We will only need to use the following result from [27].

Proposition 1. (see [27, Theorem 3.7]) Let 1 < p < +oo and suppose that g : € X
R™ x RY — [0, +00) is a normal integrand such that z — g(x,u, z) is A-quasiconvez
and continuous for a.e. x € Q and allu € R%. If 1 < p < 400, assume further that

there exists a locally bounded function a : Q x R — [0, +00) such that
0 < gz, u,v) < az,u)(1+ [vff),
for a.e. x € Q, and all (u,v) € R™ x R, [f
u, — u in measure, v, — v weakly (weakly” if p = 0o) in LP(€; R?),
and
Av, — 0 in WP (Q;RY) (Av, = 0 if p = o0),

then

n—00
Q

/g(x,u(x),v(x))dx gliminf/g(a:,un(a:),Un(x))dx.

12



2.2. Variable Exponent Lebesque and Sobolev Spaces

In this section, we provide a brief introduction to variable exponent Lebesque
and Sobolev spaces. For more details we refer to the books by Diening, Harjulehto,
Hésto & M. Ruzicka [19], Musielak [43], and the papers by Edmunds, Lang &
Nekvinda [20], Edmunds & Rékosnik [21], [22], and Kovacik & Rékosnik [37].

Let Q C RY be an open set with smooth boundary, and let |2| stand for the N-
dimensional Lebesgue measure of 2. Given any continuous function p : Q — (1, 00),
let p~ = ;}:Ielsfzp(x) and p* := sup p(z). The variable exponent Lebesgue space LP()(€2)

e

is defined by

LPY(Q) = { u: Q — R measurable /|u(m)|p($) dr < 0o
Q

It is a Banach space when endowed with the so-called Luxemburg norm

p(x)
der <1

ulz)
1

]u\p(.) = inf n > 0 : /
Q

For constant functions p the space LP()(Q) reduces to the classical Lebesgue space

LP(Q2), endowed with the standard norm

1/p

fullirieyi= | [ luto)ds
Q

LP1)(Q) is separable and reflexive if 1 < p~ < p* < +oo. If 0 < |Q| < co and if py,
po are variable exponents such that p; < ps in € then the embedding Lp2(‘)(§2) —
L7 0)(Q) is continuous, and its norm does not exceed || + 1. We denote by L”'()(Q)

the conjugate space of LP*)(Q), where 1/p(z) + 1/p'(x) = 1. The following version of

13



Holder’s inequality
1 1 /

holds. The modular of the space LP") () is the mapping p,() : LPO(Q) — R, defined
by
o) = [ fute) "
Q

The variable exponent Sobolev space W()(Q) is defined by
WirO(Q) .= {u € LFY(Q) : |Vu| € LPV(Q)}.

It becomes a Banach space when endowed with one of the equivalent norms

ullpey = ulpey + [Vulpe,

p(z)
|ul| := inf u>0;/<’vu—($) ) de <15,
i
Q

where in the definition of ||ul|,.), |Vulp.) stands for the Luxemburg norm of |Vul.

or
p(z)

+

ula)
"

Under very mild assumptions on the function p, the space W1hr() (Q2) is also separable
and reflexive. Another important fact that we will use in the sequel is that the
embedding WP (Q) < C(Q) is compact and continuous if p(z) > a > N, V z € Q.
The following extensions of the classical results for Lebesgue spaces are well-known

(see, e.g., [19]).

Lemma 1. Let {f,} be a sequence of measurable functions. If f,, — f and |f.(z)| <
g(x) a.e. x € Q for some f: Q — R measurable and g € LPO)(Q), then f, — f in
LrO(Q).

14



Lemma 2. Let {u,} C LPY(Q) and u € LPO(Q). The following statements are

equivalent:

(1) lim [u, — uly) =0

(i) Hm ppey(un —u) = 0;

n—oo

(iii) w, — u in measure in Q and nll_>r101O Py (Un) = ppey(u).

15



3. A VARIATIONAL CHARACTERIZATION OF THE
EFFECTIVE YIELD SET FOR IONIC POLYCRYSTALS

Let Q C RY be a bounded, open domain, with sufficiently smooth boundary, and let
s € N be a positive integer. For ¢ = 1,2, | s, consider Carathéodory integrands

fi i 2 x R — [0, +00) such that

fi(z,-) is A—quasiconvex for a.e. x € (). (8)

Assume that there exists a constant C' > 0 such that for every i € {1,2,--- s} we
have

fi(z,v) < C(1+Jv|) for a.e. 2 € Q, and all v € R% (9)

Further, we assume that there exists a constant ¢ > 0 such that
S
Zfi(m,v) > c|v| for a.e. x € Q, and all v € R%. (10)
i=1

The effective yield set of a polycrystal can be characterized in several models
of polycrystal plasticity by means of variational principles in L*> associated to I'-
limits of certain power-law functionals. Indeed, it is shown in [7, Theorem 5] that for
suitable choices of the positive integers N, d, s, the differential operator A, and of the

functions fi(i =1,--- ,s) satisfying the conditions (8), (9), and (10), we have

K ={neR® : ff (n) <1}, (11)

$,00
where

fsefcf)o(n) = inf { 16%{1?}‘(8} ess 51618 filz,w(x)+n) : we LOO(Q;Rd),/w(:E) dx =0, Aw = O}.
Q

We will see in the following section that this result is not applicable to Hutchinson’s

16



model of ionic polycrystals, which is our focus here. It turns out (see Theorem 1
below) that in this case the effective yield set can be described in a similar way by
means of variational principles adapted to this setting.
3.1. Ionic Polycrystals

The goal of this section is to characterize the effective yield set for ionic poly-
crystals, introduced by Hutchinson in [34]. In this model each individual grain has
two different types of slip systems with critical stresses +74 and +7p5, which leads to

a yield set K of the form

K= {77 = (nij) € M2 < i — il < 7, Il < 78, V0,5 € {1,2,3},0 #J}- (12)

Let R: Q — SO(3) be a piecewise constant rotation field, given by

cosf(z) —sinf(z) 0
R(z) = | sinf(z) cosb(z) 0 |, (13)
0 0 1

where 0(z) is the angle of rotation describing the orientation of the grain which
contains the point x € € in the polycrystal occupying the region Q C R3. After
computations, the pointwise constraint o(z) € R(z)K R (z), z € Q (see (1)) on the

stress field o : © — MZ3 becomes

CLH(ZE) alg(l‘) alg([E)

as1 (z) ag(z) ags(z) | € K,

az(z) az(r) ass(z)

where, denoting by o;; (i, € {1,2,3}) the components of the stress field, a;; : @ — R

are defined by

17



ay1 () = 011 () cos® O(z) + o12(x) sin 20(x) + o99() sin’ §(),

az(x) = 72(7) ; ou () sin 20(z) + o12(x) cos 20(x),

ar3(x) = o13(x) cos 0(x) + oa3(x) sin O(z),

age(x) = o011 () sin? O(x) — o15(x) sin 20(x) + oo9(x) cos? O(x),

agsz(x) = —o13(x) sin@(x) + o93(x) cos O(x),

a33($) = 033(90)7

and a;; = aj; for all i # j. Taking into account the specific form (12) of the yield set,
this can be written as

o(z) € {ne M} : fi(z,n) <lforie{l,---,6}}, (14)

Sym

where the functions f; : @ x M2X3 — [0, +00) (i = 1,--- ,6) are given by the following

sym

explicit formulas:

il = 101 — ) co8(20(2) + 2n1zsin(20(e), (15)
fo(z,m) = %Vhl sin? O(x) — Mo sin(20(z)) + 192 cos? 0(x) — nssl, (16)
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1 . .
fs(z,m) = a|7733 — 111 cos® O(x) — miosin(20(x)) — 1o sin? 0(z)], (17)

Falz,m) = % e cos(20(z)) + wsm(w(x)) , (18)
Folw) = %ng c0s B() — s sin 0(z)], (19)
fe(x,m) = %\7713 cos O(x) + nog sin ()| (20)

It is easy to check that each f; (i € {1,---,6}) satisfies (8) and (9). However, the
coercivity condition (10) does not hold. This is precisely because in Hutchinson’s
model we are dealing with a deficient supply of slip systems. Since (10) is a key hy-
pothesis in the proof of the characterization (11) of the yield set in [7], the variational
characterization of the effective yield set for the model under consideration here does
not follow from the analysis in that paper. To overcome this drawback, our strategy is
to modify the yield set of the basic crystal by imposing an additional constraint, and
then to show that the effective yield set can in fact be completely characterized by
means of a family of variational principles parametrized by the corresponding critical

shear stresses. Precisely, for each m € N, we introduce the modified yield sets
KM = {n € MR« i —mjsl < 7a,lmig| < 78,V j € {1,2,3}, i # j, [tr(n)] < m} (21)

where tr(n) stands for the trace of the matrix n € M2X3. If R is the rotation field

sym*
defined by (13), the pointwise constraint on the stress field o : @ — MZ%} acting on

the polycrystal occupying the domain 2 and whose individual grains have yield set

K™ reads:

o(z) € R(x)K"™RY(z), z €. (22)
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It is easy to see that (22) can be written in a form similar to (14), that is,
U(x)e{neMS;rg : fl(x7n)§1forle{17 77}}7 (23>

where f; : Q x M2X3 — [0,400) (i = 1,---,6) are defined as before, and with

Sym

fr:Q x M2X3 — [0, +00) given by

Sym

1
fr(z,m) = EWH + 122 + 133 (24)

It is immediate that f; satisfies our hypotheses (8) and (9). We claim that (10) also

holds (with s = 7). Indeed, we have the following

Lemma 3. There exists ¢ > 0 such that
7
Zfi(x,n) > c|n| for a.e. z € Q and all n € M2*3 (25)

sym*
i=1

Proof. The computations are elementary. First, note that we have

|ma| = ‘ (7712 cos 20 + @ sin 20) cos 20 + (7712 sin 20 4+ w cos 20) sin 29‘

2 — i

< |12 cos 260 + 2

sin 29’ +

M2 sin 260 + w cos 20‘ )

Thus,

Ima| < 7 fa(x,n) + %fl(m,n) for a.e. z € Q and all n € M2? (26)

sym*

Similarly,

|ms| = |(m13 cos O + na3 sin @) cos @ — (123 cos @ — 113 sin 0) sin 4|

< |miz cos ) + ma3 sin O] + |n23 cos O — i3 sin 6],
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and

1M23] = | (123 cos @ — my38in @) cos O + (113 cos O + 193 sin B) sin 0|

< |23 cos @ — myzsinf| + |my3 cos @ + 193 sin 6.

Hence,

ims| < 75 (fs(z,n) + fo(z,m)), (27)

and

23| < 75 (fs(z,n) + fo(z,m)), (28)

for a.e. x € Q, and all n € M2X3. Since

sym*

In1 — 2| < [(m11 — m2a) €08 20 + 2119 sin 20| + 2 |19 cos 20 + (22 =) sin 20| ,
we have
Im1 — meo| < Tafi(z,n) + 275 fs(x,n) for a.e. x € Q and all n € M§;§ (29)

Next, observe that

|7711 + M2 — 27733] = |(7711 sin? @ — N2 Sin 20 + 720 cos2 0 — 7733)
— (1133 — 11 cos” 6 — Mrg sin 20 — 1y si0* 0)]
<|nu sin® ) — M2 Sin 260 + 1729 cos® ) — N33

+ 133 — M1 c0os® ) — 1o sin 20 — 195 sin? 9.
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Thus,
|m1 + Moo — 2m33| < Tafo(x,n) + Taf3(x,n) for a.e. x € Q and all n € Mz’yxn? (30)

Taking into account (24), we obtain that

2m T T
|1 + na2| < ?f7(%77)+§f2($777)+gAfs(xaU% (31)

for a.e. z € Q, and all n € M2X3. In view of (29) and (31), we find

Sym

Ima| + [m22] < z?mﬁ(xﬂ?) + %4]3(%77) + %f:%(xﬂ?) +7afi(x,m) + 278 fa(2,m). (32)

for a.e. x € Q, and all n € M3X3. Further, since

sym *
1 1
7133 < §|7711 + 7o — 2m33| + §|7711 + 122 + 133,
(24) and (30) give

T T m
N3] < fo(%U) + ?Af:a(xﬂ?) + §f7(xﬂ7) for a.e. x € Q and all n € M252. (33)

sym"*

Overall, (26), (27), (28), (32), and (33) give

In| < |mi| + |me2] + |m3s] + \/§|7712| + \/§|7713| + \/§|7723|

< mf7(37,77> + 2\/§TB(f6(x777) + f5(93,77)) + (2 + \/§)T3f4(33,77)

27—A

+ =~ (fala,n) + falz,m) + (1 + \/75) Tafi(,n)

< max {m, (24 \/5)7'3, (1 + g) TA} Zfz(xﬂ?)
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for a.e. x € Q and all n € M3X3. Thus, (25) holds, with

c= (max {m, (2+ \/5)73, (1 - g) TA}> )

The remainder of this section is devoted to the variational characterization of

O

the effective yield set in Hutchinson’s model. To simplify the presentation, we will
work in 2 = @Q = (0,1)? - the unit cube in R3. The definition (3) of the effective yield

set becomes

Keg :=( 0 := /U(az)dx : Divo=0inQ, and o(z) € R(z)KR (z), t€Q p, (34)
Q

where K is defined by (12). We have already established (see (14)) that the pointwise

constraint on the stress (1) may be written in the form

o(x) € {ne M} : fi(z,n)<lforalli=1,---,s}, z€Q, (35)

sym

where s = 6, and where f; : Q xMZ2*2 - R (i =1,--- ,6) are defined by the formulas
(15) through (20). These are Carathéodory integrands satisfying our hypotheses (8)
and (9). However, the coercivity condition (10) does not hold (with s = 6), which
makes the characterization (11) inapplicable. It is worth noting that if the yield set
of the basic crystal is modified to be K™, given by (21), rather than K (given by
(12)), then (1) may be written in the form (35) with s = 7, where the additional
function f; (which depends on m) is defined in (24). In view of our computations
above, (10) does hold in this case, and thus (see [7]) the effective yield set of the
modified polycrystal admits the variational characterization

K ={neMB3 . fret) <1}, (36)

sym
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where

et (n) := inf { e fhaxx | ess sup filw,w(a) +n) s w e L=(Q; M), /w dz =0, Divw = O}
Q

Note that the dependence of f7°(n) on m is realized through f; only.
The next result gives a characterization of the effective yield set of a ionic

polycrystal in terms of the family of variational principles { fo’Z’eff} defined above.

Theorem 1. Let K and Keg be given by (12) and (34), respectively. Then

Keg = {neMZ3 : ImeNst. M (n) <1}, (37)

sym

Proof. First, note that in view of (35), with f; : Q x M2*3 - R (i=1,---,6)

sym

defined by (15)-(20), we have

K = {77 € M23X® . there exists o € L™(Q; M>*3) such that n = /U@)d%

Sym Sym
Q
Diveo=0in Q, fi(z,o(x)) <lforae. ze€@, i=1,-- ,6}.

Equivalently,

Keg = {77 € M3X% . there exists o € L™(Q; M>*3) such that / (x)dz =0,

sym sym
Q

Diveo=0in Q, fi(r,o(x)+n) <lforae xec@,i=1,--- ,6}. (38)

Let n € K. There exists o € L®(Q; M2%3) such that /J(x)dx =0, Divo =0in

Sym
Q

Q, and with fi(z,0(x) +n) <1 for LN —a.e. 2 € Q, and all i = 1,--- 6. Thus,

esssup fi(z,0(x) +n) <1 for every i € {1,---,6}.
T€Q
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Let m := [3(||o| poo (uuzzzy + [m])] + 1, where [z] stands for the integer part of the real

syrn

number z. For a.e. x € (), we have

sym

3
|tI’ Z Uzz +77n| < 3(||UHL°° (QM3)3) + ‘77|)

and thus, esssup f7(z,o(z) +n) < 1. Overall, we have obtained that
z€Q

max__esssup fi(z,o(x) +n) <1,
7’6{17 ) } xef)
which gives that f7°f(n) < 1.
Conversely, let € M2*3 be such that there exists m € N with f7f(n) < 1.

Since

— 1
moeff () = inf { max {ess sup fi(z,o(x) +n), i € 1,6, — esssup |tr (o(z) + n)\} :
zeQ m z€Q

o € L™(Q; M), /U(x) dz =0, Divo =0 in Q} (39)
Q

there exists a sequence {0, neny © L®(Q; M2X3) such that Div 0,,, = 0 in Q,

sym
/O‘mm(l’)dl’ =0 for all n € N, and
Q

1
max {ess sup fi(z,omn(x) +n), i € 1,6, — esssup |tr (omn(z) + 7])} fo eﬁ:(n) (40)
z€N m z€N

as n — 0o.
The coercivity condition (10) implies that the sequence {0, }nen is bounded

in L=(Q; M2X3). Thus, there exists a subsequence of {0, }nen (not relabelled) and

Sym

O € L°(Q; MBS

Sym

such that o,,, — o, weakly* in L>(Q;M3X3) as n — oo, with

Sym

~—

Div 0,, = 0 and | o, (z)dz = 0. Let x € @ be a Lebesgue point for each of the

||'©\

fil;om(:)+m), i =1,---,6. By Proposition 1 we deduce that for sufficiently small
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r > (0 we have

/ iy om(y) +n)dy < liminf / [i(y, omn(y) +n)dy, i =1,--- 6.

B(z,r) B(z,r)
The integral on the right hand side is bounded above by

1
|B(z,7)| max {ess sup fi(x, oma(z) +n), i € 1,6, — esssup |tr (op,.(x) + n)]} ,
e m e

and we deduce by (40) that

1 / & .
T N fl(yuo-m(y>+?7)dy§ foTZ’e (77) < 17 = 17 76' (41>
| B(z,7)]
B(z,r)
Letting » — 07, since almost every point = € @ is a Lebesgue point for all f;(-, 0y, (-)+
n),i=1,---,6, we have that f;(z,o,(x)+n) < 1lforae. z€ @, i=1,---,6. Taking

(38) into account, we conclude that n € Keg. O

3.2. A T'-convergence Result

In this section we prove a ['-convergence result for the class of supremal func-
tionals governing the variational principles f™°f as the parameter m tends to oo.
Theorem 2. Let s be a positive integer, and for i = 1,2,--- s, let f; : O x R —

[0, +00) be Carathéodory integrands satisfying (8), (9), and (10). Consider the
sequence {Fy,} of functionals F,, : L=°(Q;RY) — [0, +o00] defined by

max {ess sup fi(z,w(x)),i € 1,51, = esssup fs(x,w(x))} if we L>®(Q;RY) NkerA
Fo(w) = zeQ zeQ

400 otherwise,

and let Fy : L=®(Q;R?Y) — [0, +00] be defined by

max esssup fi(z,w(z)) if w e L®(Q;RY) NkerA
Fo(w) = ic{l 5=} 2€Q

+00 otherwise.
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Then
(i) for every w € L®(Q;RY) and {w,,} C L®(Q,R?) such that w,, — w weakly* in
L>®(;RY) we have

Foo(w) < liminf F, (w,,); (42)

m—0o0

(ii) for every w € L*(S;RY) there ewists a sequence {w,,} C L>®(Q;RY) such that
Wy, — w in L2(Q;RY), and lim Fy,(wy,) = Fy(w).
m—r0o0

In particular, T(L®(;RY)) — lim F,, = F.
m—r0o0
Proof. Let w € L=(;RY) and {w,,} C L®(Q;R?) be such that w,, — w in
L>(Q; RY). Without loss of generality, and after extracting a subsequence if necessary,
we may assume that

liminf F,,(wy,) = lim F,(w,) < 400.

m—00 m— 00

Note that in view of our growth condition (9), we have that f;(-,w(-)) € L*(2). Let
x € Q be a Lebesgue point for f;(-,w(-)), i € {1,---,s—1}. For any ball B(z,r) C Q
with sufficiently small radius we have, in view of Proposition 1,

/fi(y,w(y))dyéliminf / fiy, wm(y))dy

m—00
B(z,r) B(z,r)

< lim inf / 1 (s ()| e

m—00
B(z,r)

for every i € {1,--- s —1}. Thus,

mf}(/) fily, w(y))dy < Bminf L fi(, wm ()l )-
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Since almost every = € € is a Lebesque point for f;(-,w(-)), passing to the limit

r — 07 in the above inequality yields
filz,w(x)) < lilgninf 1 fi(swm(+))||Loe(y for ae. z € Q.
—00
We deduce that

£ Cy w() [z @) < Hmnf [ fi(: wm ()| =92
for every i € {1,--- ,s —1}. Thus,

1
fi(-;w(-))|| Lo (@) < liminf max {ess sup fi(x,w,(x)), i € 1,8 — 1, — esssup fs(x,wm(x))}
m—0co TEQ m TEQ

= g, Fnltom)-

Hence, (42) holds.

To prove (ii), let w € L>(Q; R?), and note that since we only need to prove that

lim sup () < Fao(w),

m— 00

we may assume, without loss of generality, that F,.(w) < +oo, and thus w €
L>®(Q;RY). Tt is now easy to show that the constant sequence {w,,} = {w} is a
recovery sequence for the I'-limit. Indeed, since by the growth condition (9) we have

fs(w(+)) € L*(Q), it follows that
max {ess sup fi(z,w(z)), i € 1,5 — 1, 1 ess sup fs(a:,w(ac))} =  max esssup fi(z,w(z))

ze m ze) Z‘E{l,-“}S*l} e

for all m € N sufficiently large. Thus,

lim F,(wy,) = lim F,(w)= Fy(w),

m— 00 m—0o0
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which concludes the proof. 0]

It remains an open problem to determine whether the effective yield set for the
Hutchinson’s model can be characterized in terms of a variational principle involving
supremal functionals which only depend on the mappings fi, fo, - , f¢ as defined in

the previous section. We conjecture that
n € Keg if and only if fT(n) <1,

where f<T(n) is given in terms of the I'-limit, F,, defined in the statement of Theorem

2 (with s = 6 and A = Div) by the formula

() == inf {Foo(w() +1) rwe L=(Q; M), /w(x) dr =0, Divw = O}.
0
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4. THE NEUMANN EIGENVALUE PROBLEM

4.1. The Neumann Eigenvalue Problem for the p(z)-Laplacian
Let Q2 be an open bounded domain with smooth boundary, and consider the

Neumann eigenvalue problem for the p(z)-Laplacian

—Dp@yu = Ay [uf® 2w in O (43)
u _ on 0,

where n = n(z) stands for the outer unit normal to 92 at = € 9f2.

Definition 4. We say that u € W'P)(Q) is a weak solution for the Neumann

eigenvalue problem (43) if there exists Apy € R such that

/\Vulp(x)ZVu Vo dx = Ay, / JuP@ 2y de, Vv e WHO(Q). (44)
0 Q

If u # 0 we say that Ay is an eigenvalue of (43), and that u is an eigenfunction

corresponding to NAyy.

Let X := W0)(Q), and define the functionals F,G : X — R by

)= [ L 190 ® P OVde and Gl = P @ g
Flu) meﬁww + Ju#®)dz and G(u) Jp@ﬂ' dr. (1)

It is easy to see that F,G € C'(X;R), and that for all v € X we have

(G0 = [ 1w da
Q

and

(F'(u),v)xr x /(|Vu|p(””)_2Vu Vo 4 [ulP® ) da,
Q
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where (-, -) x x stands for the usual duality pairing of X and X’ (the topological dual

of X). Consider the level set Sg :={u € X : G(u) = 1}, and the eigenvalue problem
F'(u) = pG'(u), uweSg, peR. (46)

The existence of a sequence of nonnegative eigenvalues u,, — 0 as n — oo for
the problem (46) was established in [26]. It follows from the Ljusternik-Schnirelman

theory (see, e.g., [11], [48]). We have p, = sup inf F(u), with
AcA,, UEA

A, ={ACSg : F(u)>0on A, A compact, A=—A, v(A)>n},

where
~v(A) := inf {k: €N | 3 h:A—R"\{0}, h odd and continuous}

is the genus of A. The eigenfunctions u € Sg satisfy F'(u) = uG’(u) or, equivalently,
(F'(u),v)x x = (G (u),v)x x for all v € X. Hence,

/]Vu]p(x)2Vu -Vodr=(u—1) / |u[P@ =2y da
0 0

for all v € W'P0)(Q), which means that u is a weak solution of problem (43) with
Ap(.) = MU — 1.
The following definition of viscosity solutions for second-order elliptic equations

with fully nonlinear boundary conditions can be found in [4] (see also [12]).

Definition 5. Consider the boundary value problem

F(z,u, Du, D*u) =0 in Q
(47)
H(z,u, Du) =0 on 0.
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(1)

(2)

(3)

An upper semi-continuous function u is a viscosity subsolution of (47) if for
every ¢ € C?(Q) such that v — 1 has a mazimum at the point vy € Q with

u(zo) = ¥ (xg) we have:

F([E(), ¢($0), Dl/](l’o), D2’¢((L’0)> S 0 if X € Q,

and

min { H (zo, ¥ (o), DY(20)), F(z0, ¥(0), DY (o), D*(x0)) } < 0 if zy € ON.

A lower semi-continuous function u is a viscosity supersolution of (47) if for
every ¢ € C%(Q) such that u — ¢ has a minimum at the point xo € Q0 with

u(xg) = (o) we have:

F(xq,p(x0), Dp(xo), DQSD(%)) > 0if zo € ,

and

max { H (zo, ¢(20), Dp(x0)), F(xo, 0(0), D(x0), D*p(20)) } > 0 if 2 € O

We say that a continuous function u is a viscosity solution of (47) if it is both

a wviscosity subsolution and a viscosity supersolution of (47).

Remark 1. As remarked in [4], if H(x,r,-) is strictly increasing in the normal

direction to OS) at x, that is, for all R > 0 there exists vg > 0 such that

H(z, 7,0+ \n(x)) — H(z,7,0) > vpA ¥ (2,7,0) € 00 x [-R, R] x RY and A >0, (48)

the definitions of viscosity sub and supersolutions for problem (47) in Definition 5

32



take a simpler form. Precisely,

(1) If u is a viscosity subsolution and v € C?(Q) is such that u—1) has a mazimum

at the point xo € Q with u(wg) = ¥(xo) we have:

F(ﬂﬂo,w(l’o%Dw(ﬂfo), D%ﬂ(l’o)) < 0 if To € Q7

and

H(Q?o,iﬁ(l’o),Dw(iﬂo)) <0 if Tg € 09.

(2) Ifu is a viscosity supersolution and ¢ € C?(Q) is such that u—¢ has a minimum

at the point xq with u(zg) = ¢(x0), then

F(xq, p(x0), Dp(xo), DQ@(%)) > 0if zo € 0,

and

H(xo, o(x0), Dp(z0)) > 0 if 29 € 09

Our next goal in this section is to prove that continuous weak solutions of (43)
are, in fact, viscosity solutions (see Proposition 2 below). Before we proceed, we note
that the Neumann eigenvalue problem (43) takes the form (47), with the functions
F:OxRxRY x M¥*N 5 Rand H: 00 x R x RY — R defined by

sym

F(z,r,0,8) = —|6]"™) 7% (Te(S) + In |6 (6, Vp(x))) — (p(x) — 2)|0]"D 7 (56,6) — A, r?™) 2

and

H(z,r,0) = (0,n),
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where M X" is the space of N x N symmetric matrices, Tr(S) stands for the trace

of the matrix S € MY*N "and (-,-) denotes the inner product in RY. Note that the

sym
function H defined above satisfies the strict monotonicity condition in Remark 1 with

vr = 1, since in this case we have

for all (z,r,0) € 02 x [-R, R] x RY and A > 0.
Proposition 2. Any continuous weak solution of (43) is a viscosity solution of (43).

Proof. Let u € C(Q2) be a weak solution of (43). To show that w is a viscosity
supersolution of (43), let 2o € 2, and consider a test function ¢ € C%(Q) such that

u(xg) = (o) and v — ¢ has a minimum at xy. If ¢ € €2, we claim that we have

— Do) P(T0) — Ay [p(0) [PF) " 2p(29) > 0.

Indeed, if we assume that this inequality does not hold, then there exists r > 0 such

that B(zo,r) C 2 and
Ay p(7) — Ay (@) P2 p(2) < 0 for all € B(wo, 7).
Taking r smaller, if necessary, we may assume that u > ¢ in B(zg,7) \ {zo}. Let

= inf — > 0,
m meaan(ro,r)(u 90) (I')

and ®(x) := ¢(x) + 3. Note that ®(z9) > u(zy), ®(x) < u(z) for all x € 0B(xo,7),

and
— Ay () — Ay p(2) PP 20() < 0 for all x € B(wg, 7). (49)
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Multiply (49) by (® — u)™ and integrate over B(zg,r) to get
VO POV . V(D — u)da
{z€B(zo,r):®(x)>u(z)}
< [ Mok wdn (50)
{z€B(zo,r):®(z)>u(z)}
where we have used the fact that (® — u)™ = 0 on dB(xg,r). Extending (& — u)™"
by zero outside B(xg,r), and using this extension as a test function in the weak
formulation (44) gives
/ IVu[P @2V - V(S — u)dx
{z€B(z0,r):®(z)>u(z)}
= / Aoy [uP@ 2 (® — w)dw.  (51)
{zx€B(z0,r):®(x)>u(z)}
After subtracting (51) from (50), using the fact that u > ¢ on B(zg, ) \ {0}, and

using the elementary inequality (see, e.g., Chapter I in [18])

la —b? <2°7" (|a’"%a — [b]P%b) - (a—b) for all a,b € R and p > 2, (52)

we obtain
0> / (Ve[ 2Ve — |VuP™2Vuy) - V(P — u) da
{z€B(zo,r):®(z)>u(z)}
+ Apey ([ufP™ 2w — [P 20) (& — u) da
{z€B(z0,r):®(z)>u(z)}
> / (IVe[r2Ve — |Vu™2Vu) - V(P — u) do
{z€B(z0,r):®(z)>u(z)}
1 T
2 5pr 1 / VO — VulP'® dz >0,

{z€B(z0,r):®(z)>u(z)}

which is clearly a contradiction. On the other hand, if xq € 02 we need to prove
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that

0 _
max {a—i(ﬂfo); ~Aya0) (20) = Ay |ip(2) P 2@(%0)} > 0. (53)

We proceed by contradiction. Assume that (53) does not hold. Then there exists

r > 0 sufficiently small such that

Iy
a—n(rv) <0 (54)
and
—Ap@) () = Ay () P2 () <0, (55)

for all x € B(zg,7) N Q. For r > 0 sufficiently small we have u(xz) > ¢(z) for all

x € (m\ {xg}) N 2 and thus

m:= inf (u—¢)(z)>0.
OB (z0,r)NQ

With ®(z) := ¢(r) + &, note that ®(z9) > u(wp), and that ®(x) < u(zr) for all

x € 0B(z0,7) N Q. Multiplying (55) by (® — u)*™ and integrating over B(zg,7) N

gives
0
/ IVeP@2Ve . V(® —u)" dr — / ]Vg0|p(x)*2a—gp(q) —u)t dr <
n
B(zo,r)NQ2 O(B(z0,r)NQ)
< / Ay [P 20(® — u) T da. (56)
B(zo,r)NQ
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Since (® — u)* =0 on OB(xg,7) N, we have

/ |V<p|p(””)zg—(';(<b —u)t dr = / ]Vgp|p(x)23—?;(<b — )t dr.

O(B(z0,r)NQ) B(zo,r)NON

Thus,

IVO[P@2Vd . V(D — u) d

{z€B(z0,r):®(z)>u(z) }NQ

0
< / |Vgp|p($)_2a—:j(¢) —u) dz
{zeB(z0,r):@(x)>u(x)}NOQ

¥ / Aoty [P 2@ — w) da. (57)
{z€B(z0,r):®(z)>u(z) }NQ

Using the extension of (® — u)* by zero outside B(zg,7) N2 as a test function in

(44), we obtain

|VulP@ 2V - V(P — u) dr

{z€B(z0,r):®(z)>u(z) }NQ

_ / Ao [uP@2u(® — ) de. (58)

{zeB(z0,r):®(z)>u(z)}NQ

Thus, subtracting (58) from (57) leads to

/ (Ve[ 2Ve — [VuP™2Vay) - V(P — u) do
{z€B(zo,r):®(x)>u(z)}NNQ

< Ay (Jo P20 — P =20) (D — u) da
{z€B(z0,r):®(z)>u(z) }NQ

+ / |V90|p(x)_22—zj(<b —u) dz.

{z€B(x0,r):®(z)>u(z)}NON
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Since r > 0 was chosen sufficiently small so that (54) holds, we obtain that

/ |V<p|p(x)2g—(’;(<b —u) dx < 0.

{zeB(z0,r):®(x)>u(x) }NON

Thus,

(IVOPP@2Vd — |VuP2Vu) - V(® — u) dr
{z€B(z0,r):®(x)>u(x)}NQ
< / Apey (|<,0|p($)_2g0 — |u]p(“")_2u) (P —u)dr <0, (59)

{z€B(z0,r):®(z)>u(z)}NQ

where the last inequality follows from the fact that u > ¢ on B(xg,r) N . Applying

(52) again, we deduce that

1
o 1
{xeB(zo,r):®(x)>u(x)}NQ

IV — VulP® dz

< / (IVOP@=2Vd — |VuP)2Vy) - V(P — u) dz.  (60)

{z€B(z0,r):®(z)>u(x)}NQ
Combining (59) and (60) gives

IV — VulP® dz < 0,

{z€B(z0,r):®(z)>u(z) }NQ

which is a contradiction. We conclude that u is a viscosity supersolution of (43).
Next, we show that u is a viscosity subsolution of (43). Let ¢ € 2, and consider
a test function ¢ € C?(2) such that u(xg) = ¥ (o) and u — ¥ has a maximum at .

If zg € 2, we claim that we have

—Ap(zo)¥(20) — Ap(-)W(iEO)’p(IO)*Qw(%) <0.
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Assuming that the above inequality does not hold, there exists » > 0 such that

B(xg,r) C 2 and
Ay (r) — Ap(.)]@b(x)]p(x)_Qw(:v) > 0 for all z € B(xq, ).
Taking r small, we may assume that u < ¢ in B(xzg,r) \ {zo}. Let

m= inf (Y —u)(z)>0,

x€0B(xo,r)

and set W(x) := ¢(x) — &. Note that W(xg) < u(xg), ¥(z) > wu(x) for all z €

0B(xg,r), and
—Ap) ¥ () — Ay [0 (2) [P 29 (z) > 0 for all x € Bz, 7). (61)
If we multiply (61) by (U — )~ and integrate over B(zo, ), we obtain

/ VU [P@2YT . V(u— U)dx

{zeB(zo,r):¥(x)<u(z)}
s [ AP e e, (02
{z€B(z0,r):¥(z)<u(z)}
where we have used the fact that (¥ — u)™ = 0 on 0B(xg,r). Taking (¥ — u)~,
extended by zero outside B(zg,7), as a test function in the weak formulation (44)

gives

|Vu|P D2V - V(u — W)dz
{z€B(z0,r):¥(z)<u(z)}
= / Aoy [ulP " 2u(u — W)dz.  (63)

{z€B(zo,r):¥(x)<u(z)}
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After subtracting (62) from (63), using the fact that u < ¢ on B(xg,r) \ {20}, and

using (52) we obtain

0> / (|Vu[f 2y — VU PO2YE) - V(u — T) do
{z€B(zo,r):¥(z)<u(z)}
+ / Ay (|¢|p($)_2¢ - |u|p(x)_2u) (u— W) drx
{z€B(z0,r): ¥ (z)<u(z)}
> / (IVuP?)2Vy — (VU PO 2YE) - V(u — U) do
{z€B(z0,r): ¥ (z)<u(z)}
> # \Vu — VP dz >0,

{z€B(z0,r):¥(z)<u(z)}

which is a contradiction. Now, if xg € 92 we need to prove that

0
min { 52 an) =y 20) — Ayl P 2ua0) <0 (64)

We proceed by contradiction. Assume that (64) does not hold. Then there exists

r > 0 sufficiently small such that

Z-ﬁ(@ >0 (65)
and
— Ay () = Ay [o(2) P2 () > 0, (66)

for all x € B(xg,r) N Q. For r > 0 sufficiently small we have u(z) < ¥(z) for all

T € (m\ {x0}> N Q and thus

m:= inf (Y —u)(z) > 0.
OB (z0,r)NQ
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Let W(z) := ¥(x) — %, note that W(xg) < u(zo), and that ¥(x) > u(zx) for all

r € 0B(z,7) N Q. Multiplying (66) by (¥ — u)~ and integrating over B(zg,7) N Q

gives
/ IVY|P@ =2y - V(U — )~ d — / |w|f’<ff>—2g—w(\1/ —u)” dx
Ui
B(zo,m)NO O(B(wo,m)NC2)
> / Ao [P0 — )™ da. (67)
B(zo,r)N2
Since (¥ —u)~ = 0 on dB(z¢,7) N Q, we have
\WPWW%(@ —u)” dx = / va\P<x>2%(@ — )~ dz.
O(B(z0,r)NQ) B(zo,r)NoN
Thus,
VU PO290 . V(u— ) dz
{z€B(z0,r):¥(z)<u(x)}NQ
> / |v¢|p<f>—22—f(u — ) dx
{z€B(zo,r):¥(z)<u(z)}NoQ
+ / Ay B2 — W) . (68)

{zeB(z0,r):¥(z)<u(x)}NQ

Using the extension of (U — u)~ by zero outside B(xg,7) N2 as a test function in

(44), we obtain

|VulP@ =2V - V(u — ) do

{z€B(z0,r):¥(z)<u(z)}NQ

_ / Ao |uP® 2 — ) de. (69)

{zxeB(z0,r):¥(z)<u(z)}NN
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After subtracting (68) from (69) we have

(V2 Vy — VU PO2VE) - V(u — T) dr
{z€B(zo,r):¥(z)<u(z)}NQ
< / Ayey (JulP @20 — [P0 (u — W) do
{z€B(zo,r):¥(z)<u(z)}NQ
0
— / |Vz/1\p(w)28—j§(u — ) dz.

{z€B(zo,r):¥(x)<u(x)}NON

Since r > 0 was chosen sufficiently small so that (65) holds, we obtain that

:1:)728_1/}

|V)|P¢ 5 (u— W) dx > 0.
n

{z€B(z0,r):¥(x)<u(z)}NON

Thus,

(IVuP?)2Vy — (VU PO 2YE) - V(u — U) do

{z€B(zo,r):¥(z)<u(z)}NQ
< [ At P ) -y de <o, (1)
{z€B(xo,r):¥(z)<u(z)}NQ
where the last inequality follows from the fact that u < on B(xg,r) N Q. Applying
(52) again, we deduce that
1

opF 1
{zeB(xo,r): ¥ (z)<u(z)}NQ

\Vu — VUP@) dz

< / (|Vu[f 2y — VU PO2VE) - V(u — ) do. (71)

{z€B(z0,r): ¥ (z)<u(z)}NQ

Combining (70) and (71) gives

|Vu — VU|P@ dz < 0,

{zeB(zo,r):¥(z)<u(z)}NQ
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which is a contradiction. Thus w is a viscosity subsolution of (43).
4.2. The Asymptotic Behavior of the Second Eigenvalue/Eigenfunction
Pairs

Consider a sequence of functions {p,} C C*(Q) such that

1 <p, :=minp,(r) < pl :=maxp,(r) < oo, VneN, (72)
e zeQ)

and satisfying the following assumptions

pn — oo uniformly in €, (73)
Vinp, — & uniformly in Q, (74)
and
Pn . .=
— — ¢ uniformly in €, (75)
n

where ¢ € C(Q,RY), and ¢ € C(Q, (0, +00)) is such that ¢~ := min¢(x) > 0. Note

e

that by (75) we have

Pn P
lim =% =¢, lim =% =g := maxq(z). (76)
n—oo 71 n—oo T z€Q

Particular examples of sequences of functions {p,,} which satisfy our assumptions are
pn(z) = n (in which case £(z) = 0,q(z) = 1) corresponding to constant exponents
and, for a suitably chosen p € C'(Q), p,(x) = np(z) (in which case £(x) = V(Inp(z))
and q(z) = p(z)), pa(x) = np(z/n) ({(z) = 0,q(x) = p(0)), or py(x) = n + p(z/n)
(&(x) =0,q(z) = 1). We refer to [40], [44], or [45] for additional examples.
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It was shown in [26, Theorem 3.2] that the first eigenvalue of the p(x)-Laplacian
with Neumann boundary condition is zero, and that the second eigenvalue is strictly
greater than the first eigenvalue. It is also known that the eigenfunctions do not
change sign in ). In this section we analyze the asymptotic behavior of the positive

second eigenfunctions of the p,(z)-Laplacian with Neumann boundary conditions:

_Apn(x)u = Apn(.)‘U|p"(x)_2u in ©)
(77)
g_u =0 on 012,
n

as n — oo. In what follows, we will denote the positive second eigenvalues by AZ2.

Following [26], they are given by

/ |Vun|p"($)dx

A2 =2 ,neN, (78)
/|un|p"(x)dx
Q

where u, € W'P()(Q) is the eigenfunction associated to A%, a minimizer of the

functional

1
pn(l’)

WiPeO(Q) 5 u s / VulP@dz
Q

lu[P"®dz: = 1. For each

among all u € W'P2()(Q) satisfying the constraint /

1
pn(T)

n € N, we define

1
¢ = inf / |Vu|Pr@ g e WhPO(Q), /
pn(z) 2

S|=

Proposition 3. The sequence {(A%) } is bounded.
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Proof. The proof follows closely the proof of Lemma 3.1 in [44]. In particular, since

)

1 i 1
2 < inf /—|Vu]p"(x) Tu € Wol’p"( ), /—|u|p"(’”)d:v =1
Pn(2) 2 Pn(2)

it follows from [44] that {(Ci)%} is bounded. Next, note that we have

[
Q

and thus, taking (78) into account, we obtain

- pn ()
Pn() g > / Lo, [ = py / [l 2 g — by
2 pn(T) pn(T)

n

1\" *
/|Vun|p”(w)dx <= / Pn |Vun]p"(x)d:€
J pu/ \J Pul®)

+\ n Pn (m) " + %
()] < () @)
jo J Pn() Pn

for all n € N. Since (74) implies the existence of a positive constant C' > 0 such that

3=
3=

0< (1) < ()

Dn

3=
S|

the Harnack type inequality pf < Cp;, V n € N holds (see [40] for details), we have

1
+\ n
lim <p—”) =1.
n—00 pg

rom the fact that the sequence 1 (c " is bounded it now follows that " is
F he f hat th 2 bounded foll h A2

n

also bounded, which concludes our proof. [l

Theorem 3. Let {p,} be a sequence of variable exponents satisfying (72)-(75) and,
forn € N, let A2 and u, € WHP»O)(Q) be the second eigenvalue and, respectively,
the positive second eigenfunction corresponding to the Neumann problem (77). Then

there exists Aoo € R and us, € C(2) \ {0} such that, after eventually extracting a
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subsequence, we have

and
U, — U uniformly in €, (81)

as n — 00, where Uy, 15 a nontrivial viscosity solution of the problem

min { —Ax e — |V [ In | Vg [{€, Vg, [V |? — Axlts]?} =0 in Q (82)

83—;0:0 on Of).

Remark 2. At points where the gradient is vanishing, the PDE in (82) is interpreted

by assuming that the value of v |v|[*In|v| at v =0 is zero.

Proof. Fix m € N and choose € > 0 such that ¢ < ¢~. We have % >q- —e>0and

n > m for all n € N sufficiently large. In view of Holder’s inequality, we have

mpn (z)
/|un| S dr < /|un|p"(x)d$
Q Q

|, |pn(z)

/ @z | (9 + 1)

3
3

23

de | (10 +1) = (p;)" (2] +1).

Since lim (p,))» = 1, we obtain that

n—oo

mpn (z
[ ™5 < 2(j0 + 1)
Q
for n € N sufficiently large. Using similar arguments we obtain, by Proposition 3,
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that there exists a constant C' = C'(m) > 0 such that

m
n

m
n

[ 1905 0 < ([ 190 de) " (2" < (42)F ()% (921+ 1) < Cm)
Q Q

for all n € N sufficiently large. Combining these inequalities, and taking into account
the fact that n € N was chosen sufficiently large so that p"T(QC) > % >q —ein (), we
mpn ()

deduce that the embedding W= " () € W"™ “7(Q) is continuous, and so the
sequence {u,} is bounded in W™ ~7(Q). If we now choose m € N sufficiently large
such that m(q~ — ) > N, it follows that the embedding of W"™* ~(Q) into C(Q)
is compact. Taking into account the reflexivity of the space W™ ~7(Q), we deduce
that there exists a subsequence (not relabelled) of {u,} and a function u., € C(Q)
such that u,, — us weakly in Wl’m(qi_g)(Q) and u,, — Uy uniformly in 2.

Next, we prove that u,, is non-trivial. To this aim, recall that the second
|t [P )

—————dz = 1, which gives

eigenfunctions satisfy the constraint
pn()

n

/'“n\p"(x)dﬂf > (pn)"
Q

3=

(83)

If n € N is such that ||u,]le < 1, then ||un||€3(') < Jup|Pr in Q, and note that if

[tinloe > 1 we have [Ju, |2 < [|up |2+ in Q. Thus,
— +
[ 1@ < [z o < 19 ma el 2}
Q Q

Using (83), we obtain
1 L
- +) Pn \"
o {22 2} > ()
€2
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Letting n — oo in the last inequality implies that max {||uoo||g;, ||uoo||g::} > 1, which
shows that us, # 0 in €.

In view of what we just shown, and taking again into account Proposition 3, we
may extract a subsequence (not relabelled) such that (80) and (81) hold. The rest of
the proof is devoted to showing that u., is a viscosity solution of (82).

Let o € Q, and ¢ € C%*(Q) be such that uy(79) = p(x) and uy — ¢ has a
minimum at zg. The uniform convergence of u, to u. implies that there exists a
sequence {x,} C Q such that z,, — zo, u,(z,) = ¢(z,), and u, — ¢ has a minimum
at x,. Since for n € N sufficiently large, Proposition 2 implies that u,, is a continuous

viscosity solution of (77) with A, () = AZ, we have

— [Vip(aa) P72 (Ag(20) + In [Vip () (VP (), Vip(22)))

= (Pa(@n) = 2) [Vip(2a) "0 Assip(n) 2 Al Jip(aa) ) 2 p(). (84)

We will need to study two cases. First, if us(z9) > 0, we have, for n € N sufficiently

large
Adlp(an) [P =20 ) = A fup (a2) [P 20 () > 0,

and thus, by (84), we deduce that |V(z,)| > 0 for n € N sufficiently large. Dividing
both sides of (84) by (p,(7,) — 2)|Ve(z,)[P»@) = we find

—|[Vo(za)|* (Ap(zs) + I |Ve(2) [(VPa(2n), Vio(2n)))
pn(xn) -2

— Asoip(y,)

o (A @) FE R\ o)
T\ Vel >\‘”"‘“> Paltn) =2

Passing to the limit (supremum) as n — oo and taking into account (74) leads to

48



— Asep(z0) — ’VSO(%)\Z In [V (z0)[(€(20), Vip(o))

A2)Un o (g)—2\ "
el | w e
In particular, we have
—Ascip(w0) = [Vep(@o)|* In | Vip(o) [(€(0), Vio(zo)) = 0. (86)

We claim that the inequality

Vo (20)| ") — Auo|ip(z0) |7 > 0 (87)

holds. Indeed, otherwise |V (x0)]7®0) < Ayo|p(x)|9®), and taking into account that

(75) and (80) imply

A2)L/n 2o (g, )—2 Ao q(o)
nre Vel )I B2 V()]0

we deduce that there exists € > 0 such that

A2 1/n " %‘(mn)—%
0 ) B
V()| )=

for all n € N sufficiently large. Hence,

I € R ok W GV B SR 00 L B CV R N
nroe V()| @) =n Pa(zn) —2 ) TnSeo  m | Ralen)=2 )

n

which is a contradiction with (85). Thus, (87) holds, as claimed. Using (86) and (87)

we deduce that in the case where uy,(zg) > 0, we have

min { — Asip(0) — [Vep(@o)|* In [Vip(wo) [ (€ (0), Vip(o)),

rV¢mme%—Amwumw@w}zo. (89)
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If uso () = w(x0) = 0, we either have V() # 0 (in which case we can use very
similar arguments to conclude that (86) and (87) hold), or else Vi(z) = 0. For the
latter, taking into account that A, (zg) = 0 and Remark 2, we arrive at (86) again.
On the other hand, (87) is clearly also true. We conclude that (89) holds.

Finally, let zy € 0€), and assume that 1., — ¢ has a minimum at a point zy € 02
and U (z9) = ¢(x0). Since u,, converges to u., uniformly, we deduce that there exists
x, € Q such that z,, — zo and u, — ¢ has a minimum point at x,. Since w, is
viscosity supersolution of (77) we obtain, in view of Remark 1 that g—“:(xn) > 0, and

hence

Therefore, if zy € 02, we have

moe { i { = Aup(an) = Vi) 9 )] ).

0
Vel (D)1~ Alo(an) 0 }, 52 } 2 0.

Overall, we have shown that u,, is a viscosity supersolution of (82). The proof of the
fact that us is also a viscosity subsolution follows analogously. We conclude u, is a

viscosity solution of (82), which concludes the proof. U
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5. THE ROBIN EIGENVALUE PROBLEM

5.1. The Robin Eigenvalue Problem for the p(z)-Laplacian
Consider the Robin eigenvalue problem for the p(x)-Laplacian in an open

bounded domain €2 with smooth boundary

—Apayu = Apgy [uPu in £}
(90)
|Vu|p(x)*22_z + BlufP®=24 =0  on 09,

where 8 > 0 is a given positive constant, and n = n(x) stands for the outer unit

normal to 0X2 at € 0f2.

Definition 6. We say that u € WP (Q) is a weak solution for the Robin eigenvalue

problem (90) if there exists Ay € R such that

/|Vu|p(x)_2Vu - Vo dx + /ﬁ|u!”(x)_2uv dr = Ay, / Ju[P@ =2y da, (91)
09

Q Q

for all v € W'PO(Q). If u # 0, we say that Ay is an eigenvalue of (90), and that

w is an eigenfunction corresponding to Ap.).

Let X := WP0)(Q), and define the functionals F,G : X — R by

w) = Lup(w) T
Flu) !@@ﬂ| d (92)

and

D= [ L 19ulr@ 1 ulrds + [P r@ gy
G(u) !@@Wv' +||>d+£;@ﬂ| . (98)
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It is easy to see that F,G € C'(X;R), and that for all v € X we have
(F'(u),v)xr x :/]u|p(’”)2uv dx,
Q
and
(G'(u),v)x x = /(\VUP’(I)_QVU Vo + [u)P® " 2uw) dr + /6\u|p<x)_2uv dx.
Q o0

Consider the level set Sg :={u € X : G(u) = 1}, and the eigenvalue problem
F'(u) = pG'(u), ueSg, peR. (94)

The existence of a sequence of nonnegative eigenvalues p,, — 07 as n — oo for the
problem (94) follows from the Ljusternik-Schnirelman theory (see, e.g., [11], [48]). In

fact, we have p, = sup inf F(u), with
A€A, uEA

A, ={ACSg : F(u)>0on A, Acompact, A=—A, v(A)>n},

where

v(A) := inf {k €N | 3 h:A—RM{0}, h odd and continuous}
is the genus of A. The eigenfunctions u € Sg satisfy F'(u) = uG’(u) or, equivalently,
(F'(u),v)x x = (G (u),v) x x for all v € X. Hence, we have

1
/|Vu|p(x)_2Vu - Vv dx + 6/ Ju[P@ 2y dx = (; — 1) /|u|p(x)_2uv dx
o9 0

Q

for all v € W'P0)(Q), which means that u is a weak solution of problem (90) with
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Apy =15 —1.

The key technical result that allows one to apply the Ljusternik-Schnirelman
theory with the choice (92) and (93) of functionals F and G, which is relevant for the

Robin eigenvalue problem (90), is Proposition 4 below.

Proposition 4. Let F,G : X — R be the functionals defined in (92) and (93). The

following conditions hold:
(H1) F,G € CY(X,R) are even functionals, and F(0) = G(0) = 0.
(H2) F' is strongly continuous, i.e u, — u weakly in X implies F'(u,) — F(u), and

(F'(u),u)x x =0, u € coSg implies F(u) = 0, where coSg stands for the closed

convex hull of Sg.

(H3) G’ is continuous, bounded, and such that u, — w in X as n — oo whenever

uy, — u weakly in X, G'(u,) = v in X', and (G'(un), un)x'.x — (v, u) x7 x.

(H4) The level set Sg is bounded, inf (G'(u),u)x x >0, and

u€ESg
(G'(u),u)x x >0, ltlim G(tu) = +oo, Yu € X\{0}.
Proof. (H1) follows immediately from the definition of F and G. To prove the first

part of (H2), let u,, — u weakly in X. We seek to show that F'(u,) — F'(u) in X'.

To this aim, note that by Holder’s inequality (7), we have

Q

<2 “un‘P(:r)—Qun i |u|p(:v)—2u}p/(.) |U|p(.).
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Thus,

[(F'(un) — F'(u), v) x.x|

[l x

<92 Hun|p(w)f2un _ |u’p(r)f2u

(")

for all v € X \ {0}, which implies that

wp P = Fw). )0

veX\{0} ||U||X
lvllpy<1

) Hun|p(-)—2un — |u|p(~)—2u

p()°
Hence,

1" () = F'(@)llxr < 2 [Junl™O 2w — a7y

p()°

It remains to show that

iy 0 asn — oo (95)
Let w, = |u, [P 2w, and w =: |u["~2u. Note that w,,w € LP*)(Q). Since X is
compactly embedded into LP®)(Q) we have u,, — u in LP()(Q). Thus, there exists a
subsequence of {u,} (not relabeled), and g € LP")(Q) such that u, — u and |u,| < g
a.e. in Q. It follows that |w,| = |u,[P0)™! < g?O~1 € LPO)(Q). Therefore, by Lemma
1, we have that w, — w in L”)(Q), which implies that (95) holds. The remaining
assertion in (H2) follows easily from the definitions of F and F'.

To show that (H3) holds, let {u,} C X be a sequence such that u,, — u weakly
in X, G'(u,) = vin X', and (G'(un), un)x' x — (v,u)xs x. It follows that

lim (G'(u,) — G' (), up — w)xr x

n—oo

= lim ((G'(un), un) x7.x = (G'(Un), u)xo x = (G'(u), un — ) x1x) = 0. (96)

n—o0

o4



On the other hand, using the inequality (52) we obtain

(G'(un) — G'(v), un — u)xr x = / (IVau, P92V, — V[P 2Vu) - (Vu, — Vu) da
Q

p(z)—1

1 p(z)—1 1
> / (5) (IVu, — VulP™ + |u,, — uP™) dz + 5/ <§> |ty — u|P®) da
Q o0

1"
> (5) / (IVu, — VulP™ + |u, — u[f™) dz + B/ |ty — ufP®) da
) 0

Taking into account (96), we obtain

lim [ (|Vu, — V' + |u, — u/™) dz = 0.
n—oo

Q

Thus, by Lemma 2, we have |u, — ul,, — 0 and [Vu, — Vul, ) — 0 as n — co. We

conclude that u,, — w in X. It remains to prove (H4). It is immediate that

(G (), uh s x — / (V@ + |uf@) dz + 8 / P dz > 0 (97)
Q o0

for all w € X\{0}. We claim that insf (G'(u),u)xr x > 0. Indeed, if this was not the
ucog
case, there would exist a sequence {u,} € Sg such that (G'(un), ux)x/,x < = for all

n € N. Since p(z) > 1 for all z € Q, we have

1 5
1 =G(u, ——/— Vi, [P+ |u, [P dx—f—/—unp(x) dx
(1) J p(z) (| | e ) A p(a:)| |

1
S <g/(un)7un>X’,X S —

3



for all n € N, which is a contradiction. Finally, observe that for u € X \ {0} and

t > 1 we have

(x)

]

1
G(tu) = /— |V (tu) [P 4 [t [P d:lH—ﬁ/ |tuP® da
0

()

!

1 1
_ / L (Tuf® & o) gy 8 / L upep gy
J S (@)

Hence, in view of (97), tlim G(tu) = oo. O
—00

Our next goal in this section is to prove that continuous weak solutions of
(90) are also viscosity solutions (see Proposition 5 below). Note that the Robin
eigenvalue problem (90) takes the form (47), with F': @ x R x RN x MYXY — R and
H : 09 x R x RY — R defined by

F(z,r,0,5) =~ (0P =% (Te(S) + n|0] (6, Vp(x))) — (p(x) — 2|0/~ (56,0) — Ay [r[P) =7

and

H(x,r,0) = 0172 (0,n) + Blr|"=~r.
Proposition 5. Any continuous weak solution of (90) is a viscosity solution of (90).

Proof. Let u € C(Q) be weak a solution of (90). To show that u is a viscosity
supersolution of (90), let zy € 2, and consider a test function ¢ € C?(f2) such that

u(zo) = p(zo) and u — ¢ has a minimum at zy. If 29 € Q, we claim that we have

—DpiaoyP(T0) — Ay (o) PEO 20 (20) > 0.

Indeed, if we assume that this inequality does not hold, then there exists r > 0 such
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that B(zo,r) C 2 and
—Apyp() — Ay lp(2) P9 2p(x) < 0 for all 2 € B(wo, 7).
Taking r smaller, if necessary, we may assume that u > ¢ in B(zo,7) \ {xo}. Set

= inf — > 0,
m xeagl(xo,r)(u 80) («I)

and let ®(z) := ¢(z)+%. Note that ®(z) > u(z¢), ®(z) < u(x) for all z € IB(zo,7),

and
— Ay ® () — Ay p(2) PP 20(z) < 0 for all x € B(wg, 7). (98)
If we multiply (98) by (® — u)* and integrate over B(xg, ), we obtain

/ VO P@-2Yd . V(D — u)da

{z€B(z0,r):®(z)>u(z)}
< [ Mol -wds 99)
{z€B(zo,r):®(z)>u(z)}
where we have used the fact that (» —u)* =0 on dB(zg, 7). Extending (® — u)"™ by

zero outside B(xg, ), and using this extension as a test function in weak formulation

(91) gives

/ |VulP® =2V - V(P — u)dx

{z€B(z0,r):®(z)>u(z)}

_ / Ao [uP®2u(® — w)dar. (100)

{z€B(x0,r):®(x)>u(z)}

After subtracting (100) from (99), using the fact that u > ¢ on B(zo,r) \ {zo}, and
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the inequality (52), we obtain

0> / (Ve[ 2Ve — |VuP™2Va) - V(P — u) do
{z€B(z0,r):®(z)>u(z)}
+ Apey ([P 720 — PO 720) (& —u) da
{z€B(z0,r):®(x)>u(x)}
> / (IVe[r 2V — |VuP™2Vy) - V(P — u) do
{z€B(z0,r):®(z)>u(z)}
> 2711 / VO — VulP™ dz >0,

{z€B(z0,r):®(z)>u(z)}
which is clearly a contradiction. On the other hand, if 2y € 92 we need to prove that

0
max {|V90(950)|p(x°)_28—zj($0) T Bl(ao) P2 (xy),

~ Apgenyplno) — Ap(-)\@(:vo)lp(“)_zw(%o)} >0

or, equivalently,

0
max {|V¢($0)|p(x°)_28—(§(fﬁo) T Blu(zo) P 2u(z),

— Apag)p(T0) — Ap(-)!w(wo)\p(“)_%(xo)} > 0. (101)

We again proceed by contradiction. Assume that (101) does not hold. Then there

exists r > 0 sufficiently small such that

|w<x>|P<f>—2g—j<x> T Bl () < 0 (102)

and

—Ap) () = Mgy () P2 () < 0, (103)
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for all x € B(zg,7) N Q. Assuming that r is small enough, we have u(z) > ¢(x) for

all x € (B(xo,r) \ {SBO}> N Q and thus

m:= inf (u—¢)(x)>0.
OB (z0,r)NQ

With ®(z) = ¢(x) + %, note that ®(z9) > u(zg), and that &(x) < u(x) for all

2

x € 0B(z0,7) N Q. Multiplying (103) by (® — u)* and integrating over B(xg,7) N

gives
0
/ IVeP@2Ve . V(® —u)t do — / yw|p<x>*28—*0(q> —u)t dx <
n
B(zo,r)NQ O(B(z0,r)NQ)
< / Ay [P 20(® — u) T da. (104)
B(zo,r)NQ

Since (® — u)* =0 on dB(xg,7) N, we have

0
\Vgolp(x)_Qa—:j(CD —u)t dz = / ]Vgp]”(x)_zg—i(@ —u)" dz.

O(B(z0,r)NQ) B(zo,r)NoN

Thus,

IVO[PH2Vd . V(D — u) do

{zeB(zo,r):®(x)>u(z)}NQ

< / |Vg0|p(z)22—s;(q) —u) dz

{z€B(zo,r):®(x)>u(z) }NON

" / Ay [P 2@ — w) da. (105)

{z€B(z0,r):®(z)>u(z) }NQ

Using the extension of (® — u)* by zero outside B(zg,7) N as a test function in

(91), we obtain
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\Vul[P @2V - V(O — u) dr
{z€B(z0,r):®(z)>u(z) }NQ
=0 / [u[P@=20(® — ) da
{zeB(z0,r):®(z)>u(z) }NON
+ / Ay [uP) 20 (® — w) dx. (106)

{z€B(zo,r):®(x)>u(x)}NQ

Subtracting (106) from (105) gives

(Ve[ 2Ve — [Vu2Vuy) - V(P — u) dx

{z€B(z0,r):®(z)>u(z)}NQ

< / Aoy (1617972 — [ulP=20) (@ — ) da
{z€B(z0,r):®(x)>u(z)}NN
0
+ / \Vg@]p(x)_Qa—g; + 5\u|p<x)_2u> (® — u) du.

{z€B(z0,r):®(z)>u(z) }NON

Recalling that r > 0 was chosen sufficiently small so that, in particular, (102) holds,
we obtain that
(z)—2 890 (z)—2
(VP72 =2 4 BlufP) 2y | (@ — u) da < 0.

on

{z€B(z0,r):®(z)>u(z)}NON
Thus,

(IVe[PE 2V — |Vuf™2Vy) - V(P — u) dr

{z€B(z0,r):®(x)>u(x)}NQ

- / Aty (P20 — [P 20) (@ — ) de < 0, (107)

{z€B(zo,r):®(z)>u(z) }NQ

where the last inequality follows from the fact that u > ¢ on B(zg,r) N§2. In view of

(52) we have
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1 T

{z€B(z0,r):®(z)>u(z) }NQ

< / (IVOP@=2ve — |VuP™)2Vy) - V(P — u) dv. (108)

{zxeB(z0,r):®(x)>u(z) }NQ

Combining (107) and (108) leads to a contradiction. We conclude that w is a viscosity
supersolution of (90).

Next, we prove that u is a viscosity subsolution of (90). Let zy € ©, and consider
a test function ¢ € C%(Q) such that u(zy) = ¥ (o) and u — v has a maximum at .

If xo € Q, we claim that we have

— Doy (T0) — Ay [0 (o) [P 2eh(2) < 0.

Assuming that the above inequality does not hold, there exists r > 0 such that

B(zg,7) C 2 and
Ay (2) — Al b@PD29(z) > 0 for all & € Bz, ).
Taking r small, we may assume that u < 1 in B(xg,r) \ {zo}. Let
m=__nf @-u)@)>0,

and set ¥(z) := ¢(z) — 5. Note that W(xzg) < u(zo), ¥(z) > u(z) for all = €

0B(xg,r), and
— Ay U (2) — Ay [ (2) [P 2 (z) > 0 for all © € B(wg, 7). (109)

If we multiply (109) by (¥ — u)~ and integrate over B(zo, ), we obtain
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IVU|PO2YT . V(u — U)dz

{z€B(z0,r):¥(z)<u(x)}
> [ Aol - s, (10
{zeB(zo,r):¥(x)<u(z)}
where we have used the fact that (¥ — u)™ = 0 on 0B(xg,r). Taking (¥ — u)~,

extended by zero outside B(z,7), as a test function in the weak formulation (91)

gives

/ \Vul[P@ 2V - V(u — U)dax
{z€B(zo,r):¥(z)<u(z)}

= / Ay [u[P D2 u(u — W)dz. (111)

{z€B(z0,r):¥(z)<u(z)}

After subtracting (110) from (111), using the fact that u < ¢ on B(xg,7) \ {zo}, and

using (52) we obtain

0> / (IVuP?) 2y — VU P2V - V(u — ¥) do
{z€B(z0,r): ¥ (z)<u(z)}
+ / Apy (1P 724 — P2y (u — U) da
{z€B(z0,r): ¥ (z)<u(z)}
> / (|VuP?) 2 Vy — (VU PO 2YE) - V(u — U) da
{z€B(z0,r): ¥ (z)<u(z)}
> 21,71_1 |Vu — VU PE dz >0,

{ze€B(zo,r):¥(z)<u(z)}

which is a contradiction. On the other hand, if zy € 02 we need to prove that

wmin {|w<xo>|p<x°>-2‘g—ﬁ<xo> B (o) P o),

 Apuoythla) — Ap<.>|w<xo>\Wo)-?w(xo)} <0
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or, equivalently,

min {|V¢($o)|p(x°)2%(xo) T Blueo) PV u(ay),

— Apgroytlin) - Ap<.>w(xo)v’(wo*%(xo)} <0. (12)

We again proceed by contradiction. Assume that (112) does not hold. Then there

exists r > 0 sufficiently small such that

rwww@”g—j(x) T Blu()PPu(z) > 0 (113)

and

— Ay (x) = Ay [o(2) PP 2 (2) > 0, (114)

for all x € B(zg,r) N Q. Assuming that r is small enough, we have u(x) < ¥ (x) for

all z € (B(aso,r) \ {x0}> N 2 and thus

m:= inf (¢ —u)(z) > 0.
OB (z0,r)NQ

With ¥(z) := ¢(x) — %, note that U(zg) < u(rg), and that ¥(x) > u(x) for all
x € OB(xg,7) N Q. Multiplying (114) by (¥ — u)~ and integrating over B(zg,r) N

gives

/ IVY[P@ =2y - V(U — )~ dx — / vaﬂx)?g—f(@ —u)” dr >
B(wo,r)NQ A(B(z0,r)NQ)
s [ Al e - ) (115)
B(z0,r)NQ

Since (¥ —u)~ = 0 on dB(x¢,7) N Q, we have
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VP o= [ v e -

O(B(z0,r)NQ) B(zg,r)NoN

Thus,

VU [P@29T . V(u — ) d
{zeB(z0,r):¥(z)<u(x)}NQ

0
> / lvw\p(I)Qa—f(u —U) dz

{z€B(z0,r):¥(z)<u(x)}NON

+ / Ay 6P — W) der. (116)

{z€B(z0,r):¥(z)<u(z)}NQ

Using the extension of (U — u)~ by zero outside B(xg,7) N as a test function in

(91), we obtain

/ |Vu|P®) =2V - V(u — ) do
{z€B(zo,r):¥(z)<u(z)}NQ
=—p / [P 2u(u — W) dx
{z€B(zo,r):¥(z)<u(x)}NOQ
+ / Ay [u[P D 2u(u — W) dw. (117)

{z€B(z0,r):¥(z)<u(z)}NN

Subtracting (116) from (117) gives

(IVuP)2Vy — (VU PO 2YE) - V(u — U) do

{x€B(x0,r): ¥ (z)<u(z)}NQ

< / Apy (JuP 720 — [P =20 (u — ) da
{z€B(z0,r):¥(z)<u(z)}NQ
oY

— / (|V¢]p(m)2a—n + ﬁ|u|p(‘r)2u) (u— ) dx.

{zeB(z0,r):¥(z)<u(z)}NOQ
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Recalling that r > 0 was chosen sufficiently small so that (113) holds, we obtain that

/ <\V¢|p<x>28—¢ + ﬂ|u|p(x)2u) (u— W) dx > 0.

on
{z€B(zo,r):¥(z)<u(x)}NOQ

Thus,

(IVuP)2Vy — VU PE2YE) - V(u — U) do

{z€B(x0,r): ¥ (z)<u(z)}NQ

< / Ap(') (|uyp(x)*2u _ |w’p(m)*2w) (u— W) dz <0, (118)

{z€B(zo,r):¥(z)<u(z)}NQ

where the last inequality follows from the fact that « < on B(xg,r) N Q. In view of

(52) we have

1
opF 1
{z€B(zo,r): ¥ (z)<u(z)}NQ

|Vu — VU [P@ dz

< / (IVuP) 2y — VU PO 2VT) - V(y — O) dr. (119)

{z€B(z0,r):¥(z)<u(x)}NQ
Combining (118) and (119) leads to a contradiction. We conclude that w is a viscosity

subsolution of (90). O

5.2. The Asymptotic Behavior of the First Eigenvalue/Eigenfunction Pairs
Consider a sequence of functions {p,} C C'(2) satisfying the assumptions (72),
(73), (74), and (75).
The goal of this section is to analyze the asymptotic behavior of the positive first
eigenfunctions and the corresponding eigenvalues of the p,(-)-Laplacian with Robin

boundary conditions as n — oo. The relevant problem is

—Apn(ﬁ)u - Apn(')|u|pn(x)_2u iIl Q (120)
’vu|pn(w)—2g_z + BlufPr®=2, =0 on 09.
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Our assumption (73) and the embeddings available for variational exponent Sobolev
spaces (see Section 2.2) imply that the weak solutions u = wu,, of (120) are continuous
for n € N sufficiently large. Also, it is known (see, e.g. [23], [24], or the survey [33])
that for each n € N fixed, we have either u, > 01in © or u,, < 0 in € (first eigenfunc-
tions do not change sign in 2). Throughout the rest of the paper we will restrict our
attention to the positive first eigenfunctions u,, > 0, n € N. The complementary case
of negative eigenfunctions should follow using very similar arguments, although the
limiting problem will likely require different boundary conditions.

In view of our analysis of problem (90) in the previous section corresponding
to fixed (but possibly nonconstant) exponents, classical variational and duality argu-
ments imply that the first eigenvalues, which we denote in what follows by Al are
given by

/ [V, |[Pr®dz + 6/ |t [P d
AL =2 '

o0
Q

where u,, € W'P»()(Q) is the eigenfunction associated to A

(121)

1

n

which minimizes the

functional

1
pn(m)

1

wlPr@® dy

Wl’p”(’)(Q) S u / \Vu|p"(x)d3: + ﬁ/
Q o0

lu[P"®dz: = 1. For each

among all u € W'P2()(Q) satisfying the constraint /
Q

Pn(T)
n € N, we define

Vo |Pr (@) pn ()
. inf{ Vup® g [ e

= de : ue whr0O(Q) |“|p”(w)dx=1 (122)
" pn(x) 50 pn(x) ’

pn(2)

3=

Proposition 6. The sequence {(A}l) } is bounded.
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Proof. We first show that the sequence {(C}L)%} is bounded. Let a > 0 be a positive

constant such that

- di Q))p(@)
/@lmauﬂ)) dz =1, for all n € N.
pn()

The existence of a constant a as above has been proven in [44]. Using the function
u(z) = a - dist(z,00) as a test function in (122), we obtain for n € N sufficiently

large,

3=

Qo+ Bla - dist(z, O
Pn(T)

—
O
—
~—
3=
AN

/ |V(a - dist(z 89))|p”

pn () "
= /a de | < (max{ap" ap”}’ |> < max{a? 4 /2 a7 /?} (|Q|)

pn(x) p yzs
Q

1
QN\" 1
Since, in view of (76), lim (u> = 1, we deduce that {(c,ll)”} is bounded, as
claimed. Next, note that we have

- pn(2)
/MWWMZ/p”Mﬁmmzm/WH dx = py,,
pn() pn(T)
Q Q Q
and thus, taking (121) into account, we obtain
> / V@ dz + 3 / P
0 o0
1
" pn(z) pn pn(z
) / |Vu,| dx—l—ﬂ/ |un|
pn( )
5 Vo [P P +\ w
n n n n 1
) /|Ud 11+5/MM :(&> (ch)7
P
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1
n

0< (ML) <

3=




for all n € N. Since, as already observed in the previous chapter (see page 45),
there exists a positive constant C' > 0 such that the Harnack type inequality p;> <

Cp,,, ¥ n € N holds, we have

1
+\ n
lim <p—”) —1.
n—00 pr_L

1

From the fact that the sequence {(cl)z} is bounded, we deduce that {(Al)

3=

bounded as well. This concludes the proof. O
Proposition 7. For n € N, let u, € W'0)(Q) be the positive eigenfunction

corresponding to the first eigenvalue, AL. Then there exists a subsequence of {u,}

which converges uniformly in Q, as n — oo, to some function us € C(Q)\ {0}.

Proof. Fix m € N and choose € > 0 such that ¢ < ¢g~. We have ’% >q —e>0and

n > m for all n € N sufficiently large. By Holder’s inequality,

3|
3|

/ /|un p"(x)d.f /|U pn(w)dm (|Q|+1)
Q Q
< [pr [0 ) o1+ 1) = )22 + 1),
pn( )

Since lim (p,))» =1, we obtain that
n—oo

[ w5 <291+ 1

for n € N sufficiently large. Using similar arguments we obtain, in view of Proposition

6, that there exists a constant C'= C(m) > 0 such that
mpn () pn () % n—m
IV, ([ IVl @d) " (00) "
Q Q

for all n € N sufficiently large. Combining these inequalities with the continuity of

m
n

< (M) () (19 + 1) < C(m)
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mpn (+)

the embedding W" K (Q) ¢ W™ ~7(Q) (here we use the fact that n € N was

chosen large enough so that p"T(x) > pn—; > ¢~ — e in ), we deduce that the sequence

{u,} is bounded in W™ ~(Q). To guarantee that the embedding of W™ ~7(Q)

into C'(2) is compact, choose m € N sufficiently large such that m(¢~ —¢) > N.
Taking into account the reflexivity of the space W™ ~(Q), it follows that there
exists a subsequence (not relabelled) of {u,} and a function u,, € C(Q) such that
Uy — U Weakly in Wl’m(q:s)(ﬂ) and u,, — Uy uniformly in €.

It remains to prove that u., # 0. To this aim, recall that the first eigenfunctions
de = 1, which implies that

satisfy the normalization
pn()

n

/ e @dz | > (o)

Q

3=

(123)

If n € N is such that [|u,[eo < 1, then |Ju,|[22 < [Jun|[?2 in Q, while if [|un]le > 1,

we have |[u,|[%" < |lup |7+ in Q. Therefore
[Pz < [ funllz e < (0 max {2z 2}
Q Q

Thus, using (123), we obtain

1 _ 1
e {2 a2} = ()"

Passing to the limit, n — oo, in this inequality implies that max { |l tuoo L, Huooﬂgz} >

1, which concludes the proof. O

Theorem 4. Let {p,} be a sequence of variable exponents satisfying (72)-(75) and,

for eachn € N, let A} and u, be the first eigenvalue and the positive first eigenfunction
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corresponding to the Robin problem (120). Then there exists Ao € R and us €

C(Q) \ {0} such that, after eventually extracting a subsequence, we have
(AL)" = A (124)
and
Uy, — U uniformly in € (125)

where Uy 1S a nontrivial viscosity solution of the problem

min {—Ax e — |V [ In |V [{€, Vg, |[Vis|? — Axlts]?} =0 in Q (126)

H(z, U, Vi) =0 on Of).
Here, H : Q) x [0,00) x RN — R is given by

max { |r|7®) — 1011 (0, n(z))}  if r>0

{0, 1(2))X ) (10]) it =0,

H(z,r0) =

where x,, ., stands for the characteristic function of the interval (1,00).

Remark 3. Just as in the previous chapter, at points where the gradient is vanishing,
the PDE in (126) is interpreted by assuming that the value of v+~ |v|*In|v| at v =0

18 Zero.

Proof. In view of Propositions 6 and 7, we may extract a subsequence (not relabelled)
such that (124) and (125) hold. We will show that ., is a viscosity solution of (126).
Let 7o € ©, and ¢ € C?(Q2) be such that us(79) = ©(z0) and us — ¢ has a minimum
at xg. The uniform convergence of u, to u. implies that there exists a sequence

{z,} C Q such that z, — zo, u,(x,) = ¢(x,), and u, — ¢ has a minimum at z,.
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Since, by Proposition 5, u, is (for n € N large) a continuous viscosity solution of

(120) with A, () = A}, we have

— V() P22 (Ap(20) + I [Vip(2,) [(VDa(@), Vip(2a)))

— (pu(@n) = 2) V() PP A o) = A (@) [P 20 (,). (127)

We will need to study two cases. First, if u(z9) > 0, we have

Aplp(n) P 20(@) = Agfun(2a) P22y (2,) > 0,

and thus, by (127), we deduce that |[V(z,)| > 0 for n € N sufficiently large. Dividing
both sides of (127) by (pp(zn) — 2)|Ve(a,)[P»@) =4 we find

_|V90(xn)|2 (Ap(x,) + In[Vo(2,)[(Vpn(zn), Vo(T,)))
pn(xTZ) -2

_AOOSO(CUTL)

(AN o) 52\ ()
> n gp n . QD n )
- V()] @)% Po(Tn) — 2

Letting n — oo, and taking into account (74) gives

— Dsip(0) — [Vep(@o)|* In [Vip(wo) [ (€ (0), Vip(wo))

1\1/n o ()2 "
n—o0 |Vg0(xn)|7(“")_ﬁ pn(xn) -2
In particular, we have that
—Aep(w0) — [Vp(0)|* In [ V(o) [(€(20), Vip(o)) > 0. (129)
We now claim that
V(o)1) — Ace o)1) > 0. (130)
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Indeed, otherwise |V(z0)|9™) < Ay|p(z0)|9®), and taking into account that (75)

and (124) imply

i (131)

(AR ()| F 2 Aslp(e)l
Veplaey) | ) [Vip (oot~

we deduce that there exists € > 0 such that

(ML) p(n)|
[Vip(n)|

for all n € N sufficiently large. We are led to

ALy/n CCOREAN 14 e)
i (B 1Yt Y ()
n—oo |Vg0(x )|T($")_7 pn(l'n) -2 n—00 n Pn(Tn

n

which is a contradiction with (128). Hence, (130) holds, as claimed. From (129) and

(130) we deduce that

min { — Dsip(0) — [Vip(@o)|* In [Vep(wo) [ (€ (0), Vep(o)),

V(o)1) Aoo’@(l"o”q(xO)} >0, (132)

On the other hand, if us (7o) = @(xg) = 0, we either have V(xq) # 0, (if so,
we can use very similar arguments to conclude that (129) and (130) hold), or else
V(zo) = 0, in which case, taking into account that A, ¢(xo) = 0 and Remark 3, we
again obtain (129), while (130) is clearly also true in this case. Overall, we conclude

that (132) holds. The proof of the fact that

min { — Assth(wo) — [V (o) [* In [Ve) (o) [{€ (0), Vi (o)),

4 a0 ) Amwo)w(“)} <0 (133)
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whenever ¢ € C?(Q) is such that us(z9) = ¥(x0) and us — ? has a strict maximum
at xo € €, proceeds along the same lines. We omit the details.

It remains to show that the boundary condition in (126) is satisfied in the
viscosity sense. Let xo € 0. We need to consider four cases. First, assume that
Us — ¢ has a minimum at a point xy € 9 with u(zg) = ¢(xo) > 0. Using the
uniform convergence of u, to u,, we deduce that there exists z, € Q such that
Tn — xg and u, — ¢ has a minimum point at x,. If x,, € Q for infinitely many n € N,

we can argue as above to obtain

m{ = Apln) — [Volao) In [Vep(ao)| (€ z0), Violao)),

V)70~ Alplan)10) ) 0. (130
On the other hand, if there exists N € N such that z,, € 02 for all n > N, we have

max{ A o) — ALl P2,

50 o)
Vi) P22 ) + () 2¢<xn>} >0 (135)

for all n > N. If there exists a subsequence {k,},>n such that

for all n > N, then we can again argue as before to deduce that (134) holds.
Otherwise, by taking N larger if necessary, we may assume without loss of generality

that we have

|w<xn>v’"<zn>*§—j<xn> T Blp(an)lP ) 2p(2a) > 0 Vi > N,
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Since ¢(xg) > 0, it follows that ¢(z,) > 0 for sufficiently large n € N, and thus, after

dividing both sides above by |¢(z,)[P*(*") =2, we obtain

Viplaa) [0\ " 0
—(zn) > — n)- 136
(\ g 02 (an) 2 ol (136)
q(xo) q(zo)
We claim that either ‘V‘p(mo) V<lor 92 (1) > 0. Indeed, if ’v‘p(zo) "> 1and
¢(x0) on ¢(x0)

g—ﬁ(fco) < 0 then letting n — oo in (136) leads to

n—oo

o (| Vel [FET g . _
—00 = lim (‘ o) ) a—n(l’n) > lim (=Bp(z,)) = —pe(zo),

which is a contradiction. Therefore, max {|gp(x0)\Q(x0) — |Vp(ag)|2t®0), g—i(xo)} > 0.

Overall, taking (134) into account, we have the following inequality

0
max { ma { () 170 — [Vip(ir) 1600, 5 (a) .
min { — Awcip(wo)  [Vip(ao) In[Vip(aro) (£ o), Tip(0)), [Viplirg) 76 — Aoow(xo)w(%)}} >0,
If s — ¢ has a minimum at a point zo € 9Q with us(z9) = @(x0) = 0, let 2, € Q be
such that x,, — xq and z,, is a minimum point for u,, — . If x,, € Q for infinitely many
n, we can argue as before to deduce that (134) holds, while if there exists N € N

such that x,, € 99 for all n € N, then (135) holds for all such n. Arguing as in the

previous case, it suffices to analyze what happens when

|w<xn>|p"<xn>-2§—“;<xn> T Blo(an)P D (@) > 0 V> N,

Since ¢(xg) = 0, we have lim (ﬁ|g0(xn)|p"(x")_2g0(xn)) = 0. Thus,
n—oo

lim inf <(|Vg0(xn)|pg(x”)_i>n 8—n(xn)> > 0. (137)

n—o0
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We claim that

0
X (1,00) (|V<P($O)|Q(xo)) a—i(mo) > 0. (138)

To see why this is true, note that if |[V(zo)| > 1 then (137) implies that g—“;(ato) >0,
and since we clearly have x, (Ve (0)]770)) = 1 in this case, we obtain (138). On
the other hand, (138) clearly holds if [V¢(zg)| < 1. We deduce that

Iy

q(zo) | 2

max{xu,m) (Vo)) 5 o).

min { — (o) — [Vip(wo) [ In [Vep(wo)| (€ (o), Vo (o)), | Vip(o) ) Aoo|90(930)|q(“)}} >0,
For the remaining two cases, assume that u, — ? has a maximum at zy € 0f2, and
consider the case where uy(x9) = ¥(x9) > 0. As before, the uniform convergence
of u, to u. implies the existence of a maximum point z, € Q of u, — 1 such that

T, — xo. If z, € Q for infinitely many n € N, we can argue as in the case where xg

was an interior point to obtain

m{ = Ath(a0) — [Ve(ao) P In( Vo)) (E o), Vb o).
V4 ) =) Aoo|¢<xo>|q<xo>} <0. (130)

If, on the other hand, there exists N € N such that z,, € 02 for all n > N, we have,

since w,, is a viscosity subsolution of (120) (with A, () replaced by A}),

min { Aoy () — ALl P2 (1),

Vil ) + ﬁ|w<xn>|pn<%>—2w<xn>} <0

for all n > N. If, for a subsequence {k,},>n, the left hand side above is equal
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t0 —Ap, (o )0(Th,) — AL |p(@, ) |[Pen @) =2 (xy,, ), We again argue as in the interior
point case to deduce that (139) holds. Otherwise, we may assume without loss of

generality (take N larger, if necessary) that

O

Pn(Tn)—2
V(e o2

— () + Bl () [Pr@) 24 () < 0 for all n > N.

Since we are in the case where ¥ (zg) > 0, we may assume that ¢(z,) > 0 for alln € N

sufficiently large, which allows us to rewrite the previous inequality in the form

Vip(z,) "

($n) % 81/}
) 3 (1) < —Bi(z). (140)

We claim that

0
19(20) %) — [V4p(0) %D < 0 and a—‘ﬁ@o) <0.

Indeed, if |Ve)(20)]7") < [h(x0)|9*®, passing to the limit in (140) gives

S
0_”1_’00( Y(zn)

on n—s00

B (an) =2\ " s
() < lim (=BY(2,)) = =B (z0) <0
a contradiction. Also, if %(xo) > 0, we obtain

Vip(x,) [

n—oo

0 < lim inf ( an Jim

Tn)—2
a_w(xn)> < lim (=59(z,)) = —fib(wo) <0

which is again a contradiction. Therefore

max{wo)w Va0, Z—jﬁ(ww} <0,

Overall, we have shown that
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0
min { max{w(xo)\q(m") — |V¢($0)|q(%)v 8717?(950)},

min { — Aoctp(0) ~ [V9(0)|? 10 [V (o) € (0), V(o) [T (o) 70) Aw|¢<xo>q<x°>}} <0,
Finally, assume that u., — % has a maximum at xy € 99 with us () = ¥(x0) = 0.
Let z,, € © be a maximum point of u, — v such that x,, — z. If z,, €  for infinitely

many n € N, then the inequality (139) can be deduced via the usual arguments, while

if x,, € 0N) for all n > N, we can again restrict our attention to the case where

V()25 () + Bl )P () <0, Yz .

The fact that ¢(zo) = 0 implies lim (B|¢(mn)|p"(x”)_2w(xn)) = 0, and hence we must
n—o0

have

lim sup ((!Vzﬂ(xn)]pn(m” _7> (91/}( n)) <0. (141)

n—oo

We still need to show that

0
Yoo, ([0 () 1600) a—jm) <.

The inequality clearly holds if |V (zo)| < 1, while if |V (z0)| > 1, it follows from the
fact that %(mo) < 0, which is a consequence of (141). We are now able to conclude

that

oy

min {X(l,oo) (|VT/’($O)‘Q(%)> 3777(:80)’

min { — Aot(z0) — [Vib(a0) | In [V (o) (§(x0). V(o). [Vap(a) ) ~ Aoow(xo)qw}} <0,

which completes the proof. O
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