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ABSTRACT

To analyze large networks in various research fields including biology, sociology, and web

mining, detection of dense modules (a.k.a. clusters) is a crucial step. Though numerous methods

have been proposed to this aim, they often lack mathematical rigor. Namely, there is no guarantee

that all dense modules are detected. Here, a novel method for enumerating all dense modules is

presented as well as a python program implementing this algorithm.

Module detection plays a significant role in variety of modern systems to understand their

functionality in depth for example in Biology. In Biology many data bases for the protein-protein

interactions are provided (PPI) and the analysis of a PPI's is useful to determine the functionality

of known genes or functional annotation of previously unknown genes we can often come across

dense clusters in these databases which likely to represent protein complexes.
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1. INTRODUCTION

Networks have become ubiquitous as data from many different disciplines can be naturally

mapped to graph structures [1]. Technological networks, including the Internet, electrical grids,

telephone networks and road networks are an important part of everyday life, an interesting feature

that real networks present is the clustering or community structure property, under which the graph

topology is organized into modules commonly called communities or clusters.

It is observed that nodes of the same community are highly similar while on the contrary,

nodes across communities’ present low similarity. Revealing the underlying community structure

of complex networks. Naturally it has become interest for the scientists in mining the graphs-with

clustering being the primary method for community detection and evaluation and it is observed

that with in networks the modules tend to behave differently with a certain condition and there is

plethora of research being done in the Condition dependent community detection with in large

networks.

The Dense module enumeration algorithm is a method enumerate all modules that exceed

a given density threshold and consistency constraints within an unweighted graph network using

reverse search algorithm. Below is the formulation and method on how do we calculate the dense

module enumeration on an unweighted and unidirectional graph.

The various Existing methods of discovering dense sub-graphs include Clique, CPM, CPMw,

Markov clustering (MCL) etc. Generally, these techniques implement explicit graph partitioning

techniques that divides the network into set of modules or provides explicit module criteria but

employ heuristic search techniques to find modules these method contrast with complete

enumeration methods because they provide an explicit criterion and provide all the modules that

satisfies the criteria.
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1.1. Formulation

The term module is used to denote the induced sub graph corresponding to a node set. The

enumerative approach to discover modules in protein-protein interaction networks is proposed.

The problem is addressed by extracting all densely-connected node sets from un-weighted and

undirected graph.

A network or graph as shown below consists a set of Nodes or vertices (V) and interaction

between nodes called as Edges (E) generally the edges are unweighted, so the network

representation is a node and its corresponding neighbor adjacent to it in a tabular form. Using

module mining approach, we can generate all the node sets that are possible most of them are often

neglected by graph partitioning techniques and among these node sets the ones that satisfy user-

defined density threshold in the network represent a dense module and a method has been proposed

to exhaustively enumerate all modules that satisfy the minimum density threshold.

Let us say the density threshold is ‘ ’ and all the node sets that have the density greater

than or equal to the ‘ ’ are considered and the other node sets are discarded are say in enumeration

tree those modules with density less than threshold are pruned.

Figure 1. Undirected Graph

The algorithm adopts a reverse search paradigm then provides various definitions to

traverse search space in a way that allows for straightforward pruning. A tree-based parent-child
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relationship between modules such that along each path from the root to leaf, the module size is

increasing, whereas the module density is monotonically decreasing.

Let us consider the interaction network as undirected weighted graph with node set V. Let

= , , ∈  be the corresponding matrix representation, where = 1 if there is an edge

between nodes i and j, = 0 otherwise (for missing edges). A module is defined as a set of

nodes  U⊂V and its induced subgraph. The density of U refers to the average pairwise weight,

given by

( ) =
∑ , ∈ ,

| |(| | − 1)/2

The largest possible density value is 1 (we define ( ) ∶= 1 for | | = 1). Now we define

the problem of DME as follows.

DEFINITION 1.  (DME Problem) Given a graph with node set  V and weight matrix W, and a

density threshold θ>0, find all modules U⊂V with ( ) ≥ .

To enumerate all dense modules exceeding the threshold, the definition of an appropriate

structure of the search space which allows for efficient traversal and pruning is the most important,

for enumerating sets of entities, a common approach is to start with the empty set and then

iteratively form larger sets by adding one element at a time. But the number of subsets of set V is

2| |. It is important to prune branches at certain point. So the search should be executed in certain

order such that if it is evident that no further solutions can be derived from a certain set, the process

of extension is stopped, i.e. unnecessary parts of the search space are pruned. It turns out that

conventional pruning strategies as used in Item set Mining (Han and Kamber, 2006), for example,

are not suitable for DME. The reason is that supersets of a module can in general have arbitrarily

higher or lower density than the module itself. However, it is possible to traverse the search space

in a way that allows for straightforward pruning.
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In  a parent–child relationship between modules was defined such that along each path

from the root to a leaf, the module size is increasing, whereas the module density is monotonically

decreasing. In each iteration, we generate all direct supersets of the current module and select those

which are indeed its children. Due to the monotonicity guarantee in our search tree, only children

that fulfill the density criterion have to be further processed. To describe our approach in more

detail, we need the following definition.

DEFINITION 2. Let W be the given weight matrix. For u∈U⊂V, the degree of u with respect to

U is defined as

( , ) =
∈ ,

The following lemma yields the key for defining the search tree.

LEMMA 1. Let v∈U be a node with minimum weighted degree in U, i.e. ∀ ∈ : ( , ) ≤

( , ). Then, ( \{ }) ≥ ( ).

The proof is given in the [7]. Further, we introduce a function ord, which defines a strict

total ordering on the nodes, i.e. for each node pair u, v with ≠ , either ord(u)<ord(v) or

ord(u)>ord(v) holds. With this, we define the parent–child relationship for modules.

DEFINITION 3. Let U be a module and v∈V ∖ U. U*≔U∪{v} is a child of U if and only if ∀u

∈U one of the following conditions holds:

1. ( , ∗) ≤ ( , ∗)

 2. ( , ∗) ≤ ( , ∗) ∧ ( ) < ( )

 In other words,  we can obtain the unique parent of a module by removing the smallest

among the nodes with minimum weighted degree. From the lemma we know that each module has

a smaller or equal density than its parent. This property is the key for defining the search tree.
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In order to fix a unique parent for each module, we introduce a function ord, which defines

a strict total ordering on the nodes, i.e. for each node pair ,  with  !=  either ord( ) > ord( )

or ord( ) < ord( ) holds.

1.2. Example

Figure 2. Undirected Graph with 4 Nodes and 5 Edges

The picture above shows an weighted, undirected graph with 4 nodes and 5 edges. Suppose

= . . The node set V= {1, 2, 3, 4}, the adjacency matrix

W =  0 1 1 1

1 0 1 0

1 1 0 1

1 0 1 0

Figure 3. Weighted Matrix

We have ({ , }) = ,	 ({ , , }) = / , ({ , , , }) = / .

Now we find the child of {1,2}. ( , { , , }) = , ( , { , , }) =  and ord(1) <

ord(4). So {1, 2, 4} is not a child of {1, 2}, so does {1, 2, 3}. Then {1, 2} has no child. So {1, 2}

is a maximal dense module.

1.3. Dense Module Enumeration Algorithm

The DME algorithm starts with the empty set of nodes and recursively generates children

if  their  densities  do  not  exceed  the  threshold.  The  output  should  be  the  complete  set  of  dense
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modules. The definition of the parent–child relationship shows how to get the parent module from

a module U,  but the children of U cannot be directly derived. Instead, we have to check for all

possible extended modules with one additional node whether U is their parent or not.

Finally, those dense modules that are subsets of other solutions are not so informative. We

call them non-maximal. While these redundant results could be eliminated by checking for each

new module all previous solutions, it is possible to identify locally maximal modules without

requiring additional computation or storage, as shown in Algorithm 1. A module U is locally

maximal  if  and  only  if  for  all v∈V\U, U∪{v} does not satisfy the minimum density threshold.

Although a module with this property could still be non-maximal, it happens rarely in practice.

Algorithm 1: DME for node set V, weight matrix W and minimum density . U represents

the current module. DME is first called with = ∅. list is a global variable storing the result.

The DME algorithm starts with the empty set and recursively generates children if the

density threshold is not violated, yielding thereby the complete set of dense modules. By the

definition of the parent–child relationship, we cannot directly derive the children of a module U

Instead, we must check for all possible extended modules with one additional node whether U is

their parent or not (reverse search principle)

1.4. Explanation

The below algorithm starts with empty list(list). Initially we call the DME with = ∅.we

start with locally maximal (Is Maximal Dense Module) as true and then for each node( v ) that

belongs to V and complement of U ( v ∈ V\U ) we calculate the density of module ( ∪ { }) ≥

, and if the density is greater than or equal to threshold   then we check whether the  is child

of U as per Definition 3 then we add { } to U and we again call DME with ∪ { }. This process
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will go on until we cannot get the Density threshold met or { } is not child of U. thus we get out

maximal Dense Modules (U) list for a give graph.

list = [] #an empty list of modules

DME(V,W,	θ,U):
locallyMaximal = true   #Is Maximal Dense Module?

for each v ∈ V\U do
if ρ (U ∪ {v}) ≥θ then

locallyMaximal = false
if U ∪ {v} is child of U then

DME(V, W, θ, U ∪ {v})
end if

end if
end for
if locallyMaximal then

add U to list
end if

end

Figure 4. DME Psuedo Code

The Above DME code is implemented further on the Densely connected graphs such as

the one shown below to detect all the closely connected Dense Modules depending up on the three-

major  criterion  as  defined  in  the  above  definitions.  Figure  [5]  is  an  example  of  such  densely

connected undirected graph with 100 nodes it has 3896 edges

Figure 5. 100-Node Graph
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2. LITERATURE REVIEW

Network analysis examines the structure of relationships between entities that are present

in the Network, Networks appear as the dominant structures in diverse domains, including

Telecommunications, biology, neuroscience and computer science etc. There is an Academic field

to study the network and it is known as Network Science, The United States National Research

Council defines network science as "the study of network representations of physical, biological,

and social phenomena leading to predictive models of these phenomena". The real-world networks

have an interesting feature known as clustering or Modularity, under which the graph topology is

organized into modules commonly called communities or clusters. A cluster or community can be

considered as a set of entities that are closer each other and the notion here is that nodes of the

same Module/community are highly similar while on the contrary, nodes across modules present

low similarity.

Therefore, the mining of complex Networks with clustering/Modularity being the primary

tool for community detection and evaluation. Modularity is one of the detection methods to

measure the strength of division of a network into clusters(communities) and networks with high

modularity have dense connections between nodes within modules/clusters but sparse connections

with nodes of different modules. Since the modules in networks may have quite different properties

such as node degree, clustering coefficient, betweenness, centrality etc. It is important to detect

the modules that are densely connected in a network. Graph Clustering is being done on nodes

with in a single graph based on some predefined properties such as density, also between individual

graphs by treating them as individual objects and clustering here involves finding densely

connected similar graphs.
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2.1. Introduction

Networks have become ubiquitous as data from various everyday life structures like the

Internet, Social Networks, Electrical grids, telephone networks and road networks and others

including protein-protein interaction networks, neural networks, Gene regulatory networks and

food webs can be mapped and imagined as graphs.

Generally, the real-world networks like above are not random in nature (e.g., the Erdos-

Renyi random graph model) and their inherent structure is not random and they present fascinating

patterns, Real world networks have the patterns and properties, one such property is the edge

distribution with in modules (node groups) is asymmetrical resulting in modules (node groups)

with high internal edges density and low density between them which is referred to clustering or

community structure. As mentioned earlier cluster corresponds to a set of nodes with more edges

inside the set than to the rest of the graph which means the nodes with in a cluster are closer to

each other sharing common properties and characteristics. Even though the real-world networks

are directed or Bi-partite in nature, and to identify the clustering between Directed graphs is more

difficult compared to undirected graphs.

For this paper I have considered the detecting the dense modules in Undirected graphs as

my objective and tried to present my analysis on multiple undirected graphs with varying densities

using Dense Module Enumeration Algorithm, also some other mostly used algorithms to find the

clusters with in an un-directional graph. Detecting the dense modules or subgraphs with in a

network is important exploratory tool in network analysis and several approaches have been

proposed to either partition the whole network in to clusters or finding the single most dense

modules.
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As per latest trends there are multiple approaches to achieve the detection of community

structures in complex graphs and they are roughly categorized as below.

1) Partitioning the nodes of graph into clusters (or modules) Girvan and Newman

Algorithm is a classic example of the above approach.

2) Finding the disjoint dense communities by removing the found community from input

graph.

3) Enumerate all dense subgraphs usually with a Maximal condition and there will be

overlaps among communities. This approach worst case scenario is listing all maximal

cliques and it can grow exponential to input size.

2.1.1. Clique

Cliques are widely used in developing graph-based algorithms to analyze the structure and

function of the network as they used to represent dense communities in complex networks.

Maximum clique problem is extensively studied as they have the direct impact on

numerous studies of complex networks finding all cliques is expensive as they tend to grow

exponentially with addition of every node.it is always a crucial factor to compute the necessary

output at least in linear time complexity and similarly finding cliques also becomes tiresome, Bron-

kerbosch algorithm is referred to one of the fastest algorithm and still widely used to calculate the

number of cliques in graphs.

Clique: A clique, C, in an undirected graph G = (V, E) is a subset of the vertices, C ⊆ V, such that

every two distinct vertices are adjacent.

Maximal Clique: A maximal clique is a clique which is not a proper subset of another clique.

Maximum Clique: It is a clique of the maximum cardinality denoted by ω(G).
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The maximum clique problem (MCP) is to find a maximum clique in each graph G(V,E).

The MCP is used in Various fields including Economics, information retrieval, signal

transmission, fault tolerance and protein-DNA alignment studies.

Given an undirected graph G(V,E) with n vertices and vertex set denoted by V(G), a clique

is any complete subgraph of G. A clique of order r is denoted by Kr, A maximal clique is a clique

that cannot be extended by including one more adjacent vertex, that is, a clique which does not

exist exclusively within the vertex set of a larger clique and A maximum clique of a graph G, is a

clique, such that there is no clique with more vertices also known as cardinality and is denoted by

ω(G).

The Figure [6] represents a graph G and its nontrivial cliques, maximal cliques and

maximum clique. We are more focused on finding the dense subgraphs as the Dense Module

Enumeration is used to find Dense modules hence we are interested more in Quasi-clique.

Figure 6. Maximal and Maximum Clique

2.1.2. Quasi-Clique

Given an undirected graph G(V,E) has a subset of vertices S is an α-quasi-clique if the

induced subgraph has an edge density of at least α, where α is a constant and α ∈(0,1). The

maximum quasi-cliques are quasi-cliques of maximum size and maximal quasi-cliques are quasi-
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cliques that are contained into any other quasi-cliques. Finding the maximal quasi-clique and

enumerating all the quasi-cliques is typically same as finding the dense modules or subgraphs.

2.1.3. Bron–Kerbosch Algorithm

This algorithm is a recursive backtracking algorithm (Depth First search) that searches for

all maximal cliques in a given graph G. More generally, given three sets R, P, and X, it finds the

maximal cliques that include all of the vertices in R, some of the vertices in P, and none of the

vertices in X. The recursion is  initiated by setting R and X to be the empty set  and P to be the

vertex set of the graph.

Below is the pseudo code of the algorithm to find all maximal cliques.

BronKerbosch1(R, P, X):

       if P and X are both empty:

           report R as a maximal clique

       for each vertex v in P:

           BronKerbosch1(R ⋃ {v}, P ⋂ N(v), X ⋂ N(v))

           P := P \ {v}

           X := X ⋃ {v}

Figure 7. Pseudo Code Bron–Kerbosch Maximal Clique

Within each recursive call, the algorithm considers the vertices in P in turn; if there are no

such vertices, it either reports R as a maximal clique (if X is empty), or backtracks.  For each vertex

v  chosen  from P,  it  makes  a  recursive  call  in  which  v  is  added  to  R and  in  which  P  and  X are

restricted  to  the  neighbor  set  N(v)  of  v,  which  finds  and  reports  all  clique  extensions  of  R that

contain v. Then, it moves v from P to X to exclude it from consideration in future cliques and

continues with the next vertex in P.
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2.2. Community Detection Methods

The most fundamental problem in analyzing a network is the ability to detect overlapping

or disjoint communities with in the network.

2.2.1. Clique Percolation Method

The clique percolation method is a popular approach for analyzing the overlapping

community structure of networks. As we have defined earlier communities in network are more

densely connected nodes than others with in a network. CPM builds communities from K-Cliques

and two K-cliques are considered adjacent if they share K-1 nodes between them and A cluster

here is defined as the maximal union of k-cliques that can be reached from each other through a

series of adjacent k-cliques and this definition allows the allows overlap between communities in

a natural way. There are various applications of CPM and majorly used in detecting communities

in Cancer Metastasis studies, Social networks and economic networks. Figure [8] is an example

of CPM for 3-Clique and you can see that clique 1 and clique 2 have 2 nodes adjacent to them. A

K-clique community is Union of all k-cliques that can be reached from each other through a series

of adjacent k-cliques. In the below clique 1 and clique 2 can form the community 1 and clique 3.

Figure 8. 3-Clique Community



14

2.2.2. CPM Algorithm

The CPM algorithm is a Brute force algorithm which involves two steps.

      a) Locate maximal cliques

      b) Convert from cliques to k-clique communities

The algorithm performs the following steps:

1) First find all cliques of size k in the graph K can be determined from degrees of vertices.

2) Add edges if two nodes (cliques) share k-1 common nodes.

3) Convert cliques to communities with each connected component is a community

CPM is widely used algorithm for overlapping communities believed to be NP-Complete

algorithm, even though no closed formula can be given for the algorithm, it works efficiently on

real world problems, however with too many cliques might provide the trivial communities.

2.3. BFS Algorithm

A very simple partitioning algorithm is based on breadth first search (BFS) of a graph, BFS

algorithm traverses the graph level by level and marks each vertex with the level in which it was

visited. Given a connected graph G=(N,E), A node r is distinguished as root, breadth first search

produces a subgraph V1 of G with the same nodes and a subset of the edges, where G1 is a tree

with root r. It marks each node n with a level which is the number of edges on the path from

r-to-n in V1.

Figure 9. BFS Graph
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In a BFS tree there should be no edges connecting nodes in levels differing by more than

1. In other words, all edges are between nodes in the same level or adjacent levels. So that no node

is visited twice so that simply partitioning the graph into nodes at level L or lower, and nodes at

level L+1 or higher, guarantees that only tree and interlevel edges will be cut and there should be

no extra edges connecting tree to leaves as shown in the Figure [9].

2.4. Module Mining Approach

A network or graph given consists a set of Nodes or vertices(V) and interaction between

nodes called as Edges (E) generally the edges are unweighted, so the network representation is a

node and its corresponding neighbor adjacent to it in a tabular form. Using module mining

approach, we can generate all the node sets that are possible most of them are often neglected by

graph partitioning techniques and among these node sets the ones that satisfy user-defined density

threshold in the network represent a dense module and a method has been proposed to exhaustively

enumerate all modules that satisfy the minimum density threshold. Let us say the density threshold

is ‘P’ and all the node sets that have the density greater than or equal to the ‘P’ are considered and

the other node sets are discarded are say in enumeration tree those modules with density less than

threshold are pruned.

There are other graph partition methods that are used like KL algorithm, K-way

partitioning Algorithm, FM algorithm and Spectral bisection etc. but for this paper we have

considered the above algorithms as part of the survey and as we have observed that we can do the

partitioning efficiently with the DME algorithm.
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2.5. Complexity Analysis of DME

In this section we discuss the time complexity of the Dense Enumeration Algorithm, using

module mining approach, we can generate all the node sets that are possible most of them are often

neglected by graph partitioning techniques and among these node sets the ones that satisfy user-

defined density threshold in the network represent a dense module and a method has been proposed

to exhaustively enumerate all modules that satisfy the minimum density threshold. We start with

the  brute  force  solution  with  an  empty  set  of  nodes  and  recursively  generates  children  if  their

densities do not exceed the threshold. The output should be the complete set of dense modules.

The below Figure [10] shows the search space module of the graph {1,2,3,4}. For the below

graph I have observed that the time increases as the density decreases as the number of modules

that are dense increases. Even though reverse search paradigm claims can be achieved in

polynomial time, but we have observed that the below is exponential time algorithm and it is shown

as below.

Figure 10. Search Space Generated by Dense Module Enumeration Algorithm
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G = (V, E): an undirected graph

list = [ ]
DME(V,θ,U):
Locally Maximal = TRUE
for each v∈V\U do

if ρw (U∪\{v})≥θ then
locally Maximal = FALSE
If U∪\{v} is child of U then

DME(V, θ, U∪\{v})
end if

end if
end for
if locally Maximal then

add U to list
end if

end

From  the  above  DME  algorithm,  it  clearly  shows  that  it  takes  O(2ⁿ) to enumerate all

subsets, where N = |V| and it takes O(N*N) in worst case scenario and total time of this algorithm

is O(N*N*2ⁿ) and takes another O(N) in memory as reverse search is also Depth-First Search

algorithm.

DME
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3. IMPLEMENTATION METHODS

3.1. Implementation

The Algorithm 1 is implemented in Python. The python program generates the random

graphs with the set of nodes and edges we desire using various graph packages like NetworkX,

Numpy and Matlab in the format shown below and the DME program which is also written in

Python, reads the graph from a .txt file. As mentioned above the inputs should have following

formats. (This is a representation of the example above)

1 2

1 3

1 4

2 3

3 4

The  input  of  this  format  will  be  stored  in  a  matrix  w of  dimension  n*n,  where  n  is  the

maximal number appeared in the input file. w[i][j] = 1 if and only if “i j” is a line in the input. It

output the number of local maximal modules that satisfy the density threshold .

3.2. Test Graph Data

The Table [1] represents the three graphs Graph1, Graph2 and Graph3 that we generated,

with number of nodes and edges of each graph. The below graphs will be used in our test cases

Table 1. Graph Table

Test Data Graph1 Graph2 Graph3

Number of Nodes 8 34 99

Number of Edges 11 78 125
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We generate various Time dependent result and calculate the number of dense modules for

each graph from above mentioned Table [1] and we test these graphs against multiple threshold

densities and table the results with Time take and number of maximal dense modules generated.

3.3. Test Case-1: DME Algorithm Performance with Density	 =

First, we test how does the time consumed change, depend on the size of the graph and the

output (Number of dense modules) when density = 1, the below Table [2] represents the output

of the 25 independent tests that are performed with the same density threshold and on same cluster.

Table 2. Output Result Table ( = )

Test Data Graph1 Graph2 Graph3

Output 7 36 60

Time(s) 0.123842 0.150371 0.29904

3.4. Test Case-2: DME Algorithm Performance with Density	 = .

Then we test how test how does the time consumed change depending on the size of the

graph and output when = 0.6, the below data is an average mean of the 25 independent tests that

are performed with the same density threshold and same cluster.

Table 3. Output Result Table ( = . )

Test Data Graph1 Graph2 Graph3

Output 7 836 881

Time(s) 0.123557 1.467505 13.060107

3.5. Test Case Result Comparison

Here we compare the results when the threshold  changes what is the change in Time and

output dense module for each sample graph.
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3.5.1. Test Case Results Graph1

Table [4] shows the results for the graph 1 which is the average value of 25 independent

tests that are performed against the same graph with same density on same cluster and we can see

that for the smaller graphs we don’t see any major difference in time for the low density and high-

density thresholds.

Table 4. Output Result Table-Graph1

Density  θ= 1  θ= 0.8  θ= 0.6 θ= 0.4

Output 7 6 7 4

Time(s) 0.16498 0.12587 0.11659 0.14255

3.5.2. Test Case Results Graph2

Table [5] shows the results for the graph 2 which is the average value of 25 independent

tests that are performed against the same graph with same density on same cluster and we can see

That for the smaller graphs we see major difference in time for lower thresholds as the

number modules that satisfy the criteria increases and the Time takes to enumerate increases.

Table 5. Output Result Table-Graph2

Density θ= 1 θ= 0.8 θ= 0.6 θ= 0.4

Output 36 64 836 Not stopped

Time(s) 0.19188 0.201 1.49968 More than 2 minutes
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3.5.3. Test Case Results Graph3

Table [6] shows the results for the graph 3 which is the average value of 25 independent

tests that are performed against the same graph with same density on same cluster and we can see

That for the smaller graphs we see major difference in time for lower thresholds as the number

modules that satisfy the criteria increases and the Time takes to enumerate increases. We can see

the time complexity increases sharply when density  decreases.

Table 6. Output Result Table-Graph3

Density  θ= 1  θ= 0.8  θ= 0.6 θ= 0.4

Output 60 59 881 Not stopped

Time(s) 0.309584 0.434076 12.77533 More than 2 minutes
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4. EXPERIMENTAL SETUP AND RESULTS

4.1. Implementation

The random graphs were generated using the number of nodes and number of edges as the

input (constant inputs for 10 samples).

Scenario 1: Number Nodes=10 and random density for the graph is given and 10 random graphs

were generated using the below python code.

Scenario 2: Number Nodes=20 and random density for the graph is given and 10 random graphs

were generated using the below python code.

Scenario 3: Number Nodes=30 and random density for the graph is given and 10 random graphs

were generated using the below python code.

4.2. Random Graph Generation

import numpy as NP

import networkx as NX

import matplotlib.pyplot as plt

list_edges=[] n=int(raw_input('enter no. of nodes: '))

m=int(raw_input('enter no. of edges: '))

G=NX.gnm_random_graph(n,m,seed=None,directed=False)

AM=NX.to_numpy_matrix(G)

x=AM.transpose()

NP.savetxt("AM.txt",AM,delimiter=' ',newline="\n",fmt='%d');

AMZ=NP.loadtxt('AM.txt',dtype=int)

 rows,cols=NP.where(AMZ==1)
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edges = zip(rows.tolist(), (cols).tolist())

 for a,b in edges:

if (b,a) not in list_edges:

list_edges.append((a,b))

#print list_edges

target=open("graph1.txt","w")

for i in list_edges:

j=str(i).strip("(,)")

j=j.replace(","," ")

#print j

target.write(j)

target.write("\n")

#print type(j)

target.close()

G.add_edges_from(edges)

NX . draw ( G )

plt . savefig ( "simple_graph)

The above code is implemented for 10 times with same number of nodes and edges to get

10 random graphs.
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4.3. Example Graph

The below Figure [11] represents the node number in graph and their corresponding edge.

So, node 0 and node 1 has an edge similarly node 1 and node 5 has an edge as shown below in the

graph image, this graph below is stored in a txt file as graph1.txt.

0 1

1 5

4 8

6 8

7 8

Figure 11. 10-Node Sample Graph

Like above another 9 random graphs were generated and applied with the DME algorithm

to generate the dense modules of the graphs depending up on the density ( ) given.
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4.4. DME

import itertools
import numpy as np
import sys
import time
modules_lst=[]  # the list of result
theta=0         # the threshold
mat=None        # the edge matrix
V=[]            # list of nodes

def deleteFromV(U):
    l=[]
    for v in V:
        if v not in U:
            l.append(v)
    return l

def DME(U):
    locallyMaximal=True
    for v in deleteFromV(U):
        U1=list(U)
        U1.append(v)
        if dense(U1)>=theta:
            locallyMaximal=False
            if isChild(v,U1):
                DME(U1)
    if locallyMaximal:
        modules_lst.append(U)

def dense(U):
    cnt=0
    for i in U:
        for j in U:
            if i!=j and mat[i][j]==1:
                cnt+=1
    n=len(U)
    if n==1:
        return 1
    return float(cnt)/(n*(n-1))

def isChild(v,U):
    for u in U:
        if u==v:

                  continue
                     d1=deg(v,U)
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d2=deg(u,U)
if d1>d2:

return False
if d1==d2 and v>u:

return False
return True

def deg(v,U):
cnt=0
for u in U:

if mat[u][v]==1:
cnt+=1

return cnt

def empty(seq):
try:

return all(map(empty, seq))
except TypeError:

return False

start=time.clock()
if int(len(sys.argv))<3:

print("Please give the filename and density threshold")
exit(1)

elif float(sys.argv[2])>1 or float(sys.argv[2])<=0:
print("please enter density between 0 and 1")

else:
fname = sys.argv[1]
theta= float(sys.argv[2])

try:
a = np.loadtxt(fname, dtype='int')
n=int(np.amax(a)) # max element of array
V=range(0,n+1)    # nodes are represented as [1,2,...n]
mat=[[0 for x in range(n+1)] for x in range(n+1)]  # matrix to show edges
for line in a:

mat[line[0]][line[1]]=1
mat[line[1]][line[0]]=1

DME([])
if empty(modules_lst)==True:

pass
else:

print ("maximal dense modules: ",modules_lst)
print ("no.of maximal dense modules: ",len(modules_lst))
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End= time.clo ck()
time_taken=End-start
print("time taken: ",time_taken)

except IOError:
print("File '%s' doesn't exist", fname)
exit(1)

4.5. Mean and Variance

The Code to find the mean variance and standard deviation of the number of the modules

for  all  the  densities  for  a  given  graph  drive  the  Mean,  Variance  and  standard  deviation  to

understand the modules statistically.

import numpy as np

num_array = list()

num = raw_input("Enter how many elements you want:")

print 'Enter numbers in array: '

for i in range(int(num)):

l = raw_input("num :")

num_array.append(int(l))

print int(sum(num_array)/len(num_array))

variance=np.var(num_array)

print 'mean:', np.mean(num_array)

print 'variance:', variance
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4.6. Output Results on Random Graphs

To drive the output of the DME Code, generated 10 random graphs for the same set  of

Nodes and here we consider the Vertices 10, 20 and 30 using the Random graph Generation, After

the random graphs generated, the Above DME code is applied on them to drive the outputs,

Outputs are generated for the density 0.1,0.5,0.9 and 1.0 and found the number of dense modules

for each graph and for the give density and also calculated the time taken for the completion of the

code with same the hardware parameters where I have benchmarked using an Intel I5 processor

with 4 cores.

4.6.1. Output for N=10

We Consider the 10 random graphs Figure [12]- Figure [21] that are generated using the

random graph generation method, for the same number of vertices 10.After that apply the DME

code as mentioned above then drive the dense modules of densities 0.1,0.5.0.9 and 1,0 and then

the results are captured and tabulated in Table [7], the Table [7] represents the Graphs (Graph1-

Graph10) and number of edges(E), the columns are represented by the Density from 0.1, 0.5, 0.9

and 1.0 and the rows by Number of Dense Modules and Time taken is represented in seconds. It

is observed that as the number of edges increases, and the density threshold is low the time taken

to get the number of Dense modules increases.

Figure 12. Graph1 (N=10)
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Figure 13. Graph2 (N=10)

Figure 14. Graph3 (N=10)

Figure 15. Graph4 (N=10)

Figure 16. Graph5 (N=10)

Figure 17. Graph6 (N=10)
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Figure 18. Graph7 (N=10)

Figure  19. Graph8 (N=10)

Figure 20. Graph9 (N=10)

Figure 21. Graph10 (N=10)
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Table 7. Output Result N=10

Graphs Density Elements Density=0.1 Density=0.5 Density=0.9 Density=1

Graph1 0.44
Number of Dense Modules 1 11 12 12

Time Taken 0.0449 0.016346 0.001128 0.001162

Graph2 0.24
Number of Dense Modules 1 14 11 11

Time Taken 0.017149 0.002301 0.000662 0.000664

Graph3 0.89
Number of Dense Modules 1 1 7 6

Time Taken 0.047647 0.046738 0.024879 0.012176

Graph4 0.56
Number of Dense Modules 1 1 9 10

Time Taken 0.045786 0.033807 0.001832 0.00172

Graph5 0.25
Number of Dense Modules 1 16 9 9

Time Taken 0.040368 0.002389 0.000728 0.000737

Graph6 0.49
Number of Dense Modules 1 5 8 9

Time Taken 0.043851 0.025016 0.00165 0.001578

Graph7 0.82
Number of Dense Modules 1 1 26 10

Time Taken 0.046808 0.046808 0.011202 0.006252

Graph8 0.65
Number of Dense Modules 1 1 20 13

Time Taken 0.045325 0.041121 0.003001 0.002357

Graph9 0.27
Number of Dense Modules 2 25 7 7

Time Taken 0.039017 0.004151 0.000836 0.000833

Graph10 0.8
Number of Dense Modules 1 1 17 7

Time Taken 0.044465 0.044646 0.011058 0.006288
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4.6.2. Output for N=20

Below are the 10 random graphs from Figure [22]-to-Figure [31] that are generated for the

same number of vertices 20 and we found the below data as shown in the Table [8] below. The

below table represents the Graphs (Graph1-Graph10) and number of edges(E), the columns are

represented by the Density from 0.1, 0.5, 0.9 and 1.0 and the rows by Number of Dense Modules

and time taken is represented in seconds. It is observed that as the number of edges increases, and

the density threshold is low the Time taken to get the number of Dense modules increases.

Figure 22. Graph1 (N=20)

Figure 23. Graph2 (N=20)

Figure 24. Graph3 (N=20)
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Figure 25. Graph4 (N=20)

Figure 26. Graph5 (N=20)

Figure 27. Graph6 (N=20)

Figure 28. Graph7 (N=20)
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Figure 29. Graph8 (N=20)

Figure 30. Graph9 (N=20)

Figure 31. Graph10 (N=20)
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Table 8. Output Result N=20

Graphs Density Elements Density=0.1 Density=0.5 Density=0.9 Density=1

Graph1 0.584
Number of Dense Modules 1 1 258 74

Time Taken 265.05175 260.906478 0.075089 0.070812

Graph2 0.842
Number of Dense Modules 1 1 262 182

Time Taken 289.71228 286.155798 29.870342 2.593578

Graph3 0.839
Number of Dense Modules 1 1 501 127

Time Taken 288.85974 273.5232 12.650719 0.514927

Graph4 0.747
Number of Dense Modules 1 1 942 87

Time Taken 266.53563 241.974316 3.377125 0.498791

Graph5 0.305
Number of Dense Modules 1 631 33 34

Time Taken 288.78073 0.946513 0.00569 0.005479

Graph6 0.963
Number of Dense Modules 1 1 1 16

Time Taken 295.65458 277.356375 250.939609 53.57742

Graph7 0.358
Number of Dense Modules 1 814 43 39

Time Taken 266.6246 6.257525 0.018086 0.016252

Graph8 0.542
Number of Dense Modules 1 1 175 57

Time Taken 270.67381 209.58353 0.156951 0.066735

Graph9 0.674
Number of Dense Modules 1 1 549 76

Time Taken 298.20888 262.497866 1.222057 0.247942

Graph10 0.316
Number of Dense Modules 1 933 26 27

Time Taken 263.22971 1.625914 0.014341 0.013567
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4.6.3. Output for N=30

Below are the 10 random graphs that are generated from Figure [32]-to-Figure [41] for the

same number of vertices 30 and we found the below data as shown in the Table [9] below. The

below table represents the Graphs (Graph1-Graph10) and number of edges(E), the columns are

represented by the Density from 0.1, 0.5, 0.9 and 1.0 and the rows by Number of Dense Modules

and time taken is represented in seconds. It is observed that as the number of edges increases, and

the density threshold is low the Time taken to get the number of Dense modules increases.

Figure 32. Graph1 (N=30)

Figure 33. Graph2 (N=30)
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Figure 34. Graph3 (N=30)

Figure 35. Graph4 (N=30)

Figure 36. Graph5 (N=30)

Figure 37. Graph6 (N=30)
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Figure 38. Graph7 (N=30)

Figure 39. Graph8 (N=30)

Figure 40. Graph9 (N=30)

Figure 41. Graph10 (N=30)
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Table 9. Output Result N=30

Graphs Density Elements Density=0.5 Density=0.9 Density=1

Graph1 0.715
Number of Dense Modules 19998 10905 519

Time Taken 2565.345 75.039 3.134

Graph2 0.232
Number of Dense Modules 2673 58 59

Time Taken 6.177 0.017097 0.0159

Graph3 0.331
Number of Dense Modules 39248 101 88

Time Taken 2768.63417 0.0437 0.0365

Graph4 0.556
Number of Dense Modules 46483 1617 221

Time Taken 6985.34 3.1787 0.647

Graph5 0.933
Number of Dense Modules 33883 512 504

Time Taken 6887.364 617.234 595.812

Graph6 0.825
Number of Dense Modules 12735 1098 838

Time Taken 877.356375 450.939609 36.27

Graph7 0.09
Number of Dense Modules 167 34 34

Time Taken 0.0474 0.00517 0.00496

Graph8 0.182
Number of Dense Modules 1254 48 48

Time Taken 1.307 0.01093 0.01086

Graph9 0.365
Number of Dense Modules 1386 118 107

Time Taken 154.497866 0.0916 0.077

Graph10 0.775
Number of Dense Modules 21368 8798 497

Time Taken 2721.945 99.426 15.27471
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4.7. Mean Dense Modules

Below is the Box plot that show the distribution of Dense modules w.r.t to their nodes,

when density=1

Figure 42. Mean of Number of Dense Modules for N=10,20&30 and Density = 1
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4.8. Performance on Real-World Networks

In the below section we have performed tests on ten graphs using DME algorithm on real

world Networks downloaded from the Stanford Large network Repository [24] and network

repository [25].  I have tabulated the results of tests for varying density thresholds. As graphs

becomes larger, the time taken to enumerate the dense modules increases exponentially and for

very large graphs it is taking days with current hardware limits or the system is crashing before it

is completed. Table [11] shows the number of dense modules and running time of the DME with

varying density thresholds. We can observe that the as for the large graphs the time taken increases

exponentially and similarly as density decreases time taken increases. The below Table [10]

consists of the real-world examples from network repository.

Table 10. Real-World Networks

Graph Name Graph ID |V| |E| Ρ

DOLPHINS 1 62 159 0.0841

FIRM-HI-TECH 2 33 124 0.235

KARATE 3 34 78 0.139

bn-mouse_visual-cortex_2 4 193 214 0.0115

MACAQUE-RHESUS-BRAIN-1 5 242 4.1K 0.14

ca-sandi auths 6 86 124 0.03393

ENZYMES_g139 7 38 164 0.2333

ENZYMES_g199 8 62 216 0.1142

ENZYMES-G119 9 12 44 0.6667

Everglades 10 69 911 0.388
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The below Table [11] consists of the tests and results that were performed, and results show

the number of dense modules extracted and time taken to perform the tests.

Table 11. Dense Modules and Running Time on Real World Graphs

Graph
ID

DME
(θ=0.5)

TIME
(secs)

DME
(θ=0.9)

TIME
(secs)

DME
(θ=1)

TIME
(secs)

1 9895 34.358 94 0.0552 85 0.048125

2 7288 49.131 52 0.0281 44 0.0243

3 3464 0.0142 36 0.0141 37 0..131

4 21615 21.372 210 0.1252 210 0.1242

5 188864 34356.654 122023 18311.336 2872 296.956

6 3216 3.321 66 0.0428 66 0.0414

7 917 0.769 44 0.0131 44 0.0126

8 1108 0.904 86 0.0235 86 0.0219

9 17 0.239 5 0.1101 5 0.1061

10 276543 30321.234 124856 2792.904 1648 19.538

Figure 43. DME Performance for θ = 0.5
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Figure 44. DME Performance for θ = 0.9

Figure 45. DME Performance for θ = 1

The below Figures [43], [44] and [45] shows the results of tests that were performed. The

primary Y-Axis shows the number modules that were enumerated for the real-world networks that

we have from network repository and the secondary Y-Axis represents the time taken in seconds

to complete the tests and X-Axis represents the Graphs that were shows Table [11].
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5. CONCLUSIONS AND FUTURE WORK

Given an Unweighted Network and Undirected network, The Dense Module Enumeration

algorithm extracts all densely connected modules with in network with density condition and

reverse search technique. Given the algorithms capability to be useful in both weighted and

unweighted  network  it  can  be  extended  to  solve  real  world  optimization  problems  such  as

biological applications. DME is useful tool in network Comparison and classification.

In this paper, the dense module enumeration algorithm has been tested using three different

networks. Four different test cases have been designed to test the algorithm using the density

parameter w.r.t time.

In the above test cases the networks are ran against four density functions and average of

the best values over 10 independent runs have been calculated to extract the Times. It was observed

that the algorithm performed better at higher density. Experiments on real world social, biological

and chemical networks are done and we showed the performance of algorithms on various

networks with varying densities.

In the future, we plan to improve the performance especially with advent of parallel

processing computation such Spark GraphX library, as well as test the hybrid networks by

changing various input parameters and incorporate the functionality of weighted networks to

extend it to various real-world optimization problems.
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