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kXRX JB+`Q;2H 7Q`K�iBQM #v T`2+BTBi�iBQM TQHvK2`Bx�iBQM (jd)X X X X X X X X X X X X X X X X X X X Rj

kXkX a+?2K�iB+ /B�;`�K Q7 i?2 b2i@mT 7Q` � /vM�KB+ HB;?i b+�ii2`BM; U.GaV BMbi`mK2Mi (3y)X X R9

jXRX S`BKBiBp2 KQ/2H Q7 +?�`;2/ bT?2`B+�H K�+`QBQMbUH�`;2 +v�M bT?2`2bV �M/ TQBMi KB+`QBQMb
UbK�HH `2/f#Hm2 bT?2`2bV /BbT2`b2/ BM � /B2H2+i`B+ +QMiBMmmKX X X X X X X X X X X X X X X X kj

jXkX � bBM;H2 bT?2`B+�H BQMB+ KB+`Q;2H Q7 p�H2M+2 w BM r�i2`X h?2 KB+`Q;2H Bb T2`K2�#H2 iQ
r�i2` �M/ bK�HH BQMb UbK�HH2` bT?2`2b U`2/ +QmMi2`BQMbV �M/ U#Hm2 +QBQMbVVX X X X X X X X kj

jXjX a+?2K�iB+ `2T`2b2Mi�iBQM Q7 +2HH KQ/2HX X X X X X X X X X X X X X X X X X X X X X X X X X X X X k8

jX9X a+?2K�iB+ `2T`2b2Mi�iBQM Q7 i?2 +2HH KQ/2H rBi? bT?2`B+�H BQMB+ KB+`Q;2H Q7 brQHH2M `�/Bmb
a U/`v `�/Bmb a0V �M/ p�H2M+2 Z +2Mi2`2/ BM � bT?2`B+�H +2HH Q7 `�/Bmb R �HQM; rBi?
KB+`QBQMbX h?2 `�/Bmb R Q7 i?2 +2HH Bb }t2/- �M/ #Qi? +QmMi2`BQMb UbK�HH `2/ bT?2`2bV
�M/ +QBQMb UbK�HH #Hm2 bT?2`2bV �`2 7`22 iQ KQp2 i?`Qm;?Qmi i?2 +2HH pQHmK2X X X X X X X ke

jX8X � KB+`Q+�TbmH2 Q7 BMM2` brQHH2M `�/Bmb a- �M/ Qmi2` brQHH2M `�/Bmb b +QMi�BMBM; N±
KB+`QBQMb Bb TH�+2/ �i i?2 +2Mi2` Q7 � bT?2`B+�H +2HHX h?2 `�/Bmb R Q7 i?2 +2HH Bb }t2/ #v
i?2 Qp2`�HH KB+`Q+�TbmH2 +QM+2Mi`�iBQM BMbB/2 i?2 bQHmiBQM- R = ( b

φ1/3 )X "Qi? +QmMi2`BQMb
UbK�HH `2/ bT?2`2bV �M/ +QBQMb UbK�HH #Hm2 bT?2`2bV �`2 7`22 iQ i?`Qm;?Qmi Qp2` i?2 +2HH
pQHmK2X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X kd

jXeX a+?2K�iB+ `2T`2b2Mi�iBQM Q7 i?2 +2HH KQ/2H +vHBM/`B+�H KB+`Q;2Hb Q7 brQHH2M `�/Bmb a U/`v
`�/Bmb a0V �M/ HBM2�` +?�`;2 /2MbBiv λ +2Mi2`2/ BM � +vHBM/`B+�H +2HH Q7 `�/Bmb R �HQM; rBi?
KB+`QBQMbX h?2 `�/Bmb R Q7 i?2 +2HH Bb }t2/- �M/ #Qi? +QmMi2`BQMb UbK�HH `2/ bT?2`2bV
�M/ +QBQMb UbK�HH #Hm2 bT?2`2bV �`2 7`22 iQ KQp2 i?`Qm;?Qmi i?2 +2HH pQHmK2X X X X X X X kd

jXdX �M BHHmbi`�iBQM Q7 i?2 QM2@+QKTQM2Mi KQ/2H +QM+2TiX X X X X X X X X X X X X X X X X X X X X jy

jX3X S`BKBiBp2 KQ/2H Q7 #BM�`v KBtim`2 Q7 +?�`;2/ KB+`Q;2Hb, irQ bT2+B2b Q7 +?�`;2/ K�+`QBQM
Q7 p�H2M+2b Zm U#B; +v�M bT?2`2bV �M/ Zn UbK�HH +v�M b?T2`2bV- KB+`QBQMb U+QmMi2`BQMb
�M/ +QBQMbV- �M/ BKTHB+Bi bQHp2MiX X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X jR

t



9XRX � `2T`2b2Mi�iBQM Q7 Qp2`H�TTBM; bm`7�+2@+?�`;2/ KB+`Q;2HbX X X X X X X X X X X X X X X X X X 8e

9XkX � `2T`2b2Mi�iBQM Q7 Qp2`H�TTBM; bm`7�+2@+?�`;2/ KB+`Q;2Hb- r?2`2 i?2 y Bb i?2 p2`iB+�H
/Bbi�M+2 #2ir22M S �M/ i?2 HBM2 DQBMBM; i?2 +2Mi2`b Q7 i?2 irQ KB+`Q;2Hb- x Bb i?2 ?Q`@
BxQMi�H /Bbi�M+2 #2ir22M P �M/ i?2 `BM; Q7 BMi2`b2+iBQM Q7 i?2 irQ KB+`Q;2H bm`7�+2b-
x0 = −r/2- �M/ x1 = aX X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X 8d

9XjX �M BHHmbi`�iBQM Q7 irQ Qp2`H�TTBM; /BbbBKBH�` bT?2`B+�H bm`7�+2@+?�`;2/ KB+`Q;2HbX X X X X e8

9X9X � ;2QK2i`B+ `2T`2b2Mi�iBQM Q7 irQ Qp2`H�TTBM; /BbbBKBH�` bT?2`B+�H bm`7�+2@+?�`;2/ KB@
+`Q;2HbX h?2B` `�/BB �`2 am �M/ an- �M/ i?2 /Bbi�M+2 #2ir22M i?2B` +2Mi2`b Bb rX y Bb
i?2 p2`iB+�H /Bbi�M+2 #2ir22M S �M/ i?2 HBM2 DQBMBM; i?2 +2Mi2`b Q7 i?2 irQ KB+`Q;2Hb-
x Bb i?2 ?Q`BxQMi�H /Bbi�M+2 #2ir22M P �M/ i?2 `BM; Q7 BMi2`b2+iBQM Q7 i?2 irQ KB+`Q;2H
bm`7�+2b- x0 =

(
a2

n−a2
m+r2

2r

)
- �M/ x1 = anX X X X X X X X X X X X X X X X X X X X X X X X X X X X ed

8XRX aM�Tb?Qi Q7 J. bBKmH�iBQM Q7 BQMB+ bT?2`B+�H KB+`Q;2H �M/ +QmMi2`BQMbX X X X X X X X X X dk

8XkX aM�Tb?Qi Q7 J. bBKmH�iBQM Q7 BQMB+ +vHBM/`B+�H KB+`Q;2H �M/ +QmMi2`BQMbX X X X X X X X X dk

8XjX hvTB+�H bM�Tb?Qi 7`QK � J* bBKmH�iBQM Q7 � bmbT2MbBQM Q7 +QKT`2bbB#H2- BQMB+- bT?2`B+�H
KB+`Q;2Hb Q7 ~m+im�iBM; bBx2 BM � +m#B+ #Qt rBi? T2`BQ/B+ #QmM/�`v +QM/BiBQMb BM i?2
+Q�`b2@;`�BM2/ KQ/2HX X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X dd

eXRX *QmMi2`BQM MmK#2` /2MbBiv T`Q}H2b �`QmM/ �M BQMB+ KB+`Q+�TbmH2 Q7 BMM2` �M/ Qmi2` /`v
`�/BB a0 4 Ry MK �M/ b0 4 RkX8 MK- `2bT2+iBp2Hv- rBi? brQHH2M `�/BB a 4 k8 MK �M/
b4 jRXk8 MK- �M/ p�H2M+2 MmK#2` Z = 1000 BM �[m2Qmb bQHp2Mi 7`QK J. bBKmH�iBQMb
UbvK#QHbV �M/ S" i?2Q`v UbQHB/ +m`p2bV BM i?2 +2HH KQ/2H �i /`v pQHmK2 7`�+iBQMb φ0 4
yXyR- yXyk- yXyjX X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X dN

eXkX S�M2H U�V b?Qrb +QMi`B#miBQMb iQ i?2 QbKQiB+ T`2bbm`2 U2H2+i`Qbi�iB+ �M/ ;2HV BMbB/2 i?2
BQMB+ KB+`Q+�TbmH2 p2`bmb KB+`Q+�TbmH2 br2HHBM; `�iBQ 7Q` /`v KB+`Q+�TbmH2 pQHmK2 7`�+@
iBQMb φ0 4 yXyR@yXy8X 1H2+i`Qbi�iB+ T`2bbm`2 πe U1[m�iBQM 9XR3V 7`QK SQBbbQM@"QHixK�MM
i?2Q`v UbQHB/ `2/ +m`p2bV �M/ 7`QK bBKmH�iBQMb UQT2M `2/ bvK#QHbV- #Qi? BM i?2 +2HH
KQ/2HX 1H�biB+ ;2H T`2bbm`2 πg U/�b?2/ +m`p2V 7`QK 6HQ`v@_2?M2` i?2Q`vX �i 2[mBHB#@
`BmK br2HHBM;- i?2 iQi�H KB+`Q;2H QbKQiB+ T`2bbm`2 p�MBb?2b, πe Y πg 4 y U}HH2/ bvK#QHbVX
S�M2H U#V b?Qrb 2[mBHB#`BmK br2HHBM; `�iBQ α pbX /`v pQHmK2 7`�+iBQM φ0 7Q` b�K2 bvbi2K
T�`�K2i2`b �b BM 6B;m`2 eXk U�VX X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X 3y

eXjX S�M2H U�V /BbTH�vb /2T2M/2M+2 Q7 2[mBHB#`BmK br2HHBM; `�iBQ α QM i?2 KB+`Q+�TbmH2 /`v
BMM2` `�/Bmb rBi? p�H2M+2 Z = 1000 �M/ /`v pQHmK2 7`�+iBQM φ0 = 0.02- r?BH2 T�M2H U#V
/BbTH�vb /2T2M/2M+2 Q7 α QM i?2 KB+`Q+�TbmH2 Qmi2` /`v `�/Bmb rBi? b�K2 T�`�K2i2`b
�b BM T�M2H U�VX X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X 3k

eX9X S�M2H U�V /BbTH�vb M2i p�H2M+2 Znet �b � 7mM+iBQM Q7 2[mBHB#`BmK br2HHBM; `�iBQ α rBi?
}t2/ BMM2` �M/ Qmi2` /`v `�/BB- r?BH2 T�M2H U#V /BbTH�vb M2i p�H2M+2 �b � 7mM+iBQM Q7 /`v
pQHmK2 7`�+iBQM rBi? b�K2 T�`�K2i2`b �b BM T�M2H U�VX X X X X X X X X X X X X X X X X X X X 3j

tB



eX8X *QmMi2`BQM MmK#2` /2MbBiv T`Q}H2b �`QmM/ � bm`7�+2@+?�`;2/ KB+`Q;2H Q7 /`v `�/Bmb a0
4 Ry MK- brQHH2M `�/Bmb a 4 k8 MK- �M/ p�H2M+2 Z = 1000 BM �M �[m2Qmb bQHp2Mi-
7`QK J. bBKmH�iBQMb UbvK#QHbV �M/ S" i?2Q`v U+m`p2bV BM i?2 +2HH KQ/2H �i /`v pQHmK2
7`�+iBQMb φ0 4 yXyR- yXyk- yXyjX X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X 39

eXeX S�M2H U�V b?Qrb +QMi`B#miBQMb iQ QbKQiB+ T`2bbm`2 U2H2+i`Qbi�iB+ �M/ ;2HV 7Q` � bm`7�+2@
+?�`;2/ KB+`Q;2H p2`bmb br2HHBM; `�iBQ α 7Q` /`v +?�`;2/ pQHmK2 7`�+iBQMb φ0 4 yXyR@yXy8X
1H2+i`Qbi�iB+ QbKQiB+ T`2bbm`2 πe 7`QK SQBbbQM@"QHixK�MM i?2Q`v U`2/ +m`p2bV �M/ 7`QK
J. bBKmH�iBQMb UQT2M `2/ bvK#QHbV- #Qi? BM i?2 +2HH KQ/2HX :2H T`2bbm`2 πg U/�b?2/
+m`p2V 7`QK 6HQ`v@_2?M2` i?2Q`vX �i 2[mBHB#`BmK br2HHBM;- i?2 iQi�H BMi2`M�H QbKQiB+
T`2bbm`2 p�MBb?2b, πe Y πg 4 y U}HH2/ bvK#QHbVX S�M2H U#V /BbTH�vb 2[mBHB#`BmK br2HHBM;
`�iBQ α pbX /`v pQHmK2 7`�+iBQM φ0 7Q` pQHmK2@+?�`;2/ U#Hm2 +B`+H2V �M/ bm`7�+2@+?�`;2/
U`2/ +B`+H2V KB+`Q;2HbX X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X 38

eXdX 1[mBHB#`BmK br2HHBM; `�iBQ α pbX /`v pQHmK2 7`�+iBQM φ0 7Q` mMB7Q`K bm`7�+2@+?�`;2/
KB+`Q;2Hb Q7 p�H2M+2 Z = 1000 �M/ +QHH�Tb2/ `�/Bmb a0 = 10 MK BM �[m2Qmb bQHmiBQMb
rBi? bvbi2K b�Hi +QM+2Mi`�iBQMb cs = 0 U`2/ QT2M +B`+H2bV- 10 KJ U;`22M b[m�`2bV- �M/
20 KJ U#H�+F bQHB/ +B`+H2bVX X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X 3e

eX3X *QmMi2`BQM /2MbBiv n+(r) pb `�/B�H /Bbi�M+2 r 7`QK i?2 +2Mi2` Q7 � +vHBM/`B+�H +2HH UBM
mMBib Q7 +2HH `�/Bmb RV 7Q` bm`7�+2@+?�`;2/ +vHBM/`B+�H KB+`Q;2HX X X X X X X X X X X X X X X 33

eXNX U�V *QMi`B#miBQMb iQ BMi2`M�H QbKQiB+ T`2bbm`2 BMbB/2 � +vHBM/`B+�H bm`7�+2@+?�`;2/ KB@
+`Q;2H pbX `�/B�H br2HHBM; `�iBQ 7Q` b�Hi +QM+2Mi`�iBQM cs = 0.0 − 2 KJ UiQT iQ #QiiQKV
�M/ HBM2�` +?�`;2 /2MbBiv λ = 500X U#V *QMi`B#miBQMb iQ BMi2`M�H QbKQiB+ T`2bbm`2 BMbB/2
� +vHBM/`B+�H bm`7�+2@+?�`;2/ KB+`Q;2H pbX `�/B�H br2HHBM; `�iBQ 7Q` HBM2�` +?�`;2 /2MbBiv
λ = 100 − 500 UiQT iQ #QiiQKV �M/ cs = 0X 1H2+i`Qbi�iB+ T`2bbm`2 πe,r 7`QK S" i?2Q`v
UbQHB/ +m`p2bVX _�/B�H ;2H T`2bbm`2 πg,r U/�b?2/ +m`p2V 7`QK i?2 6HQ`v@_2?M2` i?2Q`vX
�i 2[mBHB#`BmK br2HHBM;- i?2 iQi�H BMi2`M�H QbKQiB+ T`2bbm`2 p�MBb?2b, πe,r + πg,r = 0
U}HH2/ bvK#QHbVX X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X 3N

eXRyX U�V 1[mBHB#`BmK `�/B�H br2HHBM; `�iBQ αr pbX b�Hi +QM+2Mi`�iBQM 7Q` bm`7�+2@+?�`;2/ +vHBM@
/`B+�H KB+`Q;2H +QKTmi2/ pB� MQMHBM2�` S" i?2Q`vX U#V 1[mBHB#`BmK `�/B�H br2HHBM; `�iBQ
αr pbX HBM2�` +?�`;2 /2MbBiv 7Q` bm`7�+2@+?�`;2/ +vHBM/`B+�H KB+`Q;2H 7Q` cs = 0X X X X X X Ny

eXRRX *QMi`B#miBQMb iQ BMi2`M�H QbKQiB+ T`2bbm`2 BMbB/2 � +vHBM/`B+�H bm`7�+2@+?�`;2/ KB+`Q;2H
pbX �tB�H br2HHBM; `�iBQ 7Q` U�V HBM2�` +?�`;2 /2MbBiv λ = 500 �M/ b�Hi +QM+2Mi`�iBQM
cs = 0.0 − 2 KJ UiQT iQ #QiiQKV- �M/ U#V λ = 100 − 500 U#QiiQK iQ iQTV �M/ cs = 0X
1H2+i`Qbi�iB+ �tB�H T`2bbm`2 πe,a 7`QK S" i?2Q`v UbQHB/ +m`p2bV �M/ �tB�H ;2H T`2bbm`2
πg,a U/�b?2/ +m`p2V 7`QK i?2 6HQ`v@_2?M2` i?2Q`vX �i 2[mBHB#`BmK br2HHBM;- i?2 iQi�H
BMi2`M�H QbKQiB+ T`2bbm`2 p�MBb?2b, πe,a + πg,a = 0 U}HH2/ bvK#QHbVX X X X X X X X X X X X Nk

eXRkX 1[mBHB#`BmK �tB�H br2HHBM; `�iBQ αa pbX U�V b�Hi +QM+2Mi`�iBQM �M/ U#V HBM2�` +?�`;2
/2MbBiv Ucs = 0V 7Q` � bm`7�+2@+?�`;2/ +vHBM/`B+�H KB+`Q;2H- +QKTmi2/ pB� MQMHBM2�` S"
i?2Q`vX X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X Nk

eXRjX *QmMi2`BQM /2MbBiv n+(r) pb `�/B�H /Bbi�M+2 r 7`QK i?2 +2Mi2` Q7 � +vHBM/`B+�H +2HH 7Q` �
pQHmK2@+?�`;2/ +vHBM/`B+�H KB+`Q;2H Q7 /`v `�/Bmb a0 = 10 MK- `2/m+2/ p�H2M+2 T2` mMBi
H2M;i? λ = 200- /`v pQHmK2 7`�+iBQM φ0 = 0.01- �M/ �+im�H pQHmK2 7`�+iBQM φ = 0.156X X X Nj

tBB



eXR9X *QMi`B#miBQMb iQ T`2bbm`2 BMbB/2 BQMB+ +vHBM/`B+�H KB+`Q;2Hb pbX i?2 T�`iB+H2 br2HHBM;
`�iBQ 7Q` `2/m+2/ p�H2M+2 T2` mMBi H2M;i? λ = 100 − 500 U#QiiQK iQ iQTVX U�V _�/B�H
2H2+i`Qbi�iB+ T`2bbm`2 πe,r 7`QK S" i?2Q`v UbQHB/ +m`p2bV BM i?2 +2HH KQ/2H- �M/ `�/B�H ;2H
T`2bbm`2 πg,r 7`QK 6HQ`v@_2?M2` i?2Q`v U/�b?2/ +m`p2VX U#V �tB�H 2H2+i`Qbi�iB+ T`2bbm`2
πe,a 7`QK S" i?2Q`v UbQHB/ +m`p2bV BM i?2 +2HH KQ/2H �M/ �tB�H ;2H T`2bbm`2 πg,a 7`QK
6HQ`v@_2?M2` i?2Q`v U/�b?2/ +m`p2VX �i 2[mBHB#`BmK br2HHBM;- i?2 iQi�H `�/B�H BMi2`M�H
QbKQiB+ T`2bbm`2 p�MBb?2b- πe,r + πg,r = 0 U}HH2/ bvK#QHbV �M/ i?2 iQi�H �tB�H BMi2`M�H
QbKQiB+ T`2bbm`2 p�MBb?2b- πe,a + πg,a = 0X X X X X X X X X X X X X X X X X X X X X X X X X X X N9

eXR8X 1[mBHB#`BmK `�/B�H br2HHBM; `�iBQ αr U�V �M/ 2[mBHB#`BmK �tB�H br2HHBM; `�iBQ αa U#V pbX
`2/m+2/ HBM2�` +?�`;2 /2MbBiv 7Q` � pQHmK2@+?�`;2/ +vHBM/`B+�H KB+`Q;2H +QKTmi2/ pB�
MQMHBM2�` S" i?2Q`vX X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X N8

eXReX 6`22 2[mBHB#`BmK `�/B�H br2HHBM; `�iBQ αr pbX �tB�H br2HHBM; `�iBQ αa 7Q` +vHBM/`B+�H MQM@
BQMB+ Uλ = 0V �M/ bm`7�+2@+?�`;2/ Uλ = 200V KB+`Q;2HbX X X X X X X X X X X X X X X X X X X X Ne

eXRdX U�V 6`22 2[mBHB#`BmK br2HHBM; `�iBQb 7Q` bm`7�+2@+?�`;2/ +vHBM/`B+�H KB+`Q;2Hb Qp2` `�M;2b
Q7 `2/m+2/ HBM2�` +?�`;2 /2MbBiv �M/ b�Hi +QM+2Mi`�iBQMX U#V _�/B�H QbKQiB+ T`2bbm`2
πe,r(αr,αa) �M/ �tB�H QbKQiB+ T`2bbm`2 πe,a(αr,αa) pbX λ 7Q` irQ b�Hi +QM+2Mi`�iBQMbX X X Nd

eXR3X U�V 1[mBHB#`BmK `�/B�H br2HHBM; `�iBQ αr pb 2[mBHB#`BmK �tB�H br2HHBM; `�iBQ αa �M/ U#V
2[mBHB#`BmK br2HHBM; `�iBQb- αr �M/ αa- �b 7mM+iBQMb Q7 λ 7Q` pQHmK2@+?�`;2/ +vHBM/`B+�H
KB+`Q;2Hb rBi? /`v pQHmK2 7`�+iBQM φ0 = 0.01 �M/ /`v `�/Bmb a0 = 10 MKX X X X X X X X X N3

eXRNX oQHmK2 br2HHBM; `�iBQ V/V0 �b � 7mM+iBQM Q7 λ 7Q` U�V pQHmK2@+?�`;2/ �M/ U#V bm`7�+2@
+?�`;2/ +vHBM/`B+�H KB+`Q;2Hb 7Q` /`v pQHmK2 7`�+iBQM φ0 = 0.01 �M/ /`v `�/Bmb a0 = 10
MKX X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X NN

eXkyX "mHF QbKQiB+ T`2bbm`2 pbX /`v pQHmK2 7`�+iBQM φ0 Q7 /2BQMBx2/ bmbT2MbBQMb Q7 bT?2`@
B+�H bm`7�+2@+?�`;2/ KB+`Q;2HbX J* bBKmH�iBQM /�i� U`2/ +B`+H2bV �`2 +QKT�`2/ rBi?
T`2/B+iBQMb Q7 SQBbbQMĜ"QHixK�MM +2HH KQ/2H +�H+mH�iBQMb U#H�+F b[m�`2bVX X X X X X X X X Ryy

eXkRX S�`iB+H2 /27Q`K�iBQM BM i?2 7Q`K Q7 +QMi�+i 7�+2ibX X X X X X X X X X X X X X X X X X X X X X Ryy

eXkkX J* bBKmH�iBQM /�i� 7Q` U�V 2[mBHB#`BmK pQHmK2 7`�+iBQM φ �M/ U#V 2[mBHB#`BmK br2HHBM;
`�iBQ α pbX /`v pQHmK2 7`�+iBQM φ0 BM /2BQMBx2/ bmbT2MbBQMb Q7 bT?2`B+�H bm`7�+2@+?�`;2/
KB+`Q;2HbX X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X RyR

eXkjX U�V _�/B�H /Bbi`B#miBQM 7mM+iBQM g(r) pbX `�/B�H /Bbi�M+2 r- BM mMBib Q7 M2�`2bi@M2B;?#Q`
/Bbi�M+2 dnn BM 6** H�iiB+2- BM bmbT2MbBQMb Q7 BQMB+- +QKT`2bbB#H2 KB+`Q;2HbX _2bmHib �`2
b?QrM 7Q` /`v pQHmK2 7`�+iBQM φ0 4 yXyyk@yXykX h?2b2 bvbi2Kb �`2 �HH BM �M 6** +`vbi�H
T?�b2- �b `2p2�H2/ #v i?2 TQbBiBQMb Q7 i?2 T2�FbX U#V ai�iB+ bi`m+im`2 7�+iQ` S(q) pbX
b+�ii2`2/ r�p2 p2+iQ` K�;MBim/2 q- BM mMBib Q7 BMp2`b2 M2�`2bi@M2B;?#Q` /Bbi�M+2 BM 6**
H�iiB+2X _2bmHib �`2 b?QrM 7Q` /`v pQHmK2 7`�+iBQMb +Q``2bTQM/BM; iQ `�/B�H /Bbi`B#miBQM
7mM+iBQMb BM 6B;m`2 eXkj U�VX h?2b2 bmbT2MbBQMb �`2 �HH BM �M 6** +`vbi�H T?�b2- �b
`2~2+i2/ #v i?2 ?2B;?i Q7 i?2 K�BM T2�F Q7 S(q) X X X X X X X X X X X X X X X X X X X X X X X Ryk

tBBB



eXk9X U�V _�/B�H /Bbi`B#miBQM 7mM+iBQM g(r) BM mMBib Q7 M2�`2bi@M2B;?#Q` /Bbi�M+2 dnn 7Q` bmb@
T2MbBQMb Q7 bm`7�+2@+?�`;2/ KB+`Q;2Hb 7Q` /`v pQHmK2 7`�+iBQMb φ0 4 yXyyk U/�b?2/ #Hm2
+m`p2V �M/ yXyyj U/�b?2/ ;`22M +m`p2V rBi? bvbi2K T�`�K2i2`b Z = 1000- a0 = 10 MK-
�M/ Nm = 500X U#V ai�iB+ bi`m+im`2 7�+iQ` S(q) pbX b+�ii2`2/ r�p2 p2+iQ` K�;MBim/2 q-
BM mMBib Q7 BMp2`b2 M2�`2bi@M2B;?#Q` /Bbi�M+2 dnn BM 6** H�iiB+2- +Q``2bTQM/BM; iQ `�/B�H
/Bbi`B#miBQM 7mM+iBQMb BM 6B;m`2 eXk9 U�VX X X X X X X X X X X X X X X X X X X X X X X X X X X X Ryj

eXk8X a�K2 �b 6B;m`2 eXk9- #mi 7Q` /`v pQHmK2 7`�+iBQMb φ0 4 yXyR UbQHB/ #H�+F +m`p2V- yXyk
U/�b?2/ #Hm2 +m`p2V- �M/ yXyj U/�b?2/ ;`22M +m`p2VX X X X X X X X X X X X X X X X X X X X X Ryj

tBp



RX ALh_P.l*hAPL �L. "�*E:_PlL.

RXRX AQMB+ JB+`Q;2Hb

JB+`Q;2Hb �`2 bQ7i +QHHQB/�H T�`iB+H2b- rBi? /BK2MbBQMb < R µK- 2�+? +QKT`Bb2/ Q7 � +`Qbb@

HBMF2/ TQHvK2` M2irQ`F- �b b?QrM BM 6B;m`2 RXRX *QKKQM 2t�KTH2b Q7 KB+`Q;2Hb �`2 7QmM/ BM

BMFb- +QbK2iB+b- �M/ T�BMibX q?2M KB+`Q;2Hb �`2 /BbT2`b2/ BM � TQH�` bQHp2Mi- bm+? �b r�i2`- i?2B`

bi`m+im`�H T`QT2`iB2b- bm+? �b 2[mBHB#`BmK br2HHBM; �M/ 2H�biB+Biv- +�M #2 imM2/ #v �/DmbiBM; T>-

i2KT2`�im`2- K�;M2iB+ �M/ 2H2+i`B+ }2H/b- ~Qr `�i2b- Q` QbKQiB+ T`2bbm`2 (RĜj)X J�Mv �/p�M+2/

K2i?Q/b ?�p2 #22M /2p2HQT2/ iQ bvMi?2bBx2 � rB/2 `�M;2 Q7 bQT?BbiB+�i2/ KQ`T?QHQ;B2b Q7 KB+`Q;2Hb-

BM+Hm/BM; bT?2`B+�H KB+`Q;2Hb (9Ĝd)- +Q`2@b?2HH bi`m+im`2b (3ĜRy)- KB+`Q;2Hb +QMi�BMBM; M�MQT�`iB+H2b

Q` KB+`Q+�TbmH2b (RRĜRj)- �M/ +vHBM/`B+�H KB+`Q;2Hb (R9- R8)X h?2b2 KB+`Q;2H T�`iB+H2b 2t?B#Bi bB;@

MB}+�MiHv /Bz2`2Mi K2+?�MB+�H- QTiB+�H- �M/ br2HHBM; T`QT2`iB2b `2H�iBp2 iQ #mHF ;2Hb- i?mb �TT2�`@

BM; T`QKBbBM; BM /2bB;MBM; T�`iB+H2b 7Q` #BQK2/B+�H �M/ 2MpB`QMK2Mi�H �TTHB+�iBQMbX AM T�`iB+mH�`-

i2KT2`�im`2@`2bTQMbBp2 KB+`Q;2Hb- bm+? �b TQHvUL@BbQT`QTvH�+`vH�KB/2V USLAS�JV KB+`Q;2Hb- ?�p2

�ii`�+i2/ bB;MB}+�Mi `2b2�`+? BMi2`2bi /m2 iQ i?2B` �#BHBiv iQ +?�M;2 i?2B` bBx2 �M/ bm`7�+2 +?�`;2

�b � 7mM+iBQM Q7 i2KT2`�im`2 (Re- Rd)X h?2b2 i?2`K�HHv brBi+?�#H2 T`QT2`iB2b ?�p2 #22M �TTHB2/

BM /`m; /2HBp2`v bvbi2Kb UiQ 2�bBHv �++2bb bK�HH �`2�b Q7 i?2 ?mK�M #Q/v- 2X;X- i?2 +viQTH�bK Q7

+2HHbV (R3- RN)X h?2b2 `B+? i?2`KQ/vM�KB+ T`QT2`iB2b �`2 i?2 ?2�`i Q7 r?v KB+`Q;2Hb �`2 BKTQ`i�Mi

K�i2`B�Hb BM b+B2M+2 �M/ i2+?MQHQ;v (k- ky)X

6B;m`2 RXRX a+?2K�iB+ /`�rBM; Q7 �M BQMB+ KB+`Q;2H UH�`;2 +v�M bT?2`2V- rBi? +`Qbb@HBMF2/ TQHvK2`
+?�BMb b?QrM iQ bm;;2bi BMi2`M�H bi`m+im`2- bm``QmM/2/ #v QTTQbBi2Hv +?�`;2/ +QmMi2`BQMb UbK�HH
`2/ bT?2`2bV �M/ +QBQMb UbK�HH #Hm2 bT?2`2bVX

R



AQMB+ KB+`Q;2Hb �`2 TQHv2H2+i`QHvi2b Q` BQMBx�#H2 TQHvK2`b i?�i /BbbQHp2 BM � bQHp2Mi- i?`Qm;?

/BbbQ+B�iBQM Q7 bK�HH@BQMb- +�HH2/ +QmMi2`BQMb- H2�pBM; i?2 TQHvK2` +?�BMb rBi? M2;�iBp2 +?�`;2bX

1[mBHB#`BmK br2HHBM; Q7 KB+`Q;2Hb Bb BM~m2M+2/ #v b2p2`�H BMi2`T�`iB+H2 BMi2`�+iBQMbX "2bB/2b p�M

/2` q��Hb- ?v/`QT?Q#B+- �M/ ?v/`Q;2M #QM/BM;- 2H2+i`Qbi�iB+ BMi2`�+iBQMb TH�v � p2`v BKTQ`i�Mi

`QH2 BM /2i2`KBMBM; BQMB+ KB+`Q;2H 2[mBHB#`BmK bBx2 (k)X � +?�`;2/ KB+`Q;2H i2M/b iQ br2HH MQi QMHv

7`QK �#bQ`#BM; bQHp2Mi- #mi �HbQ #2+�mb2 Q7 i?2 `2TmHbBp2 BMi2`�+iBQMb #2ir22M #�`2 }t2/ +?�`;2b

�HQM; Bib TQHvK2` +?�BMb U#�+F#QM2bVX h?2 }t2/ +?�`;2b- r?2i?2` TQbBiBp2 Q` M2;�iBp2- +�mb2 �M

BK#�H�M+2 #2ir22M i?2 BQM /Bbi`B#miBQMb BMbB/2 �M/ QmibB/2 i?2 KB+`Q;2H- i?2`2#v BM/m+BM; br2HHBM;

Q` /2br2HHX *?�M;BM; i?2 b�Hi +QM+2Mi`�iBQM Q` i?2 T> H2p2H BM i?2 bvbi2K �z2+ib i?2 /BbbQ+B�iBQM-

�M/ i?2`27Q`2 +?�M;2b i?2 7`�+iBQM�H +?�`;2 Q7 i?2 TQHvK2` +?�BMX AM #`B27- QM2 +�M +QMi`QH i?2

BQMB+ KB+`Q;2H bBx2 #v +QMi`QHHBM; i?2 +QmMi2`BQM /Bbi`B#miBQM- b�Hi +QM+2Mi`�iBQM- �M/ i?2 T> BM i?2

bvbi2KX Ai Bb rQ`i? MQiBM; i?�i i?2 +Q``2H�iBQMb #2ir22M KmHiBp�H2Mi +QmMi2`BQMb K�v #2 BKTQ`i�Mi

BM bim/vBM; i?2 br2HHBM; Q7 bQK2 BQMB+ KB+`Q;2HbX >Qr2p2`- i?2 7Q+mb Q7 i?Bb rQ`F Bb QM KQ/2HBM;

BQMB+ KB+`Q;2Hb rBi? KQMQp�H2Mi +QmMi2`BQMb QMHvX

�bB/2 7`QK 2H2+i`Qbi�iB+ BMi2`�+iBQMb- 2H�biB+ T`QT2`iB2b Q7 KB+`Q;2Hb �HbQ TH�v �M 2bb2MiB�H

`QH2 BM i?2 br2HHBM; T`Q+2bb bBM+2- ivT2 �M/ /2MbBiv Q7 +`Qbb@HBMF2/ BM~m2M+2 i?2 2[mBHB#`BmK TQHvK2`

M2irQ`F bBx2 (kR)X AM � brQHH2M bi�i2- KB+`Q;2H T�`iB+H2b �`2 bQ7i �M/ 2�bBHv /27Q`K2/- r?BH2 BM � /`v

bi�i2- KB+`Q;2Hb #2?�p2 p2`v Km+? HBF2 ?�`/ bT?2`2bX h?2 +`Qbb@HBMFb Q7 KB+`Q;2H T�`iB+H2b �`2 7Q`K2/

2Bi?2` #v +?2KB+�H Q` T?vbB+�H BMi2`�+iBQMbX *?2KB+�H +`Qbb@HBMF2/ �`2 mbm�HHv +Qp�H2Mi #QM/b- r?BH2

T?vbB+�H +`Qbb@HBMFb �`2 ?v/`Q;2M #QM/b- ?v/`QT?Q#B+- Q` BQMB+ BMi2`�+iBQMbX S?vbB+�H +`Qbb@HBMFb �`2

KQ`2 b2MbBiBp2 iQ 2ti2`M�H biBKmHBX SQHvUL@BbQT`QTvH�+`vH�KB/2V USLAS�JV KB+`Q;2Hb �`2 T2`?�Tb

i?2 KQbi r2HH@FMQrM �M/ r2HH@+?�`�+i2`Bx2/ KB+`Q;2H T�`iB+H2b (k)X h?2v r2`2 }`bi bvMi?2bBx2/

BM i?2 RN8yb (kk) �M/ ?�b �ii`�+i2/ +QMbB/2`�#H2 `2b2�`+? BMi2`2bi #2+�mb2 Q7 b2p2`�H �/p�Mi�;2b,

?v/`QT?BHB+Biv- ~2tB#BHBiv- ?B;? r�i2` �#bQ`TiBpBiv- �M/ i?2B` pQHmK2 T?�b2 i`�MbBiBQM i2KT2`�im`2

+HQb2 iQ ?mK�M #Q/v i2KT2`�im`2- r?B+? K�F2b i?2K �M B/2�H bK�`i /`m; /2HBp2`v bvbi2K (k-kj)X

RXkX PbKQiB+ S`2bbm`2

h?2 +QM+2Ti Q7 QbKQiB+ T`2bbm`2 ?�b HQM; #22M mb2/ iQ 2tTH�BM i?2 br2HHBM; #2?�pBQ` Q7

BQMB+ KB+`Q;2Hb (k)X Ai Bb #2bi iQ /2b+`B#2 i?2 +QM+2Ti Q7 QbKQiB+ T`2bbm`2 i?`Qm;? i?2 QbKQbBb

T?2MQK2MQMX :2M2`�HHv- QbKQbBb Bb /2}M2/ �b i?2 ~Qr Q7 bQHmiBQM �+`Qbb � b2KBT2`K2�#H2 K2K#`�M2

i?�i #HQ+Fb i?2 i`�MbTQ`i Q7 bQHmi2 i?`Qm;? Bi- bQ QMHv bK�HH2` bQHp2Mi KQH2+mH2b �`2 �HHQr2/ iQ ~Qr

k



i?`Qm;?X PbKQbBb Bb �M BKTQ`i�Mi T?2MQK2MQM BM i?2 #BQHQ;B+�H bvbi2Kb- �b r2HH �b BM r�i2`

Tm`B}+�iBQM- /2b�HBM�iBQM- �M/ K�Mv Qi?2` #BQ+?2KB+�H T`Q+2bb2bX

6B;m`2 RXk BHHmbi`�i2b i?2 T`BM+BTH2 Q7 i?2 QbKQbBb T?2MQK2MQMX *QMbB/2` � #2�F2` +QMi�BMBM;

� ?QKQ;2M2Qmb KBtim`2 bQHmiBQM Q7 #Qi? K�+`QKQH2+mH2b �M/ bQHp2Mi Ur�i2`V �M/ � b2KBT2`K2�#H2

K2K#`�M2 i?�i T`2p2Mib K�+`QKQH2+mH2b- bm+? �b KB+`Q;2H T�`iB+H2b- 7`QK T�bbBM; i?`Qm;?X aQHp2Mi

KQH2+mH2b �M/ BQMb U+QmMi2`BQM �M/ +QBQMbV +�M T2M2i`�i2 i?`Qm;? i?2 b2KBT2`K2�#H2 K2K#`�M2

7`22HvX A7 QMHv K�+`QKQH2+mH2b 2tBbi QM QM2 bB/2 Q7 i?2 K2K#`�M2- i?2 bm``QmM/BM; bQHp2Mi rBHH

/Bzmb2 �+`Qbb i?2 K2K#`�M2 /m2 iQ i?2 /Bz2`2M+2 BM +QM+2Mi`�iBQMbX h?2 bQHp2Mi ~Qr rBHH +QMiBMm2

mMiBH Bi `2�+?2b Bib HBKBi /m2 iQ i?2 T`2bbm`2 /Bz2`2M+2 �+`Qbb i?2 K2K#`�M2X lM/2` i?2b2 +QM/BiBQMb-

2[mBHB#`BmK Bb 2bi�#HBb?2/- �M/ T`2bbm`2 Bb 2t2`i2/ QM i?2 K�+`QKQH2+mH2b@`B+? bB/2 Q7 i?2 K2K#`�M2

iQ biQT i?2 ~Qr Q7 bQHp2MiX h?Bb �//BiBQM�H T`2bbm`2 2t2`i2/ QM i?2 K2K#`�M2 Bb +�HH2/ QbKQiB+

T`2bbm`2 (k9)X

h?2 2z2+i Q7 i?2 KB+`QBQMb i?`Qm;? i?2 QbKQiB+ T`2bbm`2 i?2v 2t2`i bi`QM;Hv BM~m2M+2b i?2

br2HHBM; Q7 BQMB+ KB+`Q;2H T�`iB+H2bX AM *?�Ti2` 9- r2 /`Bp2 �M 2t�+i 2tT`2bbBQM 7Q` i?2 2H2+i`Qbi�iB+

+QMi`B#miBQM iQ i?2 QbKQiB+ T`2bbm`2 �+`Qbb i?2 T2`BT?2`v Q7 � KB+`Q+�TbmH2 �M/ Q7 bT?2`B+�H �M/

+vHBM/`B+�H BQMB+ KB+`Q;2HbX

6B;m`2 RXkX AHHmbi`�iBQM Q7 i?2 QbKQbBb T?2MQK2MQMX _2T`BMi2/ rBi? T2`KBbbBQM 7`QK `27X (k8)X

j



RXjX ar2HHBM; "2?�pBQ` Q7 AQMB+ JB+`Q;2Hb

h?2 +`Qbb@HBMF2/ TQHvK2` M2irQ`F bi`m+im`2 Q7 KB+`Q;2Hb Bb `2bTQMbB#H2 7Q` i?2B` mMB[m2

�#BHBiv iQ mM/2`;Q �#`mTi pQHmK2 +?�M;2b BM `2bTQMb2 iQ +?�M;2b BM 2ti2`M�H biBKmHB- r?B+? BM+Hm/2

i2KT2`�im`2- T>- BQMB+ bi`2M;i?- �M/ bQHp2Mi +QKTQbBiBQM (keĜjy)X h?Bb pQHmK2 T?�b2 i`�MbBiBQM Q7

i?2b2 KB+`Q;2Hb Bb i?2`KQ/vM�KB+�HHv bBKBH�` iQ i?�i Q7 #mHF KB+`Q;2Hb- r?B+? K�v `�M;2 BM bBx2

7`QK � KBHHBK2i2` iQ � 72r +2MiBK2i2`bX aBM+2 i?2 i`�MbBiBQM Q++m`b QM Km+? b?Q`i2` iBK2b+�H2b-

?Qr2p2`- Bi QT2Mb i?2 /QQ` iQ �M BKTQ`i�Mi TQi2MiB�H BM/mbi`B�H �TTHB+�iBQM (ky-jRĜjj)X h?2 br2HHBM;

#2?�pBQ` Q7 KB+`Q;2Hb r�b }`bi 2tT2`BK2Mi�HHv Q#b2`p2/ #v h�M�F� (j9)- r?2`2�b Bi r�b i?2Q`2iB+�HHv

T`2/B+i2/ #v .mb2F �M/ S�ii2`bQM (j8)X aBM+2 i?2M- i?2 br2HHBM; #2?�pBQ` Q7 KB+`Q;2Hb ?�b #2+QK2

� 7mM/�K2Mi�H T`Q#H2K BM TQHvK2` T?vbB+b �M/ ?�b #22M bim/B2/ #v � p�`B2iv Q7 2tT2`BK2Mi�H

i2+?MB[m2b- BM+Hm/BM; M2mi`QM b+�ii2`BM; (Rk- je- jd)- 2H2+i`QT?Q`2bBb (k3)- �M/ #v K�Mv bi�iBbiB+�H

K2+?�MB+�H i?2Q`B2b �M/ bBKmH�iBQM K2i?Q/b (j3Ĝ9e)X

h?2 /2;`22 Q7 br2HHBM; Bb ;Qp2`M2/ #v 7Qm` ivT2b Q7 BMi2`�+iBQMb i?�i +QKT2i2 rBi?BM KB+`Q@

;2H T�`iB+H2bX h?2b2 �`2 p�M /2` q��Hb BMi2`�+iBQMb- ?v/`QT?Q#B+ BMi2`�+iBQMb- ?v/`Q;2M #QM/BM;

BMi2`�+iBQMb- �M/ 2H2+i`Qbi�iB+ BMi2`�+iBQMb (k)X o�M /2` q��Hb BMi2`�+iBQMb �`2 �ii`�+iBp2 BMi2`�+@

iBQMb i?�i Q++m` #2ir22M i?2 M2irQ`F +?�BMb Q7 KB+`Q;2H T�`iB+H2bX h?Bb BMi2`�+iBQM /2T2M/b QM i?2

bQHp2MiǶb +QKTQbBiBQMX >v/`QT?Q#B+ BMi2`�+iBQMb �`2 MQM+Qp�H2Mi �ii`�+iBp2 7Q`+2b �M/ Q++m` #2@

ir22M MQMTQH�` T�`ib Q7 TQHvK2` +?�BMb UQ++m` QMHv 7Q` T?vbB+�HHv +`Qbb@HBMF2/ KB+`Q;2HbVX >v/`Q;2M

#QM/BM; BMi2`�+iBQMb �`Bb2 r?2M � ?v/`Q;2M �iQK Bb +HQb2 iQ �M �iQK Q7 ?B;? 2H2+i`QM2;�iBpBiv Ui?2

i2M/2M+v Q7 �M �iQK iQ �ii`�+i � #QM/BM; T�B` Q7 2H2+i`QMbV- bm+? �b Qtv;2MX h?2b2 BMi2`�+iBQMb �`2

`2H2p�Mi BM i?2 bim/v Q7 i?2 br2HHBM; #2?�pBQ` Q7 MQMBQMB+ KB+`Q;2Hb- #mi /Q MQi TH�v � bB;MB}+�Mi

`QH2 BM BQMB+ KB+`Q;2H bQHmiBQMb- 2t+2Ti �i ?B;? +QM+2Mi`�iBQMbX 6BM�HHv- 2H2+i`Qbi�iB+ BMi2`�+iBQMb

#2ir22M +QmMi2`BQM �M/ +QBQMb �M/ BQMB+ KB+`Q;2Hb BM i?2 bQHmiBQM `2bmHi BM BM+`2�b2/ br2HHBM; Q`

/2br2HHBM; Q7 i?2 KB+`Q;2H M2irQ`FX h?2 bi`2M;i? Q7 i?2 2H2+i`Qbi�iB+ BMi2`�+iBQM /2T2M/b QM i?2

+QM+2Mi`�iBQM Q7 +?�`;2b BM i?2 KB+`Q;2H bQHmiBQMX h�#H2X RXR b?Qrb i?2 K�;MBim/2b Q7 i?2b2 7Qm`

BMi2`T�`iB+H2 BMi2`�+iBQMbX
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h�#H2 RXRX h?2 K�;MBim/2 Q7 p�M /2` q��Hb- ?v/`QT?Q#B+- ?v/`Q;2M #QM/BM;- �M/ 2H2+i`Qbi�iB+
BMi2`T�`iB+H2 BMi2`�+iBQMb (k)X

AMi2`�+iBQM o�Hm2 U ∼ 2of�iQKV

1H2+i`Qbi�iB+ BMi2`�+iBQM 10−1

>v/`Q;2M #QM/BM; 10−1

>v/`QT?Q#B+ 10−3

p�M /2` q��Hb 10−2

�b bi�i2/ 2�`HB2`- KB+`Q;2Hb �`2 p2`v b2MbBiBp2 iQ T>- i2KT2`�im`2- �M/ BQMB+ bi`2M;i?X h?2b2

KB+`Q;2Hb �`2 +�HH2/ ǳbiBKmHmb@`2bTQMbBp2Ǵ Q` bK�`i KB+`Q;2HbX �KQM;bi i?2 bK�`i KB+`Q;2Hb- BQMB+

KB+`Q;2Hb ?�p2 �ii`�+i2/ Km+? �ii2MiBQM /m2 iQ i?2B` mMB[m2 T`QT2`iB2bX "2HQr- � /Bb+mbbBQM Q7 i?2

BM~m2M+2 Q7 bQK2 2ti2`M�H biBKmHB QM i?2 br2HHBM; Q7 +?�`;2/ KB+`Q;2Hb Bb bmKK�`Bx2/X

h?2 2z2+i Q7 i2KT2`�im`2, h?2`KQ`2bTQMbBp2 KB+`Q;2Hb- bm+? �b SQHvUL@

BbQT`QTvH�+`vH�KB/2V USLAS�JV �`2- bQK2 Q7 i?2 KQ`2 BMi2`2biBM; �M/ +QKKQMHv bim/B2/ ivT2b Q7

KB+`Q;2HX h?2b2 KB+`Q;2Hb TQbb2bb i?2 �#BHBiv iQ `2bTQM/ iQ +?�M;2b BM i2KT2`�im`2 #v mM/2`;Q@

BM; `2p2`bB#H2 br2HHBM; Q` /2br2HHBM; i`�MbBiBQMbX AM RN3e- S2HiQM �M/ *?B#�Mi2 T`2T�`2/ i?2 }`bi

KB+`Q;2Hb #�b2/ QM SLAS�J i?�i 2tTHQBi i?2 HQr2` +`BiB+�H i2KT2`�im`2 #2?�pBQ` Q7 SLAS�J iQ

;2M2`�i2 pQHmK2 T?�b2 i`�MbBiBQMb UoShV BM KB+`Q;2HbX AM � oSh- � KB+`Q;2H /2+`2�b2b BM bBx2 �#Qp2

� +`BiB+�H i2KT2`�im`2 UhcV- #mi +�M `2p2`bB#Hv `2@br2HH iQ Bib Q`B;BM�H bBx2 �i `QQK i2KT2`�im`2 (R)X

h?2 i2KT2`�im`2 /2T2M/2M+2 Q7 i?2 br2HHBM; #2?�pBQ` Q7 i?2`KQ`2bTQMbBp2 KB+`Q;2Hb Bb /BbTH�v2/

BM 6B;m`2 RXjX �b b22M- #2HQr i?2 i2KT2`�im`2 hc 4 jk◦*- r?B+? Bb i?2 HQr2` +`BiB+�H i2KT2`�im`2-

i?2 SLAS�J KB+`Q;2H BM+`2�b2b BM bBx2 #mi- r?2M h = jk◦*- i?2 KB+`Q;2H b?`BMFb BM bBx2X h?Bb

#2?�pBQ` Bb /m2 iQ BMi2`�+iBQMb Q7 KB+`Q;2Hb rBi? bQHp2Mi BM � i2KT2`�im`2@/2T2M/2Mi 7�b?BQMX �i

h < hc- i?2 BMi2`�+iBQMb #2ir22M i?2 bQHp2Mi �M/ TQHvK2` �`2 r2�F2M2/X h?2`27Q`2- i?2 KB+`Q;2H

�#bQ`#b r�i2` �M/ br2HHbX q?2M h > hc- i?2 TQHvK2`@TQHvK2` BMi2`�+iBQMb �`2 bi`2M;i?2M2/c i?mb-

i?2 r�i2` Bb 2tT2HH2/ 7`QK i?2 KB+`Q;2H BMi2`BQ`- `2bmHiBM; BM � /2br2HHBM; Q7 i?2 KB+`Q;2HX 6BM�HHv-

i?Bb br2HHBM; T`Q+2bb Bb K�BMHv /m2 iQ ?v/`QT?Q#B+ BMi2`�+iBQMbX
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6B;m`2 RXjX >v/`Q/vM�KB+ /B�K2i2` Q7 SLAS�J KB+`Q;2H T�`iB+H2b �b � 7mM+iBQM Q7 i2KT2`�im`2X
_2T`BMi2/ rBi? T2`KBbbBQM 7`QK `27X (9d)X

h?2 2z2+i Q7 T> �M/ BQMB+ bi`2M;i?, h?2 bi`m+im`2 Q7 � KB+`Q;2H +�M #2 2�bBHv BM~m2M+2/

#v i?2 �//BiBQM Q7 +?�`;2/ KQMQK2`b- bm+? �b �+`vHB+ �+B/ U��+V K2i?�+`vHB+ �+B/ UJ��+V- /m2

iQ i?2 HQ+�H 2H2+i`Qbi�iB+ `2TmHbBQM (93)X h?2 HQ+�H +?�`;2 /2MbBiv +�M #2 +QMi`QHH2/ #v i?2 MmK#2`

Q7 KQMQK2`b- i?2 pH- Q` i?2 BQMB+ bi`2M;i? Q7 i?2 bQHmiBQMX Ai ?�b #22M b?QrM i?�i i?2 br2HHBM;

Q` /2br2HHBM; Q7 SLAS�J KB+`Q;2Hb bi`QM;Hv /2T2M/b QM i?2 +?�`;2/ KQMQK2` +QM+2Mi`�iBQM �M/

pH (Re- 93)X

h?2 br2HHBM; #2?�pBQ` Q7 BQMB+ KB+`Q;2H T�`iB+H2b Bb p2`v b2MbBiBp2 iQ pH H2p2HX *?�M;BM;

i?2 pH H2p2H- 2Bi?2` BM+`2�bBM; Q` /2+`2�bBM;- +�M +�mb2 � b?�`T BM+`2�b2 Q` /2+`2�b2 BM KB+`Q;2H

bBx2X h?Bb /2T2M/2M+2 Q7 KB+`Q;2H br2HHBM; #2?�pBQ` QM pH �`Bb2b 7`QK 2H2+i`Qbi�iB+ BMi2`�+iBQMb

#2ir22M i?2 BQMB+ bT2+B2bX 6Q` 2t�KTH2- BMi2`T2M2i`�iBM; TQHvK2` M2irQ`F UASLV KB+`Q;2Hb- r?B+?

�`2 7Q`K2/ #v �//BM; TQHvU�+`vHB+ �+B/V US��+V8- mbm�HHv FMQrM �b S�� Q` S��+- iQ � SLAS�J

M2irQ`F pB� T`2+BTBi�iBQM TQHvK2`Bx�iBQM- 2t?B#Bi �M �//BiBQM�H b2MbBiBpBiv iQ pH �M/ BQMB+ bi`2M;i?-

+QKT�`2/ iQ Tm`2 SLAS�J KB+`Q;2H T�`iB+H2b- �M/ �HbQ ?�p2 � HQr2` br2HHBM; /2;`22 (8)X 6B;m`2 RX9

b?Qrb � +QKT�`BbQM #2ir22M ?v/`Q/vM�KB+ `�/Bmb 7Q` SLAS�J �M/ ASL KB+`Q;2Hb �b � 7mM+iBQM

Q7 pHX � b?�`T /`QT BM i?2 ?v/`Q/vM�KB+ `�/Bmb Q7 ASL KB+`Q;2Hb Bb Q#b2`p2/ �b i?2 p�Hm2 Q7 pH

/2+`2�b2b #2HQr 8- r?B+? +�M #2 �ii`B#mi2/ iQ i?2 bi`QM; ?v/`QT?Q#B+ BMi2`�+iBQMb (8)X �i i?Bb �+B/B+

e



pH p�Hm2- i?2 r�i2` KQH2+mH2b 2ti`m/2 7`QK i?2 KB+`Q;2H BMi2`BQ`X h?Bb +�mb2b i?2 /2br2HHBM; Q7 i?2

ASL KB+`Q;2H �i HQr pH p�Hm2X "2ir22M pH = 5 �M/ pH = 10- i?2 bBx2 Q7 ASL KB+`Q;2H `2K�BMb

�HKQbi mM+?�M;2/X AM/22/- Bi Bb r2HH FMQrM i?�i S��+ Bb ?v/`QT?BHB+ BM i?Bb `�M;2 Q7 pH (8)X AM

+QMi`�bi- i?2 SLAS�J KB+`Q;2H Bb `2H�iBp2Hv BMb2MbBiBp2 iQ pH BM i?2 `�M;2 Q7 pH #2ir22M 8 �M/

RyX Ai Bb +H2�` i?�i i?2 bvMi?2bBb T`Q+2/m`2 TH�vb � +`m+B�H `QH2 BM i?2 br2HHBM; Q7 i?2 KB+`Q;2HbX

6B;m`2 RX9X T>@BM/m+2/ +?�M;2 BM ?v/`Q/vM�KB+ `�/Bmb Rh 7Q` SLAS�J �M/ ASL KB+`Q;2HbX
_2T`BMi2/ rBi? T2`KBbbBQM 7`QK `27X (8)X

h?2 BM+Q`TQ`�iBQM Q7 +?�`;2b BMiQ i?2 TQHvK2` M2irQ`F Q7 � KB+`Q;2H �z2+ib MQi QMHv i?2

b2MbBiBpBiv iQ T>- #mi �HbQ i?2 `2bTQMb2 iQ +?�M;2b BM BQMB+ bi`2M;i?- r?B+? �z2+i i?2 .2#v2 b+`22MBM;

H2M;i?X h?2 br2HHBM; Q7 KB+`Q;2Hb i?mb +�M #2 +QMi`QHH2/ #v i?2 bBKTH2 �//BiBQM Q7 b�Hi iQ i?2

bQHmiBQMX �M BM+`2�b2 BM i?2 BQMB+ bi`2M;i? Q7 i?2 bQHmiBQM +�mb2b � /2+`2�b2 BM KB+`Q;2H bBx2- /m2 iQ

i?2 b+`22MBM; Q7 +?�`;2bX AM i?2 +�b2 Q7 SLAS�J KB+`Q;2Hb rBi? ?B;? +?�`;2- i?2 br2HHBM; T`Q+2bb

Bb `2H�iBp2Hv b2MbBiBp2 iQ i?2 �//BiBQM Q7 b�Hi- r?BH2 � r2�FHv +?�`;2/ KB+`Q;2H Bb M2�`Hv mM�z2+i2/

#v +?�M;2b BM BQMB+ bi`2M;i? �i � i2KT2`�im`2 HQr2` i?�M i?2 +`BiB+�H i2KT2`�im`2 (Re)X

h?2 2z2+i Q7 T�`iB+H2 +QM+2Mi`�iBQM, �MQi?2` 7�+iQ` BM~m2M+BM; i?2 br2HHBM; #2?�pBQ` Q7

KB+`Q;2Hb Bb T�`iB+H2 +QM+2Mi`�iBQM- +?�M;2b Q7 r?B+? �z2+i i?2 pQHmK2 7`�+iBQM �M/ T?�b2 #2?�pBQ`

Q7 � bmbT2MbBQMbX 6Q` ?B;?Hv /BHmi2/ KB+`Q;2H bmbT2MbBQMb UHQr pQHmK2 7`�+iBQMV- i?2 BMi2`�+iBQM

#2ir22M T�`iB+H2b +�M #2 M2;H2+i2/X AM i?Bb HBKBi- i?2 bmbT2MbBQMb Bb BM � +QHHQB/�H ;�b bi�i2X �b

d



i?2 pQHmK2 7`�+iBQM Q7 KB+`Q;2Hb Bb BM+`2�b2/- i?2 i?2`KQ/vM�KB+ T?�b2 Q7 i?2 bmbT2MbBQMb +?�M;2b

7`QK � +QHHQB/�H ;�b iQ � +QHHQB/�H HB[mB/ �M/ 2p2Mim�HHv iQ � +QHHQB/�H bQHB/X 6Q` 2t�KTH2- � bi�#H2

6** +`vbi�HHBM2 bQHB/ +�M Q++m` 7Q` bm{+B2MiHv KQMQ/BbT2`b2 T�`iB+H2bX *`vbi�HHBx�iBQM BM KB+`Q;2H

bmbT2MbBQMb /2T2M/b QM i?2 +?�`;2b- b�Hi +QM+2Mi`�iBQM- i2KT2`�im`2- �M/ T>- �M/ K�Mv bim/B2b

?�p2 BMp2biB;�i2/ i?2 i`�MbBiBQM 7`QK � ~mB/ iQ � +`vbi�H bi�i2- `2H�iBM; i?2 T?�b2 #2?�pBQ` Q7 M2mi`�H

Q` +?�`;2/ KB+`Q;2H bmbT2MbBQMb iQ i?�i Q7 i?2 ?�`/@bT?2`2 bvbi2K (9NĜ8j)X aQK2 Q7 i?2b2 bim/B2b

�`2 `2pB2r2/ BM *?�Ti2` kX

RX9X 1H2+i`Qbi�iB+ AMi2`�+iBQMb Q7 AQMB+ JB+`Q;2Hb

*QMbB/2` � TQHvK2` bQHmiBQM +QMbBbiBM; Q7 M2;�iBp2Hv +?�`;2/ K�+`QKQH2+mH2b- bm+? �b �

KB+`Q;2H- �M/ bK�HH2` KQ#BH2 BQMb UKB+`QBQMbVX *?�`;2/ KB+`Q;2Hb �ii`�+i QTTQbBi2Hv +?�`;2/ KQ#BH2

BQMb- +QmMi2`BQMb- �M/ `2T2H KQ#BH2 BQMb Q7 i?2 b�K2 +?�`;2- +�HH2/ +QBQMbX AM i?Bb bvbi2K- KB+`QBQMb

�`2 /Bbi`B#mi2/ rBi? � iQi�H +?�`;2 /2MbBiv

ρ(r) = e[n+(r) − n−(r) − nf (r)], URXRV

r?2`2- e Bb i?2 2H2K2Mi�`v +?�`;2 �M/ n+(r)- n−(r)- nf (r) �`2 i?2 MmK#2` /2MbBiB2b Q7 i?2 KQ#BH2

+QmMi2`BQMb- +QBQMb �M/ }t2/ +?�`;2b QM i?2 KB+`Q;2H- `2bT2+iBp2HvX h?2 +?�`;2 /2MbBiv ρ(r) +`2�i2b

�M 2H2+i`Qbi�iB+ TQi2MiB�H ψ(r) �i � /Bbi�M+2 r �r�v 7`QK � +?�`;2/ bm`7�+2X AM � K2/BmK Q7 mMB7Q`K

/B2H2+i`B+ T2`KBiiBpBiv ε- i?2 2H2+i`Qbi�iB+ TQi2MiB�H ψ(r) +�M #2 2tT`2bb2/ �b

∇2ψ(r) = −4π
ε
ρ(r), URXkV

r?2`2 ∇2 Bb i?2 G�TH�+B�M QT2`�iQ`- r?B+? `2H�i2b i?2 b2+QM/ /2`Bp�iBp2b Q7 i?2 2H2+i`Qbi�iB+ TQi2M@

iB�H iQ i?2 iQi�H +?�`;2 /2MbBivX h?2 /Bbi`B#miBQMb Q7 KB+`QBQMb �`2 +QMi`QHH2/ #v i?2 2H2+i`Qbi�iB+

U*QmHQK#V 2M2`;v Q7 BMi2`�+iBQMX h?2 T`2b2M+2 Q7 +QmMi2`BQMb BM i?2 bQHmiBQM b?B2H/b i?2 2H2+i`B+

`2TmHbBQM #2ir22M i?2 BQMB+ TQHvK2` +?�BMb- i?mb `2/m+BM; i?2 2H2+i`Qbi�iB+ TQi2MiB�HX

h?2 /Bbi`B#miBQM Q7 }t2/ +?�`;2 nf (r) Q7 i?2 KB+`Q;2Hb �z2+ib T�`iB+H2 br2HHBM;X �b Bi im`Mb

Qmi- i?2 K�BM `QH2 Q7 i?Bb +?�`;2 Bb iQ ;2M2`�i2 .QMM�M TQi2MiB�H �+`Qbb i?2 T2`BT?2`v Q7 i?2

KB+`Q;2H T�`iB+H2 i?�i BM~m2M+2b i?2 +QmMi2`BQM /Bbi`B#miBQMX h?Bb TQi2MiB�H +`2�i2b �M 2H2+i`Qbi�iB+

T`2bbm`2 /Bz2`2M+2 #2ir22M i?2 BMbB/2 �M/ i?2 QmibB/2 Q7 i?2 KB+`Q;2H T�`iB+H2- +�mbBM; i?2 ;2H iQ
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2Bi?2` br2HH Q` /2br2HH iQ #�H�M+2 i?2 2H2+iQbi�iB+ T`2bbm`2 /Bz2`2M+2 #v � ;2H T`2bbm`2 /Bz2`2M+2X

lM/2`bi�M/BM; i?2 2z2+ib Q7 2H2+i`Qbi�iB+ BMi2`�+iBQMb QM i?2 2[mBHB#`BmK br2HHBM; #2?�pBQ` Q7 BQMB+

KB+`Q;2H bQHmiBQMb `2[mB`2b +�H+mH�iBM; i?2 2H2+i`Qbi�iB+ +QMi`B#miBQM iQ i?2 QbKQiB+ T`2bbm`2 Q7

bBM;H2 KB+`Q;2HX 6Q` i?�i- i?2 SQBbbQM@"QHixK�MM US"V i?2Q`v- r?B+? +QK#BM2b SQBbbQMǶb 2[m�iBQM

rBi? i?2 "QHixK�MM /Bbi`B#miBQM 7Q` i?2 KB+`QBQM /2MbBiB2b- Bb mb2/ BM i?Bb bim/vX 6mi?2` /2i�BHb �`2

;Bp2M BM i?2 K2i?Q/bǶb +?�Ti2`X

RX8X �TTHB+�iBQMb Q7 JB+`Q;2Hb

JB+`Q;2Hb �`2 +QMbB/2`2/ iQ #2 QM2 Q7 i?2 KQbi 2t+BiBM; �M/ T`QKBbBM; +H�bb2b Q7 TQHvK2`B+

K�i2`B�Hb- 2bT2+B�HHv 7Q` #BQK2/B+�H �TTHB+�iBQMb- /m2 iQ i?2B` mMB[m2- biBKmHB@`2bTQMbBp2 br2HHBM;

#2?�pBQ`X JB+`Q;2H T�`iB+H2b +�M #2 mb2/ BM p�`BQmb BM/mbi`B�H �TTHB+�iBQMb- bm+? �b +QMi`QHH2/

/`m; /2HBp2`v bvbi2Kb �M/ #BQ@b2MbQ`b- �b r2HH �b BM BK�;BM; �TTHB+�iBQMb- �M/ iBbbm2 2M;BM22`BM;

�TTHB+�iBQMb (k- ky-jR-89-88)X

JB+`Q;2Hb ?�p2 `2+2Bp2/ +QMbB/2`�#H2 �ii2MiBQM 7Q` i?2B` TQi2MiB�H mb2 �b /`m; /2HBp2`v bvb@

i2Kb- �KQM; K�Mv �Hi2`M�iBp2- BM+Hm/BM; M�MQT�`iB+H2b- HBTQbQK2b- KB+2HH2b- �M/ TQHvK2`bQK2bX

h?2v Qz2` irQ /BbiBM+i �/p�Mi�;2b Qp2` Qi?2` #BQK�i2`B�HbX 6B`bi- i?2 `�i2 Q7 /`m; `2H2�b2 +�M

#2 +QMi`QHH2/ BM K�Mv r�vb- bm+? �b #v +?�M;BM; i?2 +`QbbHBMFBM; /2MbBiv- i2KT2`�im`2- T>- �M/

2H2+i`Qbi�iB+ BMi2`�+iBQMb (ky- 89- 8e- 8d)X a2+QM/- KB+`Q;2Hb K�v BMi2`�+i H2bb bi`QM;Hv rBi? /`m;b-

+QMb2[m2MiHv `2/m+BM; i?2 bB/2 2z2+ib �M/ /`�K�iB+�HHv BKT`QpBM; K2/B+�H i`2�iK2Mib (8e)X JB@

+`Q;2Hb +�M #2 HQ�/2/ rBi? M�MQ/`m;b mbBM; 2H2+i`Qbi�iB+ BMi2`�+iBQMb- ?v/`QT?Q#B+ BMi2`�+iBQMb-

�M/ ?v/`Q;2M #QM/BM; (ky- 8e)X � p�`B2iv Q7 KB+`Q;2Hb ?�p2 #22M /2bB;M2/ 7Q` +QMi`QHHBM; /`m;

`2H2�b2- SLAS�J TQHvK2` KB+`Q;2Hb #2BM; i?2 KQbi +QKKQMHv bim/v +�M/B/�i2b- bBM+2 i?2v 2t?B#i

� pQHmK2 T?�b2 i`�MbBiBQM i2KT2`�im`2 �#Qp2 MQ`K�H #Q/v i2KT2`�im`2 Ub22 6B;m`2 RXjVX JB+`Q;2Hb

?�pBM; i?Bb T`QT2`iv �`2 p2`v �ii`�+iBp2 7Q` /`m; +�``B2` bvbi2Kb- �b i?2 i2KT2`�im`2 BM +�M+2` +2HHb

Bb mbm�HHv 2H2p�i2/ (ky)X

�bB/2 7`QK +?�M;BM; i?2 i2KT2`�im`2 iQ `2H2�b2 /`m; KQH2+mH2b 7`QK KB+`Q;2H T�`iB+H2b- i?2

/`m; +�M �HbQ #2 `2H2�b2/ #v +QMi`QHHBM; i?2 pHX h?2 pH p�Hm2 BM Qm` #Q/v p�`B2b 7`QK M2mi`�H

iQ �+B/B+X 6Q` 2t�KTH2- i?2 pH p�Hm2 Q7 #HQQ/ Bb �#Qmi dX9- #mi BM i?2 biQK�+? Bi Bb �#Qmi pH4kX

LQ`K�H iBbbm2b- bm+? �b #`�BM iBbbm2b �M/ bm#+mi�M2Qmb iBbbm2b U?vTQ/2`KBbV- ?�p2 � pH BM i?2

`�M;2 Q7 dXk iQ dX8 (83)X >Qr2p2`- i?2 pH p�Hm2 Q7 +�M+2`Qmb +2HHb BM imKQ`b Bb KQ`2 �+B/B+ i?�M BM

MQ`K�H +2HHb- ivTB+�HHv BM i?2 `�M;2 Q7 eX9 iQ dXy (83)X h?mb- pH /Bz2`2M+2b #2ir22M i?2b2 iBbbm2b

N



T`QpB/2 � TQi2MiB�H i`B;;2` 7Q` BMi`�+2HHmH�` /`m; `2H2�b2X h?2`27Q`2- pH@b2MbBiBp2 KB+`Q;2Hb ?�p2

#22M +QMbB/2`2/ �b T`QKBbBM; �MiB+�M+2` /`m; +�``B2`b (8e-8N)X

AM �//BiBQM iQ /`m; /2HBp2`v �TTHB+�iBQMb- KB+`Q;2Hb ?�p2 �HbQ #22M mb2/ BM iBbbm2 2M;B@

M22`BM; �TTHB+�iBQMbX JB+`Q;2Hb 2t?B#Bi ;QQ/ #BQ/2;`�/�#BHBiv- #BQ+QKT�iB#BHBiv- �M/ +2HH �/?2bBQM

T`QT2`iB2b- r?B+? �HHQr /2bB;M Q7 BMD2+i�#H2 KB+`Q;2Hb 7Q` BKT`QpBM; i?2 K2+?�MB+�H T`QT2`iB2b Q7

/2;2M2`�i2/ BMi2`p2`i2#`�H /BbFb Q` 7Q` bQ7i@iBbbm2 `2T�B` (ey)X JB+`Q;2Hb �HbQ ?�p2 K�Mv �TTHB+�iBQMb

iQ #BQb2MbBM; (89)X 6Q` 2t�KTH2- i?2v +�M #2 mb2/ iQ /2i2`KBM2 Q` b2Mb2 i?2 H2p2Hb Q7 #HQQ/ ;Hm+Qb2-

bBM+2 KB+`Q;2Hb �`2 p2`v b2MbBiBp2 iQ �M BM+`2�b2 BM i?2 +QM+2Mi`�iBQM Q7 bT2+B}+ #BQKQH2+mH2bX �HbQ-

i?2v +�M �+i �b +QMi`�bi BK�;2 �;2Mib BM K�;M2iB+ `2bQM�M+2 BK�;BM; UJ_AV /2pB+2b- r?B+? +�M

BKT`Qp2 b2MbBiBpBiv �M/ [m�HBiv Q7 J_A BK�;2b (eR)X

RXeX P#D2+iBp2b

h?2 K�BM Q#D2+iBp2 Q7 i?Bb rQ`F Bb iQ /2p2HQT �M/ BMp2biB;�i2 T?vbB+�H KQ/2Hb �M/ bBKmH�@

iBQM K2i?Q/b i?�i +QmH/ K�F2 � bmBi�#H2 #�bBb 7Q` i?2 T`2/B+iBQM Q7 i?2 2[mBHB#`BmK br2HHBM; �M/

i?2`KQ/vM�KB+ T?�b2 #2?�pBQ` Q7 brQHH2M BQMB+ KB+`Q;2HbX h?Bb bim/v ?�b i?2b2 bT2+B}+ Q#D2+iBp2b,

hQ /2p2HQT �M �++m`�i2 KQ/2H 7Q` i?2 2[mBHB#`BmK i?2`KQ/vM�KB+ #2?�pBQ` Q7 � brQHH2M bBM;H2

BQMB+ KB+`Q;2H BM i?2 T`2b2M+2 Q7 +QmMi2`BQMb �M/ b�Hi BQMbX

hQ /2p2HQT �M �++m`�i2 KQ/2H 7Q` i?2 2[mBHB#`BmK i?2`KQ/vM�KB+ #2?�pBQ` Q7 bmbT2MbBQMb Q7

brQHH2M BQMB+ KB+`Q;2HbX

h?2 bT2+B}+ Bbbm2b i?�i �`Bb2 BM KQ/2HBM; BQMB+ KB+`Q;2Hb �`2

RX AM~m2M+2 Q7 BQM /Bbi`B#miBQMb QM i?2 br2HHBM; Q7 BQMB+ KB+`Q;2HbX

kX _QH2 Q7 QbKQiB+ T`2bbm`2 BM i?2 2[mBHB#`BmK br2HHBM; Q7 BQMB+ KB+`Q;2HbX

jX AM~m2M+2 Q7 b�Hi �M/ T�`iB+H2 +QM+2Mi`�iBQM +?�M;2 QM i?2 KB+`Q;2H bBx2X

RXdX *QMi`B#miBQMb

h?2 7mM/�K2Mi�H ;Q�H Q7 �Mv BQMB+ KB+`Q;2H bim/v Bb iQ mM/2`bi�M/ i?2 i?2`KQ/vM�KB+ �M/

bi`m+im`�H T`QT2`iB2b BM i2`Kb Q7 T�`iB+H2 BMi2`�+iBQMb- r?B+? Bb ;2M2`�HHv /QM2 rBi?BM i?2 7`�K2rQ`F

Q7 bi�iBbiB+�H K2+?�MB+b (ek)X .2MiQM �M/ h�M; (jN) bim/B2/ i?2 2[mBHB#`BmK br2HHBM; �M/ QbKQiB+

T`2bbm`2 Q7 pQHmK2@+?�`;2/ KB+`Q;2HbX >Qr2p2`- i?2v /B/ MQi +QMbB/2` bT?2`B+�H KB+`Q;2Hb rBi?

Ry



mMB7Q`K bm`7�+2@+?�`;2/ KB+`Q;2Hb Q` /Bz2`2Mi b?�T2b Q7 BQMB+ KB+`Q;2HbX h?2`27Q`2- r2 ?�p2 KQ/@

2H2/ p�`BQmb +?�`;2 /Bbi`B#miBQMb Qp2` bT?2`B+�H- KB+`Q+�TbmH2- �M/ +vHBM/`B+�H KB+`Q;2HbX "v `mM@

MBM; KQH2+mH�` /vM�KB+b bBKmH�iBQMb Q7 i?2b2 KB+`Q;2H bvbi2Kb �M/ /2i2`KBMBM; i?2B` 2[mBHB#`BmK

br2HHBM; `�iBQb- r2 +?�`�+i2`Bx2/ i?2 BM~m2M+2 Q7 T�`iB+H2 ;2QK2i`v �M/ }t2/ +?�`;2 /Bbi`B#miBQMb

QM QbKQiB+ T`2bbm`2 �M/ br2HHBM; Q7 KB+`Q;2HbX q2 ?�p2 +QKT�`2/ Qm` `2bmHib 7Q` br2HHBM; #2?�pBQ`

Q7 bm`7�+2@+?�`;2/ KB+`Q;2Hb rBi? i?Qb2 7Q` pQHmK2@+?�`;2/ KB+`Q;2Hb T`2b2Mi2/ BM `27X (jN)X "v `mM@

MBM; JQMi2 *�`HQ bBKmH�iBQMb Q7 bm`7�+2@+?�`;2/ KB+`Q;2Hb �M/ /2i2`KBMBM; i?2 `�/B�H /Bbi`B#miBQM

7mM+iBQMb �M/ bi�iB+ bi`m+im`2 7�+iQ`b- r2 +?�`�+i2`Bx2/ i?2 �#BHBiv Q7 i?2 BQMB+ KB+`Q;2H T�`iB+H2b

iQ 7Q`K � +`vbi�H T?�b2 �M/ b?Qr2/ i?�i KB+`Q;2Hb +�M /27Q`K �i ?B;? +QM+2Mi`�iBQMb #v 7Q`KBM;

7�+2ib �i i?2 +QMi�+i �`2�X �HbQ- r2 +�H+mH�i2/ i?2 #mHF QbKQiB+ T`2bbm`2 7`QK i?2 J* K2i?Q/

7Q` bm`7�+2@+?�`;2/ KB+`Q;2H bmbT2MbBQMb �M/ +QKT�`2/ Qm` `2bmHib rBi? i?2 T`2/B+iBQMb Q7 SQBbbQM@

"QHixK�MM i?2Q`v BM i?2 +2HH KQ/2HX 6BM�HHv- Qm` i?2Q`2iB+�H KQ/2Hb �M/ +QKTmi2` bBKmH�iBQMb

rBHH �HHQr 7Q` � #2ii2` /2b+`BTiBQM Q7 i?2 `QH2 Q7 BQM /Bbi`B#miBQMb �M/ i?2 b?�T2b Q7 KB+`Q;2Hb QM

br2HHBM;X h?2b2 K2i?Q/b +QmH/ �HbQ #2 2ti2M/2/ iQ KQ/2H ?QHHQr BQMB+ +vHBM/`B+�H KB+`Q;2Hb �M/

+QmH/ TQi2MiB�HHv #2 mb2/ iQ ;mB/2 i?2 /2bB;M Q7 bK�`i- `2bTQMbBp2 T�`iB+H2b #�b2/ QM i?2 BM+`2�b2/

mM/2`bi�M/BM; Q7 KB+`Q;2H br2HHBM; #2?�pBQ`X S�`ib Q7 i?Bb /Bbb2`i�iBQM ?�p2 #22M Tm#HBb?2/ (Rk-ej)

�M/ Qi?2` T�`ib �`2 BM T`2T�`�iBQM 7Q` Tm#HB+�iBQMX

RX3X PmiHBM2

�7i2` i?2 ;2M2`�H BMi`Q/m+iBQM �M/ #�+F;`QmM/ /Bb+mbbBQM QM KB+`Q;2Hb BM *?�Ti2` R- i?Bb

/Bbb2`i�iBQM +QMiBMm2b BM *?�Ti2` k rBi? � #`B27 HBi2`�im`2 `2pB2r QM BQMB+ KB+`Q;2Hb �M/ i?2B` `2H2@

p�Mi T`QT2`iB2bX h?Bb +?�Ti2` b2`p2b iQ BMi`Q/m+2 7QmM/�iBQM�H `2H�iBQMb?BTb /Bb+mbb2/ i?`Qm;?Qmi

i?2 /Bbb2`i�iBQM- BM+Hm/BM; i?2 br2HHBM; #2?�pBQ`- QbKQiB+ T`2bbm`2- �M/ +QmMi2`BQM /Bbi`B#miBQMb

Q7 BQMB+ KB+`Q;2HbX Ai �HbQ +Qp2`b `2+2Mi rQ`F QM i?2 QbKQiB+ br2HHBM; #2?�pBQ` Q7 BQMB+ KB+`Q;2HbX

*?�Ti2` j T`2b2Mib � /2b+`BTiBQM Q7 i?2 T?vbB+�H KQ/2HbX *?�Ti2` 9 BMi`Q/m+2b F2v i?2Q`B2b �M/

#�+F;`QmM/ 7`�K2rQ`Fb iQ KQ/2H BQMB+ KB+`Q;2HbX h?Bb +?�Ti2` BM+Hm/2b i?2 SQBbbQM@"QHixK�MM

i?2Q`v- 2t�+i bi�iBbiB+�H K2+?�MB+�H `2H�iBQMb BM i?2 +2HH KQ/2H- HBM2�` `2bTQMb2 i?2Q`v Q7 2z2+iBp2

2H2+i`Qbi�iB+ BMi2`�+iBQMb- �M/ i?2 6HQ`v@_2?M2` i?2Q`v Q7 TQHvK2` M2irQ`FbX *?�Ti2` 8 BMi`Q/m+2b

i?2 T`BM+BTH2b Q7 KQH2+mH�` /vM�KB+b UJ.V �M/ JQMi2 *�`HQ UJ*V bBKmH�iBQMb �M/ /2b+`B#2b i?2

bBKmH�iBQM b2imT 7Q` KB+`Q;2H bvbi2KbX *?�Ti2` e Bb /2/B+�i2/ iQ /Bb+mbbBM; i?2 Q#i�BM2/ `2bmHib

�M/ bm;;2biBQMb 7Q` 7mim`2 rQ`FX

RR



kX GAh1_�hl_1 _1oA1q

S?vbB+�H T`QT2`iB2b Q7 KB+`Q;2H T�`iB+H2b ?�p2 HQM; #22M i?2 bm#D2+i Q7 BMi2Mb2 `2b2�`+?-

/m2 iQ i?2 rB/2 `�M;2 Q7 i?2B` i2+?MQHQ;B+�H �TTHB+�iBQMbX h?mb- b+B2MiBbib ?�p2 `2H2�b2/ b2p2`�H

i?Qmb�M/ Tm#HB+�iBQMb QM ǳMQM@BQMB+ KB+`Q;2HbǴ �M/ ǳBQMB+ KB+`Q;2HbǴ bBM+2 i?2 i2`K ǳKB+`Q;2HǴ r�b

BMi`Q/m+2/ BM RN9N #v "�F2` iQ /2b+`B#2 � M2irQ`F Q7 TQHvK2`B+ +?�BMb 7Q`KBM; � T�`iB+H2 bmbT2M/2/

BM � bQHp2Mi (j)X J�Mv 2tT2`BK2Mi�H i2+?MB[m2b �M/ i?2Q`2iB+�H �TT`Q�+?2b ?�p2 #22M mb2/ iQ bim/v

/Bz2`2Mi �bT2+ib Q7 KB+`Q;2H T�`iB+H2b- bm+? �b br2HHBM; #2?�pBQ`- QbKQiB+ T`2bbm`2- bi`m+im`�H T?�b2b

Q7 KB+`Q;2H T�`iB+H2b Q7 /Bz2`2Mi ;2QK2i`B2b- 2X;X- bT?2`B+�H- +�TbmH2- �M/ +vHBM/`B+�H KB+`Q;2Hb- �M/

KQ/2HBM; 2[mBHB#`BmK br2HHBM; Q7 MQM@BQMB+ �M/ BQMB+ KB+`Q;2HbX h?2 ;Q�H Q7 i?Bb +?�Ti2` Bb iQ QmiHBM2

bQK2 2tT2`BK2Mi�H i2+?MB[m2b mb2/ iQ bvMi?2bBx2 KB+`Q;2H T�`iB+H2b �M/ +?�`�+i2`Bx�iBQM iQQHb iQ

bim/v i?2 T`QT2`iB2b Q7 KB+`Q;2H T�`iB+H2b �M/ bmbT2MbBQMb �b r2HH �b iQ BM7Q`K i?2 `2�/2` Q7 i?2

rQ`F i?�i ?�b #22M +QKTH2i2/ iQ bim/v QbKQiB+ T`2bbm`2 �M/ br2HHBM; #2?�pBQ` Q7 BQMB+ KB+`Q;2Hb

�M/ i?2B` BMi2`�+iBQMb rBi? QM2 �MQi?2`X >Qr2p2`- bBM+2 r2 +�MMQi +Qp2` i?2 2MiB`2 }2H/- r2 BMbi2�/

7Q+mb QM i?2 iQTB+b `2H2p�Mi iQ i?2 rQ`F /2b+`B#2/ BM i?Bb /Bbb2`i�iBQMX

kXRX JB+`Q;2H avMi?2bBb �M/ *?�`�+i2`Bx�iBQM

LmK2`Qmb `2pB2rb QM i?2 T`2T�`�iBQM- +?�`�+i2`Bx�iBQM- �M/ KQ/B}+�iBQM Q7 KB+`Q;2H T�`@

iB+H2b ?�p2 #22M Tm#HBb?2/X 6Q` 2t�KTH2- SB+? �M/ _B+?i2`BM; (jd) �M/ S2HiQM (R) T`QpB/2 2t+2HH2Mi

Qp2`pB2rb Q7 KB+`Q;2Hb �M/ i?2B` bvMi?2bBb �M/ #2?�pBQ` BM /BbT2`b2/ K2/B�X h?2`2 �`2 p�`BQmb

bi`�i2;B2b �M/ K2i?Q/b 7Q` i?2 T`2T�`�iBQM �M/ i?2 +?�`�+i2`Bx�iBQM Q7 KB+`Q;2Hb- �M/ ?2`2 i?2

KQbi +QKKQM bi�M/�`/ K2i?Q/b iQ bvMi?2bBx2 �M/ +?�`�+i2`Bx2 TQHvK2`B+ KB+`Q;2Hb �`2 `2pB2r2/X

kXRXRX JB+`Q;2H avMi?2bBb

:2M2`�HHv- i?2 i2+?MB[m2b mb2/ iQ T`2T�`2 #mHF ?v/`Q;2H +�M #2 �TTHB2/ iQ KB+`Q;2H bvM@

i?2bBb (e9)X AM bm+? K2i?Q/b- #mHF KB+`Q;2Hb �`2 K2+?�MB+�HHv ;`QmM/ mbBM; � ?B;? b?2�` K2@

+?�MB+�H +mii2` iQ 7Q`K KB+`Q;2H T�`iB+H2bX >Qr2p2`- r?2M bvMi?2bBxBM; KB+`Q;2Hb- bQK2 2bb2MiB�H

�bT2+ib M22/ iQ #2 +QMbB/2`2/X 6B`bi- Bi Bb Q7 BMi2`2bi iQ +QMi`QH i?2 b?�T2- i?2 bBx2- �M/ T�`iB+H2

bBx2 /Bbi`B#miBQM Q7 KB+`Q;2Hb /m`BM; i?2 T`2T�`�iBQM T`Q+2bbX a2+QM/- i?2 bi�#BHBiv Q7 KB+`Q;2H

bvbi2Kb Bb � p2`v BKTQ`i�Mi �bT2+i iQ �pQB/ �;;`2;�iBQM �M/ T`2+BTBi�iBQMX q?2M Bi +QK2b iQ

i2+?MB[m2b 7Q` T`2T�`BM; KB+`Q;2H T�`iB+H2b- 7`22@`�/B+�H TQHvK2`Bb�iBQM Bb QM2 Q7 i?2 KQbi +QKKQM

Rk



`2�+iBQMb iQ bvMi?2bBx2 KB+`Q;2Hb (e8Ĝed)X h?Bb i2+?MB[m2 r�b }`bi miBHBx2/ #v S?BHBT *?B#�Mi2 BM

RNd3 7Q` T`2T�`�iBQM Q7 SLAS�J KB+`Q;2Hb (R- e3- eN)- �M/ ?�b #22M rB/2Hv mb2/ 7Q` i?2 bvMi?2bBb

Q7 i?2`KQb2MbBiBp2 SLAS�J (dyĜd9)X AM �//iBQM- i?Bb i2+?MB[m2 ?�b #22M bm++2bb7mHHv mb2/ 7Q` i?2

T`2T�`�iBQM Q7 ?QHHQr KB+`Q;2Hb UKB+`Q+�TbmH2bV (d8Ĝdd) �M/ SLAS�J +vHBM/`B+�H KB+`Q;2Hb (R9)X

AM i?Bb 7�#`B+�iBQM i2+?MB[m2- �HH BM;`2/B2Mib- BM+Hm/BM; i?2 LAS�J KQMQK2`b- +`QbbHBMF2` �;2Mi

U2X;X- L-LǶ@K2i?vH2M2#Bb�+`vH�KB/2 UJ"�VV- �M/ BMBiB�iQ` KQH2+mH2b U2X;X- TQi�bbBmK bmH7�i2V- �`2

/BbbQHp2/ BM � bQHp2Mi iQ /`Bp2 KB+`Q;2H T�`iB+H2 7Q`K�iBQMX h?2 7Q`K�iBQM Q7 KB+`Q;2H T�`iB+H2b Q+@

+m`b #v Mm+H2�iBQM K2+?�MBbKX "2bB/2b T`2+BTBi�iBQM TQHvK2`Bx�iBQM i2+?MB[m2b- i?2`2 �`2 b2p2`�H

Qi?2` i2+?MB[m2bX 6Q` 2t�KTH2- 2KmHbB}+�iBQM i2+?MB[m2b �`2 mb27mH iQ T`2T�`2 ?B;?Hv KQMQ/BbT2`b2

KB+`Q;2H T�`iB+H2bX h?2`2 ?�b #22M ;`QrBM; BMi2`2bi BM i?2b2 i2+?MB[m2b #2+�mb2 Q7 i?2 bBKTHB+Biv

Q7 /2bB;M �M/ #2ii2` +QMi`QH Q7 i?2 /`QTH2i bBx2X �MQi?2` �TT`Q�+? Bb KB+`Q~mB/B+ i2+?MB[m2bX AM

i?2b2 i2+?MB[m2b- KB+`Q~mB/B+ /2pB+2b �`2 mb2/ iQ T`Q/m+2 KB+`Q;2H T�`iB+H2b rBi? � bBx2 Q7 �#Qmi

RĜjy KB+`QK2i2`b pB� i?2 2KmHbB}+�iBQM Q7 TQHvK2` bQHmiBQMbX

6B;m`2 kXRX JB+`Q;2H 7Q`K�iBQM #v T`2+BTBi�iBQM TQHvK2`Bx�iBQM (jd)X

6BM�HHv- T`2+BTBi�iBQM TQHvK2`Bx�iBQM Bb � mMB[m2 �M/ TQr2`7mH i2+?MB[m2 7Q` bvMi?2bBxBM;

KB+`Q;2H T�`iB+H2b rBi? ?QKQ;2M2Qmb bBx2 �M/ b?�T2- �M/ i?2 `2bmHiBM; KB+`Q;2H T�`iB+H2b �`2 7`22

Q7 �Mv bi�#BHBx2` Q` bm`7�+i�Mi (jd- d3)X AM i?Bb i2+?MB[m2- Bi 2�bv iQ URV +QMi`QH i?2 bBx2 Q7 KB+`Q;2H

T�`iB+H2b Qp2` � #`Q�/ `�M;2 7`QK 100 nm iQ 3 µm- UkV Q#i�BM � M�``Qr T�`iB+H2 bBx2 /Bbi`B#miBQM-

�M/ UjV BMi2;`�i2 /Bz2`2Mi ivT2b Q7 KQMQK2`b BMiQ i?2 KB+`Q;2H M2irQ`F (jd)X >Qr2p2`- i?Bb i2+?@

MB[m2 ?�b bQK2 HBKBi�iBQMbX 6Q` 2t�KTH2- QMHv i?2`K�HHv bi�#H2 K�i2`B�Hb +�M #2 mb2/ bBM+2 i?2

TQHvK2`Bx�iBQM Q++m`b �i ?B;? i2KT2`�im`2b- �M/ Bi Bb ?�`/ iQ 7Q`K p2`v bK�HH KB+`Q;2Hb rBi? bBx2

#2HQr 50 nm rBi?Qmi i?2 mb2 Q7 �//BiBQM�H bi�#BHBxBM; �;2Mib (jd)X
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kXRXkX JB+`Q;2H *?�`�+i2`Bx�iBQM

kXRXjX .vM�KB+ GB;?i a+�ii2`BM;

.vM�KB+ HB;?i b+�ii2`BM; U.GaV Bb i?2 KQbi bi�M/�`/ i2+?MB[m2 7Q` +?�`�+i2`BxBM; i?2 bBx2b

Q7 KB+`Q;2H T�`iB+H2b /BbT2`b2/ BM �M �[m2Qmb bQHp2Mi (9- Ry- j3- dN)X Ai +�M �HbQ #2 mb2/ iQ Q#i�BM

K2�bm`2K2Mib Q7 b2p2`�H T�`�K2i2`b- bm+? �b KQH2+mH�` r2B;?i- pBb+QbBiv Q7 i?2 /BbT2`bBQM K2/BmK-

�M/ i`�MbH�iBQM�H /BzmbBQM +Q2{+B2Mi (3y)X .vM�KB+ HB;?i b+�ii2`BM; ?�b #2+QK2 � bi�M/�`/ i2+?@

MB[m2 #2+�mb2 Bi T`QpB/2b `�TB/- �++m`�i2- �M/ `2T`Q/m+B#H2 `2bmHib (dN- 3y)X 6B;m`2 kXk b?Qrb �

ivTB+�H b2i@mT Q7 � /vM�KB+ HB;?i b+�ii2`BM; BMbi`mK2MiX � p2`iB+�HHv TQH�`Bx2/ HB;?i #2�K- bm+? �b

� H�b2`- Bb T�bb2/ i?`Qm;? i?2 b�KTH2X � H2Mb UGV Bb mb2/ iQ 7Q+mb i?2 HB;?i #2�K BMiQ i?2 K2�@

bm`2K2Mi �`2�X h?2 /2i2+iQ` Bb TH�+2/ �i � +2`i�BM �M;H2 UQ7i2M �i Ny /2;`22bVX h?2 b+�ii2`2/ HB;?i

BMi2MbBiv UMmK#2` Q7 T?QiQMb T2` iBK2V Bb +QHH2+i2/ �M/ `2H�v2/ iQ � /B;Bi�H +Q``2H�iQ` iQ 2ti`�+i

i?2 +Q``2H�iBQM 7mM+iBQMX � +QKTmi2` Bb i?2M mb2/ iQ +QMp2`i i?2 /2+�v Q7 i?Bb +Q``2H�iBQM 7mM+iBQM

BMiQ � /BzmbBQM +Q2{+B2Mi �M/ � T�`iB+H2 bBx2 (3y)X

6B;m`2 kXkX a+?2K�iB+ /B�;`�K Q7 i?2 b2i@mT 7Q` � /vM�KB+ HB;?i b+�ii2`BM; U.GaV BMbi`mK2Mi (3y)X

q?2M H�b2` HB;?i Bb T�bb2/ BMiQ � HQr +QM+2Mi`�iBQM U/BHmi2V bQHmiBQM Q7 KB+`Q;2Hb- i?2 BM+B/2Mi

HB;?i Bb b+�ii2`2/ BM �HH /B`2+iBQMb #v i?2 T�`iB+H2b BM i?2 bQHmiBQM U/m2 iQ "`QrMB�M KQiBQMVX 6Hm+im@

�iBQMb Q7 i?2 b+�ii2`2/ HB;?i BMi2MbBiv �`2 +QMp2`i2/ iQ i?2 K2�M i`�MbH�iBQM�H /BzmbBQM +Q2{+B2Mi-

r?B+? +�M #2 7m`i?2` +QMp2`i2/ BMiQ T�`iB+H2 bBx2 #v K2�Mb Q7 i?2 aiQF2bĜ1BMbi2BM 2[m�iBQM (3y)-

D = kBT

6πηRh
, UkXRV
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r?2`2 D Bb i?2 i`�MbH�iBQM�H /BzmbBQM +Q2{+B2Mi- kB Bb i?2 "QHixK�MM +QMbi�Mi- η Bb i?2 pBb+QbBiv

Q7 i?2 K2/BmK- �M/ Rh Bb i?2 ?v/`Q/vM�KB+ T�`iB+H2 `�/BmbX LQi2 i?�i i?2 bm`7�+2 Q7 � KB+`Q;2H

T�`iB+H2 +QMi�BMb �M �ii�+?2/ H�v2` Q7 KQH2+mH2b �M/ BQMbX h?Bb �ii�+?2/ H�v2` KQp2b rBi? i?2

T�`iB+H2 BM i?2 bQHp2MiX h?2`27Q`2- i?2 ?v/`Q/vM�KB+ T�`iB+H2 `�/Bmb Bb H�`;2` i?�M i?2 �+im�H `�/Bmb

Q7 i?2 T�`iB+H2 (3y)X Ai ?�b #22M 7QmM/ i?�i i?2 bBx2 Q7 � KB+`Q;2H T�`iB+H2 K2�bm`2/ #v /vM�KB+

HB;?i b+�ii2`BM; Bb H�`;2` i?�M i?2 +Q``2bTQM/BM; bBx2 Q#i�BM2/ #v bi�iB+ HB;?i b+�ii2`BM;- r?B+? +�M

#2 �ii`B#mi2/ iQ i?2 #`mb?2b QM KB+`Q;2Hb (Ry)X 6BM�HHv- bi�iB+ HB;?i b+�ii2`BM;- bK�HHɢ�M;H2 sɢ`�v

b+�ii2`BM;- �M/ bK�HHɢ�M;H2 M2mi`QM b+�ii2`BM; �`2 7m`i?2` i2+?MB[m2b mb2/ iQ K2�bm`2 T�`iB+H2 bBx2X

ai�iB+ HB;?i b+�ii2`BM; UaGaV Bb mb2/ iQ K2�bm`2 `�/Bmb Q7 ;v`�iBQMX 6Q` KB+`Q;2H T�`iB+H2b /BzmbBM;

BM �M �[m2Qmb bQHp2Mi- i?2 ;Bp2M ?v/`Q/vM�KB+ `�/Bmb �HQM2 +�MMQi #2 `2HB2/ QM iQ �++m`�i2Hv

`2T`2b2Mi T�`iB+H2 ;2QK2i`B2b- r?B+? b?QmH/- i?2`27Q`2- #2 BM72``2/ #v i?2 `�iBQ Q7 Rg/Rh (3y)X

kXRX9X *QM/m+iQK2i`B+ �M/ SQi2MiBQK2i`B+ hBi`�iBQM J2i?Q/b

h?2 +?�`;2 +QMi2Mi Q7 KB+`Q;2H T�`iB+H2b +�M #2 K2�bm`2/ �b � 7mM+iBQM Q7 pH #v � +QK#BM�@

iBQM Q7 +QM/m+iQK2i`B+ �M/ TQi2MiBQK2i`B+ iBi`�iBQM K2i?Q/b (jj- 3R)X *QM/m+iQK2i`B+ iBi`�iBQM Bb

mb2/ iQ K2�bm`2 i?2 iQi�H +?�`;2 Q7 BQMB+ KB+`Q;2H T�`iB+H2bX h?2 T`BM+BTH2 #2?BM/ i?2 +QM/m+iQK2i@

`B+ iBi`�iBQM K2i?Q/ Bb i?�i +QmMi2`BQMb �M/ +QBQMb ?�p2 /Bz2`2Mi +QM/m+i�M+2 p�Hm2bX h?2`27Q`2-

/m`BM; i?2 iBi`�iBQM- QM2 Q7 i?2 BQMb Bb 2t+?�M;2/ #v i?2 Qi?2` �M/ i?2b2 irQ BQMb rBHH +?�M;2 i?2

BQMB+ +QM/m+iBpBiv Q7 i?2 bQHmiBQMX h?2 /2;`22 Q7 BQMBx�iBQM Q7 KB+`Q;2H T�`iB+H2b +�M #2 K2�bm`2/ #v

TQi2MiBQK2i`B+ iBi`�iBQM i2+?MB[m2 (3R)- r?B+? Bb #�b2/ QM i?2 TQi2MiB�H �+`Qbb i?2 TQHvK2` bQHmiBQMX

kXkX PbKQiB+ S`2bbm`2 �M/ ar2HHBM; Q7 AQMB+ JB+`Q;2Hb

AM `2+2Mi v2�`b- +QMbB/2`�#H2 �ii2MiBQM ?�b #22M /`�rM iQ i?2 bim/v Q7 BQMB+ KB+`Q;2Hb-

r?2`2 i?2 M2irQ`F Bb 7Q`K2/ #v 2Bi?2` �KB/BMBmK ;`QmTb Q` +?�`;2/ KQMQK2`b (9- k3- jN- 9k)X h?2

�KB/BMBmK ;`QmTb �`Bb2 7`QK i?2 BMBiB�iQ`- HQ+�i2/ �i i?2 bm`7�+2 Q7 i?2 T�`iB+H2bX *?�`;2/ KQMQK2`b

�`2 /Bbi`B#mi2/ BMbB/2 i?2 T�`iB+H2 M2irQ`F �M/ �`2 2tT2+i2/ iQ #2 mMB7Q`KHv /Bbi`B#mi2/ i?`Qm;?Qmi

i?2 T�`iB+H2X 1t�KTH2b Q7 BQMB+ KB+`Q;2Hb �`2 QM2b Q#i�BM2/ #v +QTQHvK2`Bx�iBQM Q7 KQMQK2`b

Q7 L@BbQT`QTvH�+`vH�KB/2 ULAS�JV rBi? �M BQMBx�#H2 KQMQK2` (3k)X h?2`2 ?�b #22M � ;`QrBM;

BMi2`2bi BM mM/2`bi�M/BM; i?2 br2HHBM; #2?�pBQ` �M/ bi`m+im`2 Q7 bBM;H2 BQMB+ KB+`Q;2Hb �M/ �HbQ �

bmbT2MbBQM Q7 BQMB+ KB+`Q;2Hb iQ 2M+�TbmH�i2 �+iBp2 KQH2+mH2b 7Q` +QMi`QHH2/ `2H2�b2 Tm`TQb2b (k-3j)X

AM bm+? �TTHB+�iBQMb- +?�`;2/ KQH2+mH2b rQmH/ #2 �ii�+?2/ iQ i?2 M2irQ`F bi`m+im`2 #v 2H2+i`Qbi�iB+

�ii`�+iBQMX h?Bb FBM/ Q7 T`Q+2bb bi`QM;Hv /2T2M/b QM i?2 T2M2i`�iBQM Q7 i?2 BQMb �M/ i?2 p�Hm2 Q7
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i?2 +?�`;2b Q7 i?2 T�`iB+H2X AM/22/- +?�`;2b +QMi`QH i?2 M2i QbKQiB+ T`2bbm`2 �M/ i?2 br2HHBM; Q7

BQMB+ KB+`Q;2Hb- �M/ i?Bb Bb QM2 Q7 i?2 K�BM 7�+iQ`b `2bTQMbB#H2 7Q` i?2 2[mBHB#`BmK br2HHBM; Q7 BQMB+

KB+`Q;2HbX

62`M�M/2x@LB2p2b 2i �HX (9) T`2T�`2/ � pQHmK2@+?�`;2/ KB+`Q;2H mbBM; 2tT2`BK2Mi�H i2+?@

MB[m2b iQ b?Qr i?�i br2HHBM; #2?�pBQ` �M/ QbKQiB+ T`2bbm`2 Q7 BQMB+ KB+`Q;2H T�`iB+H2 /2T2M/b QM

+?�`;2X h?2v 7QmM/ i?�i i?2 br2HHBM; T`Q+2bb Bb +QMi`QHH2/ #v i?2 +QmMi2`BQM +QMi`B#miBQM iQ i?2

QbKQiB+ T`2bbm`2- �M/ i?2 i`�MbBiBQM 7`QK i?2 /2brQHH2M bi�i2 iQ i?2 brQHH2M bi�i2 Bb +QMiBMmQmbX "v

mbBM; i?2 6HQ`v@>m;;BMb KQ/2H- i?2v r2`2 �#H2 iQ 2tTH�BM i?2 2z2+i Q7 i?2 +QmMi2`BQM /Bbi`B#miBQM

+�mb2/ #v i?2 T`2b2M+2 Q7 }t2/ +?�`;2b QM i?2 KB+`Q;2HX Ai r�b 7QmM/ i?�i i?2 KB+`Q;2H bi�`ib iQ

br2HH #2HQr �#Qmi pH = 4.2- i?2M /2b2rHHb �#Qp2 pH = 4.2X h?Bb K2�Mb i?�i #2HQr 9Xk- i?2 KB+`Q;2H

#2+QK2b BM+`2�bBM;Hv KQ`2 BQMBx2/- i?mb Bib pQHmK2 BM+`2�b2b (9)X AM Qi?2` rQ`F /QM2 #v 62`M�M/2x@

LB2p2b 2i �HX (k3)- i?2v HQQF2/ �i i?2 2z2+i Q7 2ti2`M�H QbKQiB+ T`2bbm`2 QM i?2 /2br2HHBM; #2?�pBQ` Q7

�M BQMB+ KB+`Q;2H bmbT2MbBQMX *QK#BMBM; 2tT2`BK2Mi�H i2+?MB[m2b rBi? i?2 6HQ`v i?2`KQ/vM�KB+

i?2Q`v Q7 TQHvK2` M2irQ`Fb- i?2v b?Qr2/ i?�i BQMB+ KB+`Q;2Hb bi�`i iQ /2br2HH �i � +2`i�BM p�Hm2 Q7

i?2 2ti2`M�H QbKQiB+ T`2bbm`2X "2HQr i?Bb p�Hm2- i?2 BQMB+ KB+`Q;2H br2HHb rBi? /2+`2�bBM; QbKQiB+

T`2bbm`2X h?Bb +2`i�BM p�Hm2 Q7 pH /2T2M/b QM i?2 +?�`;2 /2MbBiv Q7 i?2 KB+`Q;2H T�`iB+H2b (k3)X

� bBKBH�` bim/v QM i?2 BM~m2M+2 Q7 pH +QKTH2i2/ #v E�`; 2i �HX (Re) /2KQMbi`�i2/ i?�i /B7@

72`2Mi pH p�Hm2b �M/ b�Hi +QM+2Mi`�iBQMb +�M BM/m+2 � +?�M;2 BM i?2 bBx2 Q7 SLAS�J@SQHvU�HHvH�+2iB+

�+B/V +QTQHvK2` KB+`Q;2HbX "v p�`vBM; i?2 pH p�Hm2b 7`QK pH = 8 iQ pH = 10- �KQmMib Q7 +?�`;2/

+QKQMQK2`- �M/ i2KT2`�im`2 Q7 i?2 bvbi2K- i?2 �mi?Q`b +?�`�+i2`Bx2/ i?2 BM~m2M+2 Q7 pH �M/ BQMB+

bi`2M;i? QM i?2 br2HHBM; #2?�pBQ` Q7 i?2 KB+`Q;2H T�`iB+H2 �M/ /2i2`KBM2/ r?2i?2` i?Bb rQmH/ +�mb2

� bB;MB}+�Mi b?B7i Q7 i?2 pQHmK2 T?�b2 i`�MbBiBQM i2KT2`�im`2 iQr�`/ ?B;?2` p�Hm2b (Re)X

P#2bQ@o2`� 2i �HX (kR) ?�p2 bim/B2/ i?2 BM~m2M+2b Q7 +`QbbHBMF /2MbBiv �M/ +`QbbHBMF ivT2

QM i?2 bBx2 �M/ br2HHBM; #2?�pBQ` Q7 L@BbQT`QTvH�+`vH�KB/2 ULAS��KV KB+`Q;2HbX h?2 �mi?Q`b

T`2T�`2/ KB+`Q;2H T�`iB+H2b #v i?2 /BbT2`bBQM TQHvK2`Bx�iBQM i2+?MB[m2 �M/ mb2/ /Bz2`2Mi ivT2b Q7

+`QbbHBMF2`b- bm+? �b L-LǶ@K2i?vH2M2#Bb�+`vH�KB/2 UJ"�V- 2i?vH2M2 ;Hv+QH /BK2i?�+`vH�i2 U1:.J�V

�M j-N@/BpBMvH@k-9-3-Ry@i2i`�@Qt�bTB`Q(8X8) mM/2+�M2 U.o�V- iQ bim/v i?2 br2HHBM; T`QT2`iB2b Q7 i?2

KB+`Q;2H (kR)X h?`Qm;? i?Bb rQ`F- Bi r�b 7QmM/ i?�i i?2 KB+`Q;2H i?�i r�b bvMi?2bBx2/ mbBM; �M

J"� +`QbbHBMF2` T`Q/m+2/ � H�`;2` T�`iB+H2 bBx2 �M/ ?�/ � ?B;?2` br2HHBM; `�iBQ- 7QHHQr2/ #v i?2

KB+`Q;2H i?�i r�b bvMi?2bBx2/ mbBM; 1:.J� �M/ .o� +`QbbHBMF2`b (kR)X h?Bb Q#b2`p�iBQM +�M #2

Re



`2H�i2/ iQ i?2 ?v/`QT?BHB+ Q` ?v/`QT?Q#B+ +?�`�+i2`BbiB+b Q7 i?2 +`QbbHBMF2`bX h?2 `2bmHib Q7 i?Bb

rQ`F BM/B+�i2/ i?�i i?2 K�i2`B�H mb2/ 7Q` +`QbbHBMFBM; BM KB+`Q;2H 7Q`KmH�iBQMb TH�vb � bB;MB}+�Mi

`QH2 BM +QMi`QHHBM; KB+`Q;2H br2HHBM;X �HbQ- bQK2 bim/B2b ?�p2 b?QrM i?�i BM+`2�bBM; i?2 BMBiB�iQ`

�KQmMi +�M �++2H2`�i2 /2br2HHBM; 7Q` SLAS�J KB+`Q;2Hb (e- 39-38)

h?2 bim/v Q7 E�`; 2i �HX (Re) �HbQ Q#b2`p2/ i?�i i?2 SLAS��K@+Q@�HHvH�+2iB+ KB+`Q;2Hb

bvMi?2bBx2/ mbBM; 8 KQHW J"� +`QbbHBMF2` ?�p2 � ?B;?2` /2;`22 Q7 br2HHBM; i?�M i?2 SLAS��K@

+Q@pBMvH�+2iB+ �+B/ KB+`Q;2H bvMi?2bBx2/ mbBM; k KQHW J"� +`QbbHBMF2` 7`QK >Q�`2 �M/ S2HiQM (3e)X

h?Bb Bb � `2K�`F�#H2 `2bmHi- bBM+2 �++Q`/BM; iQ i?2 br2HHBM; i?2Q`v Q7 ;2Hb- �M BM+`2�b2 BM +`QbbHBMF2`

/2MbBiv BM+`2�b2b i?2 2H�biB+ 2Mi`QTv- �i i?2 b�K2 iBK2 i?2 br2HHBM; /2;`22 Q7 KB+`Q;2H /2+`2�b2b (9j)X

�b bi�i2/ BM i?2 T`2pBQmb +?�Ti2`- T�`iB+H2 +QM+2Mi`�iBQMb �M/ BQM /Bbi`B#miBQMb BM~m2M+2

i?2 br2HHBM; �M/ i?2 QbKQiB+ T`2bbm`2 Q7 BQMB+ KB+`Q;2HbX �bB/2 7`QK 2tT2`BK2Mi�H bim/B2b Q7 i?2b2

T?vbB+�H T`QT2`iB2b- i?2`2 ?�b �HbQ #22M � 7Q+mb QM /2p2HQTBM; �M�HviB+�H i?2Q`B2b BM `2+2Mi v2�`bX

AM/22/- K�Mv �M�HviB+�H i?2Q`B2b ?�p2 bim/B2/ i?2 i?2`KQ/vM�KB+ T`QT2`iB2b Q7 BQMB+ KB+`Q;2Hb (jN-

ej-3dĜ3N)X h?2 bi`m+im`2 Q7 BQMB+ KB+`Q;2H /BbT2`bBQMb ?�b �HbQ #22M Q7 BMi2`2bi- �M/ p�`BQmb b?�T2b

Q7 KB+`Q;2Hb ?�p2 #22M bim/B2/ (je- NyĜNk)X *Q``2bTQM/BM; +QKTmi2` bBKmH�iBQMb- 2Bi?2` KQH2+mH�`

/vM�KB+b bBKmH�iBQMb Q` JQMi2 *�`HQ bBKmH�iBQMb- ?�p2 �HbQ #22M T2`7Q`K2/ (9y-98-9e-NjĜN8)X

AQM /Bbi`B#miBQMb TH�v �M BKTQ`i�Mi `QH2 BM +?�M;BM; i?2 bBx2 Q7 � KB+`Q;2H �M/ QbKQiB+

T`2bbm`2X h?2 HQ+�iBQM Q7 KB+`Q;2H +?�`;2b bT`2�/ Qp2` i?2 bm`7�+2 Q` i?2 pQHmK2 Q7 KB+`Q;2H T�`@

iB+H2b +�M BM/m+2 p�`B�iBQMb BM BQM /2MbBiB2b �M/ br2HHBM; (jN-Ne)X h?mb- /2i2`KBMBM; i?2 +QmMi2`BQM

/Bbi`B#miBQM BMbB/2 �M/ �`QmM/ i?2 KB+`Q;2H Bb �M BKTQ`i�Mi �bT2+i Q7 KB+`Q;2H `2b2�`+?X 6Q` 2t@

�KTH2- A`2M2 2i �HX (Nd) bim/B2/ 2[mBHB#`BmK /Bbi`B#miBQMb Q7 BQMb �`QmM/ BQMB+ KB+`Q;2H T�`iB+H2b

/BbT2`b2/ BM � bQHp2Mi mbBM; +Q�`b2@;`�BM2/ JQMi2 *�`HQ bBKmH�iBQMb �M/ i?2 P`Mbi2BMĜw2`MBF2 BMi2@

;`�H 2[m�iBQM i?2Q`vX h?2 �mi?Q`b 7QmM/ i?�i p�H2M+2 Q7 +QmMi2`BQMb �z2+i2/ i?2 BMi2`M�H bi`m+im`2

Q7 i?2 KB+`Q;2H �M/ b?B7i2/ i?2 pQHmK2 i`�MbBiBQM iQ HQr2` i2KT2`�im`2b (N3)X �b `2TQ`i2/ BM i?2

HBi2`�im`2- BM+`2�bBM; i?2 T�`iB+H2 +?�`;2 b?B7ib i?2 br2HHBM; `�iBQ iQ H�`;2` p�Hm2b (jN)X � bim/v #v

.2MiQM �M/ h�M; (jN) 2tTHQ`2/ i?2 BM~m2M+2b Q7 pQHmK2 7`�+iBQM QM +QmMi2`BQM /Bbi`B#miBQMbX h?2

�mi?Q`b 7QmM/ i?�i i?2 7`�+iBQM Q7 +QM}M2/ +QmMi2`BQMb BM+`2�b2b `�TB/Hv �b i?2 pQHmK2 7`�+iBQM BM@

+`2�b2b (jN)X h?Bb K2�Mb i?�i �M BM+`2�b2 BM bBx2 Q7 i?2 KB+`Q;2H i2M/2b iQ � M2mi`�HBx2 i?2 KB+`Q;2H-

r?2`2�b bK�HH2` KB+`Q;2Hb i2M/ iQ TQbb2bb � M2i +?�`;2X

Rd



AM �//BiBQM- *H�m/BQ 2i �HX (9y) ?�p2 T2`7Q`K2/ MmK2`Qmb rQ`Fb �BK2/ �i BMp2biB;�iBM; ?Qr

Km+? i?2 K2�M@}2H/ SQBbbQM@"QHixK�MM i?2Q`v /2pB�i2b 7`QK i?2 `2bmHib Q7 bBKmH�iBQMb 7Q` � bBM;H2

BQMB+ KB+`Q;2H BM i?2 +2HH KQ/2HX AM i?Bb rQ`F- i?2 �mi?Q`b bim/B2/ i?2 BM~m2M+2 Q7 2t+Hm/2/ pQHmK2

2z2+i- +?�`;2 +Q``2H�iBQMb- BQM /Bbi`B#miBQM- �M/ i?2`K�H ~m+im�iBQMb BM i?2 TQHvK2` +?�BM Q7 i?2

KB+`Q;2H �M/ +QKT�`2/ i?2 T`2/B+iBQMb Q7 � SQBbbQMĜ"QHixK�MM +2HH KQ/2H rBi? KQH2+mH�` /vM�KB+

bBKmH�iBQM /�i� 7Q` i?2 +�b2 Q7 ;QQ/ bQHp2Mi �M/ KQMQp�H2Mi BQMb (9y)X lM/2` i?Bb �bbmKTiBQM- i?2

�mi?Q`b +QM+Hm/2/ i?�i i?2 BQM /Bbi`B#miBQMb T`2/B+i2/ #v i?2 SQBbbQMĜ"QHixK�MM i?2Q`v BM i?2

bT?2`B+�H +2HH KQ/2H �;`22/ p2`v r2HH rBi? i?Qb2 Q#i�BM2/ 7`QK bBKmH�iBQMb (9y)X

h?2 rQ`F /2b+`B#2/ BM .2MiQM �M/ h�M; (jN) bim/B2/ i?2 br2HHBM; �M/ QbKQiB+ T`2bbm`2

Q7 bBM;H2 BQMB+ KB+`Q;2Hb rBi? mMB7Q`K pQHmK2 +?�`;2b BM i?2 bT?2`B+�H +2HH KQ/2H #v +QMbB/2`BM;

i?2 bQHp2Mi �b � /B2H2+i`B+ +QMiBMmmK rBi? � mMB7Q`K /B2H2+i`B+ +QMbi�MiX h?2 bim/v /2p2HQT2/ �M

2t�+i bi�iBbiB+�H K2+?�MB+�H i?2Q`2K BM i?2 +�MQMB+�H 2Mb2K#H2 U}t2/ MmK#2` Q7 T�`iB+H2b- bvbi2K

pQHmK2- �M/ i2KT2`�im`2V #�b2/ QM i?2 T�`iBiBQM 7mM+iBQM �M/ >2HK?QHix 7`22 2M2`;v 7Q` +QKTmiBM;

br2HHBM; �M/ QbKQiB+ T`2bbm`2 (jN)X �//BiBQM�HHv- i?2 �mi?Q`b p�HB/�i2/ i?2B` `2bmHib #v +QKT�`BM;

+�H+mH�iBQMb 7`QK MQMHBM2�` SQBbbQM@"QHixK�MM i?2Q`v rBi? /�i� 7`QK KQH2+mH�` /vM�KB+b bBKmH�@

iBQMbX .2MiQM �M/ h�M; (jN) 7QmM/ i?�i i?2 /2br2HHBM; Q7 BQMB+ KB+`Q;2H T�`iB+H2b rBi? BM+`2�bBM;

T�`iB+H2 +QM+2Mi`�iBQM +�M #2 2M?�M+2/ pB� `2/Bbi`B#miBQM Q7 KB+`QBQMbX h?2 �mi?Q`b �HbQ 7QmM/

i?�i BM+`2�b2b BM b�Hi +QM+2Mi`�iBQM +�mb2/ � b?`BMF BM i?2 bBx2 Q7 i?2 KB+`Q;2H- �M/ �HbQ r2�F2M2/

i?2 p�`B�iBQM Q7 br2HHBM; rBi? T�`iB+H2 /2MbBiv (jN)X

LQD/ 2i �HX (j3) T`2T�`2/ BQMB+ ?v/`Q;2M�i2/ SLAS�J T�`iB+H2b �M/ /2mi2`�i2/ SLAS�J

T�`iB+H2b iQ BMp2biB;�i2 i?2 br2HHBM; Q7 i?2b2 BQMB+ KB+`Q;2H T�`iB+H2b 7`QK p2`v HQr +QM+2Mi`�iBQMb

iQ ?B;? +QM+2Mi`�iBQMb mbBM; � +QK#BM�iBQM Q7 HB;?i- s@`�v �M/ M2mi`QM b+�ii2`BM; i2+?MB[m2bX h?2

�mi?Q`b �HbQ KQ/2H2/ i?2 br2HHBM; �M/ QbKQiB+ T`2bbm`2 #v bQHpBM; i?2 SQBbbQMĜ"QHixK�MM 2[m�iBQM

7Q` i?2 2H2+i`Qbi�iB+ TQi2MiB�H rBi?BM � bT?2`B+�H +2HH KQ/2HX h?2B` bvbi2K r�b � bT?2`B+�H 7mxxv

KB+`Q;2HX h?mb- iQ BMp2biB;�i2 r?2i?2` i?2 2H2+i`B+ }2H/ ;2M2`�i2/ #v i?2 +Q`2 Bb bi`QM; 2MQm;? iQ

BM/m+2 bB;MB}+�Mi bi`2i+?BM; Q7 KB+`Q;2H /�M;HBM; 2M/b- i?2v T2`7Q`K2/ � JQMi2@*�`HQ bBKmH�iBQMX

h?2 �mi?Q`b 7QmM/ � bB;MB}+�Mi BM+`2�b2 BM i?2 bBx2 Q7 i?2 KB+`Q;2H �i p2`v HQr +QM+2Mi`�iBQMb- r?B+?

+�M #2 �ii`B#mi2/ iQ i?2 T`2b2M+2 Q7 � +?�`;2 BM i?2 TQHvK2` +?�BM- �M/ �HbQ �i +QM+2Mi`�iBQMb

�#Qp2 b?2HH Qp2`H�T (j3)X AMi2`2biBM;Hv- i?2`2 r�b MQ +?�M;2 BM i?2 KB+`Q;2H bBx2 �i BMi2`K2/B�i2

+QM+2Mi`�iBQMbX 6BM�HHv- i?2 �mi?Q`b /2b+`B#2/ i?2 `2�bQMb 7Q` /Bb+`2T�M+B2b #2ir22M bK�HH@�M;H2

R3



M2mi`QM b+�ii2`BM; �M/ /vM�KB+ HB;?i b+�ii2`BM; K2�bm`2K2Mib- �M/ ?Qr +QM};m`�iBQM�H +?�M;2b

BM i?2 /�M;HBM; 2M/b b22K mMHBF2Hv iQ #2 pBbB#H2 BM bi�iB+ HB;?i b+�ii2`BM;- �M/ �HbQ i?�i i?2B` KQ/2H

Bb MQi �#H2 iQ 2tTH�BM i?2 TH�i2�m BM i?2 KB+`Q;2H bBx2 �i BMi2`K2/B�i2 +QM+2Mi`�iBQMbX

AM i?2 b�K2 b+QT2- a+QiiB 2i �HX (je) +QMbB/2`2/ MQM@BQMB+ mHi`�@HQr +`Qbb@HBMF2/ TLAS�J

KB+`Q;2H �M/ MQM@BQMB+ +�TbmH2 ǳ?QHHQrǴ KB+`Q;2HbX "v p�`vBM; +`QbbHBMF /2MbBiB2b �M/ i?2 �`+?Bi2+@

im`2 Q7 � KB+`Q;2H- �M/ mbBM; s@`�v �M/ M2mi`QM b+�ii2`BM; �M/ KQH2+mH�` bBKmH�iBQM K2i?Q/b iQ

�M�Hvx2 i?2 `2bmHib- i?2 �mi?Q`b K2�bm`2/ �M/ KQ/2H2/ i?2 `2bTQMb2 Q7 KB+`Q;2Hb BM Qp2`+`Qr/2/

2MpB`QMK2Mib iQ /2b+`B#2 ?Qr i?2 br2HHBM; #2?�pBQ` Q7 i?2b2 bvbi2K p�`B2/X AM Qi?2` rQ`/b- i?2

�mi?Q`b BMp2biB;�i2/ ?Qr i?2 BMi2`TH�v #2ir22M i?2 KB+`Q;2H T�`iB+H2b �M/ i?2 +`Qbb@HBMF +QM+2Mi`�@

iBQM rBi?BM i?2 TQHvK2` M2irQ`F �z2+i2/ i?2 br2HHBM; #2?�pBQ` Q7 KB+`Q;2Hb r?2M i?2v �`2 b[m22x2/

#v i?2B` M2B;?#Q`bX Ai r�b Q#b2`p2/ i?�i (je) +�TbmH2 KB+`Q;2Hb r2`2 KQ`2 +QKT`2bb2/ i?�M bT?2`@

B+�H +`QbbHBMF2/ KB+`Q;2HbX h?2 �mi?Q`b �HbQ 7QmM/ i?�i BMi`Q/m+BM; � +�pBiv }HH2/ rBi? � bQHp2Mi

bB;MB}+�MiHv /2+`2�b2/ i?2 bBx2 Q7 i?2 ?QHHQr KB+`Q;2H BM Qp2`+`Qr/2/ 2MpB`QMK2Mib +QKT�`2/ iQ

bT?2`B+�H KB+`Q;2HbX 6`QK i?Bb �M�HvbBb- Bi 7QHHQrb i?�i i?2 �KQmMi Q7 +`QbbHBMF2`b Bb MQi bm{+B2Mi iQ

T`2/B+i i?2 br2HHBM; #2?�pBQ` Q7 KB+`Q;2Hb BM Qp2`+`Qr/2/ 2MpB`QMK2Mib- �M/ i?2`27Q`2 i?2 �`+?Bi2+@

im`2 Q7 � KB+`Q;2H Kmbi #2 +QMbB/2`2/ iQ;2i?2` rBi? i?2 �KQmMi Q7 +`QbbHBMF2`b BM Q`/2` iQ T`2/B+i

r?2i?2` QM2 KB+`Q;2H Bb bQ7i2` i?�M �MQi?2` �M/ r?2i?2` Bi BMi2`T2M2i`�i2b Q` Bb +QKT`2bb2/ #v Bib

M2B;?#Q`b (je)X 6BM�HHv- i?2 �mi?Q`b bi�i2 i?�i ?�pBM; � +�pBiv }HH2/ rBi? � bQHp2Mi +�M 2M?�M+2 i?2

/2br2HHBM; Q7 KB+`Q;2Hb `�i?2` i?�M `2/m+BM; i?2 +`QbbHBMF2` /2MbBiB2b BM Qp2`+`Qr/2/ 2MpB`QMK2MibX

h?2 br2HHBM;- bi`m+im`2- �M/ T2`K2�#BHBiv Q7 ?QHHQr +?�`;2/ KB+`Q;2Hb ?�p2 #22M bim/B2/

i?2Q`2iB+�HHv (jy-NN)- +QKTmi�iBQM�HHv (98)- �M/ 2tT2`BK2Mi�HHv (3-RR-Rk-Ryy)X 6Q` 2t�KTH2- qvTvb2F

2i �HX (Rk) /2KQMbi`�i2/ ?Qr i?2 bBx2 �M/ bi`m+im`2 Q7 � ?QHHQr BQMB+ KB+`Q;2H +�M #2 imM�#H2 #v

p�`vBM; i?2 H2p2H Q7 T> �M/ BQMB+ bi`2M;i?X h?2 �mi?Q`b bvbi2K�iB+�HHv BMp2biB;�i2/ i?2 BM~m2M+2

Q7 T> �M/ b�Hi QM i?2 bi`m+im`2 �M/ br2HHBM; #2?�pBQ` Q7 +?�`;2/ ?QHHQr KB+`Q;2Hb #v mbBM; bK�HH@

�M;H2 M2mi`QM �M/ HB;?i b+�ii2`BM; 2tT2`BK2Mi�H i2+?MB[m2b �M/ BMi2`T`2i2/ i?2B` `2bmHib pB� i?2

SQBbbQMĜ"QHixK�MM i?2Q`v BM i?2 +2HH KQ/2HX AMi2`2biBM;Hv- i?2 �mi?Q`b 7QmM/ i?�i BM+`2�bBM; i?2

BQMB+ bi`2M;i? /2+`2�b2b i?2 i?B+FM2bb Q7 i?2 7mxxv H�v2` �i i?2 Qmi2` bm`7�+2 Q7 i?2 KB+`Q;2HbX AM

+QMi`�bi- rBi? BM+`2�bBM; BQMB+ bi`2M;i?- i?2 7mxxv H�v2` ;`2r i?B+F2` �i i?2 +�pBiv r�HHX AM Qi?2`

rQ`/b- i?2 BQMB+ bi`2M;i? `2/m+2b i?2 HQ+�H .2#v2 b+`22MBM; H2M;i?c i?2`27Q`2- i?2 +?�`;2/ TQHvK2`b

2M+QmMi2` � r2�F2` 2H2+i`Qbi�iB+ `2TmHbBQM 7`QK M2B;?#Q`BM; TQHvK2`bX h?2 2H2+i`Qbi�iB+ QbKQiB+

RN



T`2bbm`2 r�b 7QmM/ iQ /2+`2�b2 i?`Qm;?Qmi i?2 ?QHHQr KB+`Q;2HX �b � `2bmHi- i?2 TQHvK2` +?�BMb

M2�` i?2 +�pBiv bm`7�+2 �`2 7`22 iQ 2tT�M/- r?B+? b?`BMFb i?2 +�pBiv bBx2X AM +QMi`�bi- i?2 Qmir�`/

/�M;HBM; +?�BMb +QHH�Tb2 QMiQ i?2 ?QHHQr KB+`Q;2H bm`7�+2- H2�/BM; iQ � KQ`2 ?QKQ;2M2Qmb �M/

+QKT�+i 2ti2`M�H bi`m+im`2 (Rk)X

AM bim/vBM; � bmbT2MbBQM Q7 BQMB+ KB+`Q;2H T�`iB+H2b- Bi ?�b #22M 7QmM/ i?�i BQMB+ KB+`Q;2Hb

�i HQr +QM+2Mi`�iBQMb BMi2`�+i pB� �M 2z2+iBp2 T�B` TQi2MiB�HX �i H�`;2 b2T�`�iBQM /Bbi�M+2b- i?2

2z2+iBp2 T�B` TQi2MiB�H ?�b #22M 7QmM/ iQ #2 � 7Q`K Q7 umF�r� TQi2MiB�H- �M/ �i b?Q`i2` /Bbi�M+2b- �

bQ7i@+Q`2 BMi2`�+iBQM (ek-Nj-RyRĜRyj)X 6Q` 2t�KTH2- *?mM; �M/ .2MiQM (RyR) +QKTmi2/ i?2 2z2+iBp2

2H2+i`Qbi�iB+ BMi2`�+iBQMb #2ir22M irQ bT2+B2b Q7 +?�`;2/ +QHHQB/b pB� HBM2�` `2bTQMb2 i?2Q`v BM i?2

7`�K2rQ`F Q7 i?2 T`BKBiBp2 KQ/2HX hQ p�HB/�i2 i?2B` i?2Q`v- i?2 �mi?Q`b T2`7Q`K2/ KQH2+mH�` /v@

M�KB+b bBKmH�iBQMb Q7 i?2 +Q�`b2@;`�BM2/ KQ/2H BM i?2 +�MQMB+�H 2Mb2K#H2 U}t2/ T�`iB+H2 MmK#2`b-

bvbi2K pQHmK2- �M/ i2KT2`�im`2VX h?2B` rQ`F T`QpB/2/ � +?�`�+i2`Bx�iBQM Q7 i?2 2z2+iBp2 2H2+@

i`Qbi�iB+ BMi2`�+iBQMb- �M/ 2tTHQ`2/ i?2 QbKQiB+ T`2bbm`2 �M/ bi`m+im`2 Q7 TQHv/BbT2`b2 bmbT2MbBQMb

�M/ ?2HT2/ iQ KQiBp�i2 Qm` KQ/2H Q7 � KBtim`2 Q7 bm`7�+2@+?�`;2/ KB+`Q;2HbX

JQ`2 `2+2MiHv- q2v2` �M/ .2MiQM (Ry9) bim/B2/ i?2 br2HHBM; �M/ bi`m+im`�H T`QT2`iB2b Q7 BQMB+

KB+`Q;2H bmbT2MbBQMb mbBM; JQMi2 *�`HQ bBKmH�iBQM �M/ i?2`KQ/vM�KB+ T2`im`#�iBQM i?2Q`v 7Q` �

+Q�`b2@;`�BM2/ KQ/2H Q7 +QKT`2bbB#H2- T2`K2�#H2- +?�`;2/ bT?2`2b ;Qp2`M2/ #v 2z2+iBp2 BMi2`T�`iB+H2

BMi2`�+iBQMb (Ry9)X h?2 �mi?Q`b +QMbB/2`2/ � KB+`Q;2H rBi? � mMB7Q`K pQHmK2 +?�`;2 /BbT2`b2/

BM � bQHp2Mi rBi? +QmMi2`BQMb i?�i r2`2 �HHQr2/ iQ T2M2i`�i2 i?2 KB+`Q;2H T�`iB+H2b 7`22HvX h?2

+QmMi2`BQMb BM i?2 bQHmiBQM b+`22M2/ 2H2+i`Qbi�iB+ BMi2`�+iBQMb #2ir22M i?2 +?�`;2/ KB+`Q;2Hb- r?B+?

r2`2 KQ/2H2/ mbBM; i?2 umF�r� TQi2MiB�HX h?2 umF�r� TQi2MiB�H �++QmMib 7Q` i?2 b+`22MBM; Q7

BMi2`�+iBQMb #v BM+Hm/BM; �M 2tTQM2MiB�HHv /2+�vBM; 7�+iQ`X Ai r�b 7QmM/ i?�i 7Q` bi`QM;Hv +?�`;2/

KB+`Q;2Hb U?B;? p�H2M+2 MmK#2`V i?2Q`v �M/ bBKmH�iBQMb ;�p2 2[mBHB#`BmK br2HHBM; `�iBQb BM +HQb2

�;`22K2Mib (Ry9)X h?2`27Q`2- bBKmH�iBQMb �M/ i?2Q`B2b Q7 +Q�`b2@;`�BM2/ KQ/2Hb +�M #2 p2`v mb27mH

iQ bim/v T�`iB+H2 br2HHBM; �M/ BMi2`T`2i 7mim`2 2tT2`BK2Mib Q7 bmbT2MbBQMb Q7 BQMB+ KB+`Q;2HbX

AM �MQi?2` i?2Q`2iB+�H �TT`Q�+? #�b2/ QM P`Mbi2BM@w2`MBF2 UPwV BMi2;`�H 2[m�iBQMb- JQM+?Q@

CQ`/� (9e) bim/B2/ i?2 2z2+iBp2 +?�`;2 Q7 BQMB+ KB+`Q;2H T�`iB+H2b BM i?2 T`2b2M+2 Q7 KQMQp�H2Mi b�HiX

AM i?Bb rQ`F- i?2 BQMB+ /2MbBiv T`Q}H2b- 2z2+iBp2 BMi2`�+iBQM #2ir22M KB+`Q;2H T�`iB+H2b- �M/ i?2

2t+Hm/2/@pQHmK2 `2TmHbBQM #2ir22M i?2 KB+`Q;2H T�`iB+H2b �M/ i?2 BQMb r2`2 BMp2biB;�i2/ 7`QK i?2

2ti`2K2 /BHmi2 HBKBi iQ ?B;?Hv +QM+2Mi`�i2/ bmbT2MbBQMb (9e)X h?2 bim/v b?Qrb i?�i bi2`B+ BMi2`@

ky



�+iBQMb /Q MQi ?�p2 � bB;MB}+�Mi 2z2+i QM i?2 +QmMi2`BQMf+QBQM T2M2i`�iBQM r?2M i?2 KB+`Q;2H

T�`iB+H2 Bb BM i?2 brQHH2M bi�i2- BM/B+�iBM; i?�i QMHv i?2 2H2+i`Qbi�iB+ BMi2`�+iBQM ;Qp2`Mb i?2 BQM

/2MbBiv T`Q}H2b (9e)X AM/22/- K�Mv Qi?2` i?2Q`2iB+�H bim/B2b ?�p2 TQBMi2/ Qmi i?�i T2M2i`�iBQM Q7

KB+`QBQMb Bb �z2+i2/ QMHv #v i?2 2H2+i`Qbi�iB+ BMi2`�+iBQMb BM i?2 brQHH2M bi�i2 (9e-N3)X 6BM�HHv- i?2

bim/v �HbQ TQBMi2/ Qmi i?�i bi2`B+ BMi2`�+iBQMb #2ir22M KQMQK2`b b?Qr � bB;MB}+�Mi +QMi`B#miBQM

r?2M i?2 KB+`Q;2H Bb BM i?2 /2brQHH2M bi�i2 (9e)- /m2 iQ i?2 2t+Hm/2/ pQHmK2 `2TmHbBp2 7Q`+2- r?B+?

T`2p2Mib +QmMi2`BQMb �M/ +QBQMb 7`QK T2M2i`�iBM; i?2 KB+`Q;2H T�`iB+H2b (9e-N3)X

kR
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h?2 �BK Q7 i?Bb +?�Ti2` Bb iQ /2b+`B#2 i?2 T?vbB+�H KQ/2HbX h?Bb +?�Ti2` Bb /BpB/2/ BMiQ

i?`22 b2+iBQMbX AM i?2 }`bi b2+iBQM- r2 T`2b2Mi i?2 bQ@+�HH2/ T`BKBiBp2 KQ/2H- r?2`2 i?2 +QBQMb �M/

+QmMi2`BQMb �`2 i�F2M BMiQ �++QmMi 2tTHB+BiHv r?BH2 i?2 bQHp2Mi Bb BKTHB+BiX h?2 M2ti b2+iBQM �BKb

iQ �//`2bb i?2 mb2 Q7 i?2 +2HH KQ/2H �M/ Bib HBKBi�iBQMbX AM i?2 i?B`/ b2+iBQM- r2 /Bb+mbb i?2 QM2@

+QKTQM2Mi KQ/2H i?�i Bb bi�M/�`/Hv mb2/ iQ /2b+`B#2 i?2 bmbT2MbBQM Q7 BQMB+ KB+`Q;2Hb- r?2`2 i?2

+QBQMb �M/ +QmMi2`BQMb �`2 i�F2M BMiQ �++QmMi BKTHB+BiHvX

jXRX AQMB+ JB+`Q;2Hb aQHmiBQMb

q?2M +?�`;2/ KB+`Q;2Hb �`2 /BbT2`b2/ BM � TQH�` bQHp2Mi- i?2 TQHvK2` +?�BMb Q7 i?2 KB+`Q;2Hb

�+[mB`2 � M2i +?�`;2- /m2 iQ i?2 /BbbQ+B�iBQM Q7 +QmMi2`BQMb- H2�pBM; i?2 KB+`Q;2Hb rBi? � M2;�iBp2

+?�`;2X .2T2M/2M+2 QM i?2 bvMi?2bBb Q7 i?2 KB+`Q;2Hb- i?2 +?�`;2 +�M #2 bT`2�/ Qp2` i?2 bm`7�+2

Q` i?2 pQHmK2 Q7 i?2 T�`iB+H2b (9- Ne)X AM �//BiBQM iQ i?2 +QmMi2`BQMb- i?2 T`2b2M+2 Q7 b�Hi BM

bQHmiBQM +QMi`B#mi2b iQ +QBQMb �M/ �//BiBQM�H +QmMi2`BQMbX 6Q` 2t�KTH2- � bQHp2Mi HBF2 r�i2` �i

`QQK i2KT2`�im`2 �M/ M2mi`�H �+B/Biv +QMi�BMb �#Qmi 10−7 J Q7 H+ �M/ ?v/`QtvH OH− BQMbX h?2

iQi�H 2t+2bb �KQmMi Q7 +QBQMb �M/ +QmMi2`BQMb +QMi`B#mi2 iQ ǳ�//2/ b�HiǴX h?2 b�Hi +QM+2Mi`�iBQM

+�M #2 HQr2`2/ #v /2BQMBxBM; i?2 bQHp2MiX

*QMbB/2` �M �[m2Qmb bmbT2MbBQM BM U.QMM�M 2[mBHB#`BmK rBi? �M 2H2+i`QHvi2 `2b2`pQB`V Q7

Nm BQMB+ KB+`Q;2Hb BM � pQHmK2 V �i i2KT2`�im`2 T X �b BHHmbi`�i2/ BM 6B;m`2 jXR- KB+`Q;2H T�`iB+H2b-

r?B+? �`2 bmbT2M/2/ #v "`QrMB�M KQiBQM BM � ~mB/ T?�b2 Umbm�HHv r�i2` 7Q` BQMB+ KB+`Q;2HbV- �`2

Km+? H�`;2` BM bBx2 i?�M i?2 KB+`QBQMb U+QmMi2`BQMb �M/ +QBQMbVX JB+`QBQMb +�M KQp2 i?`Qm;? �

b2KB@T2`K2�#H2 K2K#`�M2 rBi? i?2 `2b2`pQB`- r?BH2 i?2 KB+`Q;2Hb �`2 +QM}M2/ iQ i?2 pQHmK2 Q7 i?2

bmbT2MbBQMX h?2 b�Hi +QM+2Mi`�iBQM Q7 i?2 bmbT2MbBQM Bb /2i2`KBM2/ #v i?2 `2b2`pQB` +QM+2Mi`�iBQMX

6Q` � +HQb2/ bmbT2MbBQM- �HH T�`iB+H2b- BM+Hm/BM; KB+`Q;2Hb �M/ KB+`QBQMb- �`2 +QM}M2/ iQ i?2 b�K2

pQHmK2 V �M/ i?2 MmK#2` Q7 b�Hi BQM T�B`b Ns Bb 2[m�H iQ i?2 MmK#2` Q7 +QBQMbX AM i?2 #mHF

bmbT2MbBQM BHHmbi`�i2/ BM 6B;m`2 jXR- i?2 MmK#2` Q7 +QmMi2`BQMb Nc Bb ;Bp2M #v zNc = ZNm + zNs

�b `2[mB`2/ #v 2H2+i`QM2mi`�HBiv- �M/ i?2 iQi�H MmK#2` Q7 KB+`QBQMb Bb Nc + 2NsX

kk



6B;m`2 jXRX S`BKBiBp2 KQ/2H Q7 +?�`;2/ bT?2`B+�H K�+`QBQMbUH�`;2 +v�M bT?2`2bV �M/ TQBMi
KB+`QBQMb UbK�HH `2/f#Hm2 bT?2`2bV /BbT2`b2/ BM � /B2H2+i`B+ +QMiBMmmKX

AM 6B;m`2 jXk- i?2 KB+`Q;2H Bib2H7 �+ib HBF2 � b2KB@T2`K2�#H2 K2K#`�M2- �HHQrBM; KB+`QBQMb

iQ /Bzmb2 #2ir22M i?2 BMi2`BQ` �M/ 2ti2`BQ` KB+`Q;2H `2;BQMb- #mi ?QH/BM; i?2 }t2/ +?�`;2 rBi?BM

i?2 KB+`Q;2HX h?2 }t2/ +?�`;2 QM i?2 TQHv2H2+i`QHvi2 +?�BMb +`2�i2b � MQMmMB7Q`K /Bbi`B#miBQM Q7

KB+`QBQMb- r?B+? +�mb2b �M 2H2+i`Qbi�iB+ QbKQiB+ T`2bbm`2X AM �//iBQM- i?2 b2H7@`2TmHbBQM Q7 i?2

}t2/ +?�`;2 rBi?BM i?2 KB+`Q;2H ;2M2`�i2b �M Qmir�`/ 2H2+i`Qbi�iB+ T`2bbm`2 i?�i �+ib iQ br2HH i?2

KB+`Q;2HX 1[mBHB#`BmK br2HHBM; Bb `2�+?2/ r?2M i?2 bmK Q7 i?2 Qmir�`/ 2H2+i`Qbi�iB+ T`2bbm`2 �M/

i?2 BMr�`/ 2H�biB+ T`2bbm`2- r?B+? Bb � `2biQ`BM; 7Q`+2 2t2`i2/ #v i?2 +`Qbb@HBMF2/ ;2H- Bb 2[m�H iQ

x2`QX Ai Bb BKTQ`i�Mi iQ MQi2 i?�i i?2 br2HHBM; Q7 BQMB+ KB+`Q;2Hb Bb HBKBi2/ BM Qm` KQ/2H #v 2H�biB+

7Q`+2b 2t2`i2/ #v i?2 +`Qbb@HBMF TQHvK2` M2irQ`FX

6B;m`2 jXkX � bBM;H2 bT?2`B+�H BQMB+ KB+`Q;2H Q7 p�H2M+2 w BM r�i2`X h?2 KB+`Q;2H Bb T2`K2�#H2 iQ
r�i2` �M/ bK�HH BQMb UbK�HH2` bT?2`2b U`2/ +QmMi2`BQMbV �M/ U#Hm2 +QBQMbVVX

kj



1tTHB+Bi KQH2+mH�` KQ/2HBM; Q7 BQMB+ TQHvK2` bQHmiBQMb- KB+2HH�` bQHmiBQMb- �M/ �[m2Qmb

bQHmiBQMb +QMi�BMBM; +?�`;2/ K2K#`�M2b Bb � p2`v +?�HH2M;BM; +QKTmi�iBQM�H T`Q#H2K- +QKTHB+�i2/

#v i?2 K�Mv /2;`22b Q7 7`22/QK Q7 i?2 bQHp2Mi (Ry8ĜRyd)X � bQHmiBQM +QMi�BMBM; � bQHmi2 `2[mB`2b �M

�//BiBQM�H mM/2`bi�M/BM; Q7 i?2 bQHp2Mi@bQHmi2 BMi2`�+iBQM- i?2 /2;`22 Q7 /BbbQ+B�iBQM Q7 +QmMi2`BQMb-

�M/ i?2 +QM7Q`K�iBQM Q7 i?2 bQHmi2 U2X;X- KB+`Q;2HbVX h?2 T`BKBiBp2 KQ/2H Q7 +?�`;2/ +QHHQB/b �M/

TQHv2H2+i`QHvi2b Bb � T`�+iB+�H #�bBb 7Q` [m�HBi�iBp2Hv /2b+`B#BM; bm+? bvbi2KbX

jXkX S`BKBiBp2 JQ/2H

� /2i�BH2/ i?2Q`2iB+�H /2b+`BTiBQM Q7 BQMB+ KB+`Q;2H bmbT2MbBQMb Bb TQbbB#H2 rBi?BM i?2 T`BK@

BiBp2 KQ/2H Q7 +?�`;2/ +QHHQB/b- r?B+? Bb BHHmbi`�i2/ BM 6B;m`2 jXRX AM i?Bb KQ/2H- i?2 KB+`Q;2Hb �`2

KQ/2H2/ �b T2`K2�#H2 +?�`;2/ bT?2`2b Q` +vHBM/2`b rBi? p�H2M+2 Z U+?�`;2 −ZeV �M/ i?2 KB+`QBQMb

�b TQBMi +?�`;2b rBi? p�H2M+2 −z �M/ z- `2bT2+iBp2HvX h?2 bQHp2Mi Bb i`2�i2/ �b � mMB7Q`K +QMiBMmmK

rBi? /B2H2+i`B+ +QMbi�Mi ε- r?B+? `2/m+2b i?2 bi`2M;i? Q7 i?2 #�`2 *QmHQK# BMi2`�+iBQM #2ir22M �

T�B` Q7 BQMb �i b2T�`�iBQM r iQ

βv(r) = λB

r
, UjXRV

r?2`2 β = 1/(kBT ) �M/ λB = e2/(εkBT ) /2}M2b i?2 "D2``mK H2M;i?- r?B+? Bb i?2 /Bbi�M+2 �i

r?B+? i?2 *QmHQK# 2M2`;v #2ir22M irQ mMBi +?�`;2b Bb 2[m�H iQ i?2 i?2`K�H 2M2`;v Q7 kBT Q7

i2KT2`�im`2 T X 1�+? KB+`Q;2H Bb �bbmK2/ iQ +�``v � }t2/ +?�`;2- mMB7Q`KHv /Bbi`B#mi2/ Qp2` Bib

bm`7�+2 Q` pQHmK2- ~m+im�iBQMb #2BM; B;MQ`2/X

�Hi?Qm;? i?2 T`BKBiBp2 KQ/2H Bb +QMbB/2`2/ iQ +�Tim`2 KQbi Q7 i?2 72�im`2b Q7 `2�H BQMB+

KB+`Q;2H bmbT2MbBQMb- Bi Bb �M B/2�HBx�iBQMX 6Q` 2t�KTH2- bvbi2Kb i?�i BM+Hm/2 bQHp�iBQM 2z2+ib

+�MMQi #2 bim/B2/ rBi? i?2 T`BKBiBp2 KQ/2HX h?mb- Km+? Q7 Qm` mM/2`bi�M/BM; Q7 +?�`;2/ KB+`Q;2Hb

?�b +QK2 7`QK bim/vBM; bBKTH2` KQ/2Hb- 2Bi?2` #v `2/m+BM; i?2 bvbi2K BMiQ bm#pQHmK2b U+2HHbV- 2�+?

+QMi�BMBM; QM2 KB+`Q;2H iQ;2i?2` rBi? Bib M2mi`�HBxBM; +QmMi2`BQMb Q` #v +Q�`b2@;`�BMBM; Qmi i?2

KB+`QBQMbX h?2 KQbi 7�KQmb Q7 i?2b2 KQ/2Hb Bb i?2 +2HH KQ/2H- r?B+? 7Q+mb2b QM � bBM;H2 KB+`Q;2H

�M/ i?2 QM2@+QKTQM2Mi KQ/2H- r?B+? `2/m+2b � bmbT2MbBQM Q7 KB+`Q;2Hb iQ � bmbT2MbBQM Q7 Tb2m/Q@

T�`iB+H2b ;Qp2`M2/ #v 2z2+iBp2 BMi2`�+iBQMbX h?2 i2`K Tb2m/Q@T�`iB+H2 BKTHB2b i?�i i?2 KB+`Q;2Hb �`2

MQi #�`2 �M/ �`2 ;Qp2`M2/ #v 2z2+iBp2 BMi2`�+iBQMb U2z2+iBp2 >�KBHiQMB�MVX h?2 7QHHQrBM; b2+iBQMb

/2b+`B#2 i?2b2 irQ KQ/2Hb i?�i �`2 mb2/ iQ bim/v i?2 br2HHBM; �M/ QbKQiB+ T`2bbm`2 Q7 BQMB+ KB+`Q;2H

T�`iB+H2bX

k9



jXjX AQMB+ JB+`Q;2Hb, *2HH JQ/2H

AM RN88- J�`+mb (Ry3) `2�HBx2/ i?�i i?2 +2HH KQ/2H K2i?Q/ Q7 qB;M2` �M/ a2Bix- r?B+? BM

bQHB/@bi�i2 T?vbB+b Bb � K2i?Q/ iQ +�H+mH�i2 BKTQ`i�Mi 2H2+i`QMB+ T`QT2`iB2b Q7 � bQHB/- +�M #2 �TTHB2/

iQ +QHHQB/�H T�`iB+H2b (RyN)X h?2 +2HH KQ/2H +�M #2 b22M �b �M �ii2KTi iQ `2/m+2 � K�Mv@KB+`Q;2Hb

U#mHF bmbT2MbBQMV T`Q#H2K iQ � bBM;H2 KB+`Q;2H T`Q#H2K /BbT2`b2/ BM �M 2H2+i`QHvi2 bQHmiBQM Ub22

6B;m`2 jXjVX �//BiBQM�HHv- i?2 KB+`Q;2H Bb �bbmK2/ iQ #2 mMB7Q`KHv +?�`;2/ �M/ iQ ?�p2 i?2 b�K2

b?�T2 �b i?2 +2HHX AM i?Bb bBKTH2 KQ/2H- i?2 BMi2`�+iBQMb #2ir22M i?2 bK�HH- KQ#BH2 BQMb �M/ #2ir22M

i?2 KB+`Q;2H �M/ i?2 bK�HH BQMb BM i?2 b�K2 +2HH �`2 2tTHB+BiHv i�F2M BMiQ �++QmMiX

6B;m`2 jXjX a+?2K�iB+ `2T`2b2Mi�iBQM Q7 +2HH KQ/2HX

AM i?2 +2HH KQ/2H- i?2 2H2+i`Qbi�iB+ TQi2MiB�H ψ(r) �M/ KB+`QBQM /2MbBiB2b /2T2M/ QMHv QM

i?2 /Bbi�M+2 r 7`QK i?2 +2Mi2`X h?2`27Q`2- i?2 SQBbbQM@"QHixK�MM 2[m�iBQM `2/m+2b iQ �M Q`/BM�`v

/Bz2`2MiB�H 2[m�iBQM 7Q` ψ(r)X JQ`2 /2i�BHb �#Qmi i?2 SQBbbQM@"QHixK�MM 2[m�iBQM BM i?2 +2HH KQ/2H

�`2 ;Bp2M BM b2+iBQM 9XjX :�mbbǶb H�r BKTHB2b i?2 #QmM/�`v +QM/BiBQM i?�i i?2 2H2+i`B+ }2H/ p�MBb?2b

QM i?2 bm`7�+2 Q7 i?2 2H2+i`QM2mi`�H +2HH- BX2X

(
dψ(r)

dr

)

r=R
= 0, UjXkV

r?2`2 R Bb i?2 `�/Bmb Q7 i?2 +2HHX 6Q` � +HQb2/ bmbT2MbBQM- i?2 �`#Bi`�`v HQ+�iBQM Q7 i?2 `272`2M+2

TQBMi Q7 i?2 2H2+i`Qbi�iB+ TQi2MiB�H Bb Q7i2M +?Qb2M �b i?2 +2HH #QmM/�`v, ψ(R) = 0- r?2`2�b 7Q` �

bmbT2MbBQM BM .QMM�M 2[mBHB#`BmK- i?2 TQi2MiB�H Bb +QMp2MiBQM�HHv +?Qb2M iQ p�MBb? BM i?2 `2b2`pQB`X

�Hi?Qm;? i?2 +QK#BM�iBQM Q7 i?2 +2HH KQ/2H rBi? i?2 T`BKBiBp2 KQ/2H ;Bp2b � bB;MB}+�Mi

�#bi`�+iBQM 7`QK � #mHF bmbT2MbBQM Q7 BQMB+ KB+`Q;2Hb- i?2 +2HH KQ/2H ?�b T`Qp2M �++m`�i2- +QKT�`2/

k8



rBi? KmHiB@KB+`Q;2H bBKmH�iBQMb �M/ 2tT2`BK2Mib- BM T`2/B+iBM; QbKQiB+ T`2bbm`2b �M/ br2HHBM;

#2?�pBQ` Q7 BQMB+ KB+`Q;2HbX

AM i?Bb bim/v- +2HH KQ/2Hb �`2 mb2/ 7Q` i?`22 /Bz2`2Mi ;2QK2i`B2b Q7 BQMB+ KB+`Q;2H T�`iB+H2bX

AM i?2 bT?2`B+�H +2HH KQ/2H Ub22 6B;m`2 jX9V- � bT?2`B+�H Q7 BQMB+ KB+`Q;2H Q7 brQHH2M `�/Bmb a rBi?

bT?2`B+�HHv bvKK2i`B+ }t2/ +?�`;2 /Bbi`B#miBQM Bb +2Mi2`2/ BM � bT?2`B+�H +2HH- `2T`2b2MiBM; � bmb@

T2MbBQM Q7 bT?2`B+�H KB+`Q;2Hb Q7 pQHmK2 7`�+iBQM Ui?2 7`�+iBQM Q7 i?2 iQi�H b�KTH2 pQHmK2 r?B+? Bb

Q++mTB2/ #v i?2 T�`iB+H2bV φ = (a/R)3.

6B;m`2 jX9X a+?2K�iB+ `2T`2b2Mi�iBQM Q7 i?2 +2HH KQ/2H rBi? bT?2`B+�H BQMB+ KB+`Q;2H Q7 brQHH2M
`�/Bmb a U/`v `�/Bmb a0V �M/ p�H2M+2 Z +2Mi2`2/ BM � bT?2`B+�H +2HH Q7 `�/Bmb R �HQM; rBi?
KB+`QBQMbX h?2 `�/Bmb R Q7 i?2 +2HH Bb }t2/- �M/ #Qi? +QmMi2`BQMb UbK�HH `2/ bT?2`2bV �M/ +QBQMb
UbK�HH #Hm2 bT?2`2bV �`2 7`22 iQ KQp2 i?`Qm;?Qmi i?2 +2HH pQHmK2X

AM i?2 bT?2`B+�H +2HH KQ/2H Ub22 6B;m`2 jX8V- � bT?2`B+�H b?2HH U+�TbmH2V Q7 BQMB+ KB+`Q;2H Q7

BMM2` brQHH2M `�/Bmb a �M/ Qmi2` brQHH2M `�/Bmb b rBi? bT?2`B+�HHv bvKK2i`B+ }t2/ +?�`;2 /Bbi`B#m@

iBQM Bb +2Mi2`2/ BM � bT?2`B+�H +2HH Q7 `�/Bmb R i?�i Bb /2i2`KBM2/ #v i?2 +QM+2Mi`�iBQM Q7 KB+`Q;2Hb

BMbB/2 i?2 bmbT2MbBQM φ = (b/R)3.

ke



6B;m`2 jX8X � KB+`Q+�TbmH2 Q7 BMM2` brQHH2M `�/Bmb a- �M/ Qmi2` brQHH2M `�/Bmb b +QMi�BMBM; N±
KB+`QBQMb Bb TH�+2/ �i i?2 +2Mi2` Q7 � bT?2`B+�H +2HHX h?2 `�/Bmb R Q7 i?2 +2HH Bb }t2/ #v i?2 Qp2`�HH
KB+`Q+�TbmH2 +QM+2Mi`�iBQM BMbB/2 i?2 bQHmiBQM- R = ( b

φ1/3 )X "Qi? +QmMi2`BQMb UbK�HH `2/ bT?2`2bV
�M/ +QBQMb UbK�HH #Hm2 bT?2`2bV �`2 7`22 iQ i?`Qm;?Qmi Qp2` i?2 +2HH pQHmK2X

AM i?2 +vHBM/`B+�H +2HH KQ/2H Ub22 6B;m`2 jXeV- �M BM}MBi2Hv HQM; +vHBM/2` Q7 BQMB+ ;2H Q7 +`Qbb@

b2+iBQM�H `�/Bmb a rBi? �tB�HHv bvKK2i`B+ }t2/ +?�`;2 /Bbi`B#miBQM Bb +2Mi2`2/ BM � +vHBM/`B+�H +2HH

Q7 `�/Bmb R- `2T`2b2MiBM; � bmbT2MbBQM Q7 +vHBM/`B+�H KB+`Q;2Hb Q7 pQHmK2 7`�+iBQM φ = (a/R)3.

6B;m`2 jXeX a+?2K�iB+ `2T`2b2Mi�iBQM Q7 i?2 +2HH KQ/2H +vHBM/`B+�H KB+`Q;2Hb Q7 brQHH2M `�/Bmb a
U/`v `�/Bmb a0V �M/ HBM2�` +?�`;2 /2MbBiv λ +2Mi2`2/ BM � +vHBM/`B+�H +2HH Q7 `�/Bmb R �HQM; rBi?
KB+`QBQMbX h?2 `�/Bmb R Q7 i?2 +2HH Bb }t2/- �M/ #Qi? +QmMi2`BQMb UbK�HH `2/ bT?2`2bV �M/ +QBQMb
UbK�HH #Hm2 bT?2`2bV �`2 7`22 iQ KQp2 i?`Qm;?Qmi i?2 +2HH pQHmK2X

kd



h?2 HBM2�` br2HHBM; `�iBQ Q7 � KB+`Q;2H Bb /2}M2/ �b � `�iBQ Q7 i?2 brQHH2M KB+`Q;2H pQHmK2

v iQ i?2 /`v KB+`Q;2H pQHmK2 v0,

α ≡
(

v

v0

)1/3
=
(
φ

φ0

)1/3
. UjXjV

r?2`2 φ0 /2MQi2b i?2 /`v pQHmK2 7`�+iBQM Q7 i?2 KB+`Q;2H BM � `272`2M+2 br2HHBM; bi�i2X �bbmKBM;

mMB7Q`K br2HHBM; Q7 i?2 KB+`Q;2Hb Ubr2HHBM; `�iBQ /Q2b MQi p�`v BM bT�+2V- i?2 br2HHBM; `�iBQ α +�M

#2 2tT`2bb2/ �b i?2 `�iBQ Q7 i?2 �+im�H UbrQHH2MV `�/Bmb a iQ i?2 /`v `�/Bmb a0,

α = a/a0. UjX9V

hQ /2i2`KBM2 i?2 br2HHBM; `�iBQ Q7 KB+`Q+�TbmH2 T�`iB+H2b- r2 �bbmK2/ � mMB7Q`K br2HHBM; Q7 i?2

KB+`Q+�TbmH2- �Hi?Qm;? i?2 BMM2` �M/ Qmi2` brQHH2M `�/BB Q7 � KB+`Q+�TbmH2 �`2- BM T`BM+BTH2- BM/2@

T2M/2MiX 6Q` i?2 b�F2 Q7 bBKTHB+Biv- i?2 br2HHBM; `�iBQ Bb /2}M2/ �b

α = a/a0 = b/b0, UjX8V

r?2`2 b0 Bb i?2 Qmi2` /`v `�/Bmb Q7 KB+`Q+�TbmH2bX aBKBH�`Hv- i?2 br2HHBM; Q7 � +vHBM/`B+�H KB+`Q;2H

Bb �bbmK2/ iQ #2 mMB7Q`K rBi? `�/B�H �M/ �tB�H br2HHBM; `�iBQb /2}M2/ �b

αr = a/a0, αa = h/h0, UjXeV

r?2`2 αr Bb i?2 `�/B�H 2[mBHB#`BmK br2HHBM; `�iBQ �M/ αa Bb i?2 �tB�H 2[mBHB#`BmK br2HHBM; `�iBQ- �M/

h �M/ h0 �`2 i?2 brQHH2M �M/ /`v `�/BB Q7 +vHBM/`B+�H KB+`Q;2Hb- `2bT2+iBp2HvX Ai Bb BKTQ`i�Mi iQ

MQi2 i?�i i?2b2 br2HHBM; `�iBQb �`2 MQi +QMbi�Mi- bBM+2 i?2v /2T2M/ QM K�Mv T�`�K2i2`b bm+? �b

i2KT2`�im`2- b�Hi +QM+2Mi`�iBQM- �M/ KB+`Q;2H +?�`;2X aBM+2 � +vHBM/`B+�H KB+`Q;2H- /Q2b MQi br2HH

2[m�HHv BM i?`22 /BK2MbBQMb U�MBbQi`QTB+ br2HHBM;V- i?2 HBM2�` br2HHBM; `�iBQb- K�v /Bz2` BM i?2 t- v-

�M/ x /B`2+iBQMbX "v �bbmKBM; irQ /BK2MbBQM�H BbQi`QTv br2HHBM;- r?2`2 αx = αy %= αz- i?2 pQHmK2

br2HHBM; `�iBQ K�v #2 2tT`2bb2/ �b
ha2

h0a2
0

= αaα
2
r . UjXdV

k3



.m2 iQ i?2b2 /Bz2`BM; br2HHBM; `�iBQb- � +vHBM/2`B+�H KB+`Q;2H ?�b /BbiBM+i `�/B�H �M/ �tB�H QbKQiB+

T`2bbm`2bX AM Q`/2` iQ miBHBx2 αr �M/ αa iQ +QKTmi2 i?2 ;2H +QMi`B#m�iBQMb iQ QbKQiB+ T`2bbm`2b-

i?2 Q`B;BM�H 6HQ`v@_2?M2` i?2Q`v Q7 ;2H br2HHBM; (9j) Kmbi #2 KQ/B}2/X JQ`2 /2i�BHb �`2 T`2b2Mi2/

BM i?2 *?�Ti2` 9X

�b bi�i2/ 2�`HB2`- +2HH KQ/2Hb- BMpQHpBM; � bBM;H2 KB+`Q;2H- T`Qp2 mb27mH iQ bim/v +QM+2Mi`�i2/

/BbT2`bBQMbX *2HH KQ/2Hb T`QpB/2 � bBKTH2 �M�HviB+ `2H�iBQM #2ir22M i?2 #mHF T`2bbm`2 �M/ i?2

KB+`QBQM /2MbBiB2b �i i?2 +2HH #QmM/�`v (r = R)X h?2 QbKQiB+ T`2bbm`2 Q7 � bmbT2MbBQM Π- BX2X- i?2

/Bz2`2M+2 BM T`2bbm`2 #2ir22M bmbT2MbBQM �M/ `2b2`pQB`- BM i?2 +2HH KQ/2H Bb 2t�+iHv ;Bp2M #v kBT

iBK2b i?2 KB+`QBQM /2MbBiv �i i?2 Qmi2` +2HH #QmM/�`v,

Π = kBT [n+(R) + n−(R)] . UjX3V

h?Bb 2[m�iBQM Bb r2HH@FMQrM �b i?2 +2HH i?2Q`2K 7Q` i?2 QbKQiB+ T`2bbm`2 Q7 � #mHF bmbT2MbBQM (Rd)X

1p2M B7 i?2 T�`iB+H2b �`2 bi`QM;Hv +Q``2H�i2/- 2[m�iBQM jX3 Bb biBHH p�HB/X Ai Bb BKTQ`i�Mi iQ MQi2

i?�i i?2 2H2+i`Qbi�iB+ +QMi`B#miBQM iQ i?2 QbKQiB+ T`2bbm`2 Q7 � bBM;H2 +?�`;2 +vHBM/`B+�H Q` bT?2`B+�H

KB+`Q;2H Bb MQi /2i2`KBM2/ #v i?2 /Bz2`2M+2 BM BQM /2MbBiv #2ir22M i?2 +2Mi2` �M/ r�HH Q7 i?2

+2HH #mi BMbi2�/ Bb /2i2`KBM2/ #v i?2 /Bz2`2M+2 BM T`2bbm`2 #2ir22M i?2 BMbB/2 �M/ QmibB/2 Q7 i?2

;2H �i i?2 KB+`Q;2H bm`7�+2 (ej)X h?2 /Bz2`2M+2 +�M #2 �ii`B#mi2/ iQ i?2 rQ`F `2[mB`2/ iQ KQp2

+QmMi2`BQMb �M/ +QBQMb #2ir22M i?2 2ti2`BQ` �M/ BMi2`BQ` `2;BQMb Q7 i?2 KB+`Q;2HX .2i2`KBMBM; i?2

QbKQiB+ T`2bbm`2 Q7 �M BQMB+ KB+`Q;2H rBHH �HHQr mb iQ /2i2`KBM2 i?2 2[mBHB#`BmK br2HHBM; #2?�pBQ`

Q7 KB+`Q;2HbX

jX9X AQMB+ JB+`Q;2Hb, PM2@*QKTQM2Mi JQ/2H

Ai Bb +H2�` i?�i 2H2+i`Qbi�iB+ BMi2`�+iBQMb BM bm+? +?�`;2/ KB+`Q;2H bvbi2Kb TH�v � +`m+B�H `QH2

BM /2i2`KBMBM; i?2 T?vbB+�H T`QT2`iB2b Q7 #mHF bmbT2MbBQMb- bm+? �b br2HHBM; #2?�pBQ` �M/ QbKQiB+

T`2bbm`2 (R-k)X h?2 #2?�pBQ` Q7 i?2b2 bvbi2Kb Bb 2ti`2K2Hv +QKTH2t /m2 iQ i?2 HQM;@`�M;2 *QmHQK#

BMi2`�+iBQMbX h?2 }`bi bBKTHB7vBM; �bbmKTiBQM Bb iQ i`2�i i?2 bQHp2Mi �b � /B2H2+i`B+ +QMiBMmmKX AM

�//BiBQM iQ i?�i- i?2 b?Q`i@`�M;2 BQM@BQM 2t+Hm/2/@pQHmK2 Bb KQ/2H2/ #v � ?�`/@bT?2`2 BMi2`�+iBQMX

� 7m`i?2` bBKTHB}+�iBQM +�M #2 �+?B2p2/ mbBM; i?2 +2HH KQ/2H- r?2`2 i?2 bvbi2K Bb `2/m+2/ iQ

QMHv QM2 K�+`QBQM- �HQM; rBi? Bib M2mi`�HBxBM; +QmMi2`BQMb �M/ +QBQMb- �b /2b+`B#2/ BM b2+iBQM jXjX

h?2`27Q`2- KQ/2HBM; � #mHF bQHmiBQM rBi? ?B;? b�Hi +QM+2Mi`�iBQM Bb p2`v +?�HH2M;BM; (RRy)X 6Q`

kN



i?�i Tm`TQb2- i?2 +QM+2Ti Q7 � QM2@+QKTQM2Mi KQ/2H Q` 2z2+iBp2@BMi2`�+iBQM KQ/2H- r?B+? K�Tb �

K�+`QBQM@KB+`QBQM KBtim`2 QMiQ � bmbT2MbBQM Q7 Tb2m/Q@K�+`QBQMb- �b BHHmbi`�i2/ BM 6B;m`2 jXd- Bb

� p2`v TQr2`7mH i2+?MB[m2 BM KQ/2HBM; Q7 +QHHQB/�H bmbT2MbBQMbX AM Qi?2` rQ`/b- r2 BMi2;`�i2 Qmi

�HH i?2 KB+`Qb+QTB+ /2;`22b Q7 7`22/QK BM i?2 T�`iBiBQM 7mM+iBQM BM � }t2/ KB+`Q;2H +QM};m`�iBQMX

am+? � +Q�`b2@;`�BM2/ /2b+`BTiBQM �HHQrb T`2/B+iBM; #mHF i?2`KQ/vM�KB+ �M/ bi`m+im`�H T`QT2`iB2b

Q7 i?2 bvbi2KX

6B;m`2 jXdX �M BHHmbi`�iBQM Q7 i?2 QM2@+QKTQM2Mi KQ/2H +QM+2TiX

qBi?BM i?2 T`BKBiBp2 KQ/2H Q7 BQMB+ +QHHQB/�H- i?2 bvbi2K Q7 BMi2`2bi Bb KQ/2H2/ �b � bmbT2M@

bBQM Q7 Nm- bm`7�+2@+?�`;2/ bT?2`B+�H KB+`Q;2Hb Q7 +?�`;2 −Ze- �M/ Nc TQBMi +QmMi2`BQMb Q7 +?�`;2

ze BM bQHp2Mi BM pQHmK2 V �i i2KT2`�im`2 T Ub22 6B;m`2 jXdVX �b b?QrM BM i?2 BHHmbi`�iBQM- i?2

+QmMi2`BQMb UbK�HH `2/ bT?2`2bV �M/ +QBQMb UbK�HH #Hm2 bT?2`2bV +�M 7`22Hv T2M2i`�i2 i?2 KB+`Q;2H

bm`7�+2 �M/ i?2 KB+`Q;2H T�`iB+H2b +�M Qp2`H�T UBMi2`T2M2i`�i2VX h?2 KB+`QBQMb �M/ bQHp2Mi �`2

BKTHB+Bi UbQHp2Mi Bb i�F2M iQ #2 � bi`m+im`2H2bb +QMiBMmmK Q7 mMB7Q`K /B2H2+i`B+ +QMbi�MiV BM Qm`

JQMi2 *�`HQ bBKmH�iBQMb- �M/ irQ /Bz2`2Mi bvbi2Kb r2`2 +QMbB/2`2/ BM i?Bb bim/vX h?2 }`bi bvbi2K

+QMi�BMb QMHv QM2 bT2+B2b Q7 BQMB+ KB+`Q;2H- r?BH2 i?2 b2+QM/ bvbi2K +QMi�BMb irQ bT2+B2b Q7 BQMB+

KB+`Q;2Hb- �b b?QrM BM 6B;m`2 jX3X h?2 `QH2 Q7 2H2+i`Qbi�iB+ BMi2`�+iBQMb BM i?2 BMi2`T2M2i`�iBQM �M/

+QKT`2bbBQM Q7 i?2b2 irQ KQ/2Hb rBHH #2 /2b+`B#2/ BM *?�Ti2` 9X

jy



6B;m`2 jX3X S`BKBiBp2 KQ/2H Q7 #BM�`v KBtim`2 Q7 +?�`;2/ KB+`Q;2Hb, irQ bT2+B2b Q7 +?�`;2/
K�+`QBQM Q7 p�H2M+2b Zm U#B; +v�M bT?2`2bV �M/ Zn UbK�HH +v�M b?T2`2bV- KB+`QBQMb U+QmMi2`BQMb
�M/ +QBQMbV- �M/ BKTHB+Bi bQHp2MiX

6`QK � i?2Q`2iB+�H pB2rTQBMi- /Bz2`2Mi �bT2+ib Q7 BQMB+ KB+`Q;2Hb ?�p2 �ii`�+i2/ i?2 �i@

i2MiBQM Q7 i?2Q`Bbib- r?Q ?�p2 /2p2HQT2/ b2p2`�H bi�iBbiB+�H K2+?�MB+�H 7`�K2rQ`Fb �M/ +QKTmi2`

bBKmH�iBQMb K2i?Q/b (9R- 9e- RyR- RRR- RRk)X h?2 7QHHQrBM; +?�Ti2` `2T`2b2Mib irQ bi�iBbiB+�H K2@

+?�MB+�H 7`�K2rQ`Fb #�b2/ QM i?2 T`BKBiBp2 KQ/2H /2p2HQT2/ iQ BMp2biB;�i2 i?2 bi`m+im`�H �M/

i?2`KQ/vM�KB+ T`QT2`iB2b Q7 i?2b2 bvbi2Kb /2b+`B#2/ BM b2+iBQMb jXj �M/ jX9X

jR



9X h>1P_1hA*�G J1h>P.a

9XRX 1t�+i ai�iBbiB+�H J2+?�MB+�H _2H�iBQMb BM i?2 *2HH JQ/2H

6Q` � `2bi`B+i2/ T`BKBiBp2 KQ/2H 2H2+i`QHvi2- bQK2 2t�+i bi�iBbiB+�H K2+?�MB+�H `2H�iBQMb

BM i?2 +2HH KQ/2H ?�p2 #22M /2`Bp2/ 7Q` BQMB+ KB+`Q;2HbX lbBM; i?2 +2HH KQ/2H- i?2 2H2+i`Qbi�iB+

+QKTQM2Mi Q7 i?2 iQi�H QbKQiB+ T`2bbm`2 Bb /2i2`KBM2/ i?`Qm;? �M 2tTHB+Bi 2p�Hm�iBQM Q7 � pQHmK2

/2`Bp�iBp2 Q7 i?2 T�`iBiBQM 7mM+iBQMX AQMB+ KB+`Q;2Hb rBi? /Bz2`2Mi ;2QK2i`B2b �M/ }t2/ +?�`;2

/Bbi`B#miBQMb- 2X;X- KB+`Q+�TbmH2- +vHBM/`B+�H- �M/ bT?2`B+�H- �`2 +QMbB/2`2/X h?2 /2`Bp�iBQMb bi�`i

7`QK i?2 >�KBHiQMB�M,

H = He + Hg, U9XRV

r?2`2 He Bb i?2 2H2+i`Qbi�iB+ +QKTQM2Mi �M/ Hg Bb ;2H +QKTQM2Mi- BM+Hm/BM; i?2 2H�biB+ �M/ KBtBM;

/2;`22b Q7 7`22/QK Q7 � TQHvK2` ;2HX h?2 2H2+i`Qbi�iB+ T�`i +�M #2 2tT`2bb2/ �b

He = Um(a) + Umµ({r}; a) + Uµµ({r}), U9XkV

r?2`2 UmU�V Bb i?2 KB+`Q;2H b2H7@2M2`;v �M/ Umµ({r}; a) �M/ Uµµ({r}) Bb i?2 KB+`Q;2H@KB+`QBQM �M/

KB+`QBQM@KB+`QBQM BMi2`�+iBQM 2M2`;B2b- `2bT2+iBp2HvX h?2 H�bi irQ i2`Kb BM 1[m�iBQM U9XkV /2T2M/

QM i?2 +QQ`/BM�i2b Q7 �HH N KB+`QBQMb- {r1, ..., rN} = {r}X LQi2 i?�i QMHv i?2 }`bi irQ i2`Kb

BM 1[m�iBQM U9XkV �`2 M22/2/ iQ +QKTmi2 i?2 2H2+i`Qbi�iB+ +QMi`B#miBQM iQ QbKQiB+ T`2bbm`2 bBM+2

i?2 H�bi i2`K Bb BM/2T2M/2Mi Q7 i?2 KB+`Q;2H `�/BmbX hQ /2i2`KBM2 i?2 2[mBHB#`BmK BQMB+ /2MbBiv

T`Q}H2b BMbB/2 �M/ �`QmM/ �M BQMB+ KB+`Q;2H T�`iB+H2- i?2 KB+`Q;2H@KB+`QBQM BMi2`�+iBQM 2M2`;v +�M

#2 2tT`2bb2/ BM i?2 7Q`K

Umµ({r}; a) =
N∑

i=1
vmµ(ri; a), U9XjV

r?2`2 vmµ({r}; a) Bb i?2 T�B` TQi2MiB�H #2ir22M i?2 }t2/ +?�`;2 Q7 i?2 KB+`Q;2H �M/ KB+`QBQMb BM

i?2 +2HHX h?2 KB+`Q;2H@KB+`Q;2H +Q``2H�iBQMb �`2 +QKTH2i2Hv M2;H2+i2/ BM i?2 +2HH KQ/2H Ub22 b2+iBQM

jXjV- �M/ +QMi`B#miBQMb Q7 bm+? BMi2`T�`iB+H2 +Q``2H�iBQMb iQ i?2 QbKQiB+ T`2bbm`2 �`2 FMQrM iQ #2

r2�F2bi BM i?2 HQr@b�Hi HBKBi (RRj)X 6Q` � bmbT2MbBQM BM r?B+? i?2 MmK#2` Q7 T�`iB+H2b N - pQHmK2

jk



V - �M/ i2KT2`�im`2 T �`2 }t2/- i?2 >2HK?QHix 7`22 2M2`;v F +�M #2 2tT`2bb2/ �b

F = −kBT ln Z(N, V, T ), U9X9V

r?2`2 Z(N, V, T ) Bb i?2 +�MQMB+�H T�`iBiBQM 7mM+iBQMX h?2 >2HK?QHix 7`22 2M2`;v F /2+QKTQb2b

BMiQ

F = Fe + Fg, U9X8V

r?2`2 Fe Bb i?2 +QMi`B#miBQM 7`QK 2H2+i`Qbi�iB+ 2z2+ib �M/ Fg Bb i?2 ;2H +QMi`B#miBQMX *QMb2[m2MiHv-

i?2 BMi2`M�H QbKQiB+ T`2bbm`2 Q7 � bBM;H2 BQMB+ KB+`Q;2H bTHBib BMiQ irQ +QMi`B#miBQMb,

πin = πe + πg, U9XeV

r?2`2 πe �M/ πg Bb i?2 2H2+i`Qbi�iB+ �M/ ;2H +QKTQM2Mib Q7 i?2 QbKQiB+ T`2bbm`2 Q7 � bBM;H2 BQMB+

KB+`Q;2H- `2bT2+iBp2HvX h?2 2H2+i`Qbi�iB+ +QKTQM2Mi Q7 i?2 QbKQiB+ T`2bbm`2 Q7 BQMB+ KB+`Q;2H πe-

+�M #2 /2}M2/ pB� � /2`Bp�iBp2 Q7 i?2 >2HK?QHix 7`22 2M2`;v F rBi? `2bT2+i iQ i?2 KB+`Q;2H pQHmK2

vX 6Q` � bT?2`B+�H KB+`Q;2H rBi? pQHmK2 v = 4πa3/3- i?2 2H2+i`Qbi�iB+ T`2bbm`2 Bb /2}M2/ �b

πe = −
(
∂F

∂v

)

N,T
= − 1

4πa2

(∂Um(a)
∂a

+
〈∂Umµ(a)

∂a

〉)
, U9XdV

r?2`2 �M;mH�` #`�+F2ib 〈..〉 /2MQi2 �M 2Mb2K#H2 �p2`�;2 Qp2` KB+`QBQM +QM};m`�iBQMbX aBM+2 i?2

+vHBM/`B+�H KB+`Q;2H +�M br2HH BM #Qi? `�/B�H �M/ �tB�H /B`2+iBQMb- i?2`2 �`2 irQ +QMi`B#miBQMb iQ

i?2 iQi�H 2H2+i`Qbi�iB+ QbKQiB+ T`2bbm`2- M�K2Hv- i?2 �b `�/B�H QbKQiB+ T`2bbm`2 Uπr,eV �M/ i?2 �tB�H

QbKQiB+ T`2bbm`2 Uπa,eVX 6Q` � +vHBM/`B+�H KB+`Q;2H rBi? v = πa2h- i?2 `�/B�H 2H2+i`Qbi�iB+ QbKQiB+

T`2bbm`2 Bb /2}M2/ �b

πr,e = − 1
2πah

(∂Um(a, h)
∂a

+
〈∂Umµ(a, h)

∂a

〉)
U9X3V

r?BH2 7Q` �tB�H 2H2+i`Qbi�iB+ QbKQiB+ T`2bbm`2

πa,e = − 1
πa2

(∂Um(a, h)
∂h

+
〈∂Umµ(a, h)

∂h

〉)
. U9XNV

jj



�i 2[mBHB#`BmK- i?2 iQi�H +QMi`B#miBQM U2H2+i`Qbi�iB+ �M/ ;2HV iQ i?2 BMi2`M�H QbKQiB+ T`2bbm`2 πin =

πe + πg = 0- BKTHvBM; i?�i i?2 7`22 2M2`;v Q7 i?2 bvbi2K Bb � KBMBKmK rBi? `2bT2+i iQ i?2

p�`B�iBQM Q7 br2HHBM; `�iBQX qBi?BM i?2 bT?2`B+�H �M/ +vHBM/`B+�H +2HH KQ/2Hb- i?2b2 2[m�iBQMb 7Q`

i?2 2H2+i`Qbi�iB+ +QMi`B#miBQM iQ i?2 QbKQiB+ T`2bbm`2 Q7 � T2`K2�#H2 BQMB+ KB+`Q;2H �`2 7Q`K�HHv

2t�+iX h?2 7QHHQrBM; b2+iBQMb T`2b2Mi /2`Bp�iBQMb Q7 2t�+i bi�iBbiB+�H K2+?�MB+�H 2tT`2bbBQMb 7Q` i?2

bBM;H2@KB+`Q;2H QbKQiB+ T`2bbm`2 7Q` i?`22 KB+`Q;2H ;2QK2i`B2b, KB+`Q+�TbmH2- BM}MBi2 +vHBM/2`b- �M/

bT?2`2bX

9XRXRX AQMB+ JB+`Q+�TbmH2b

�b bi�i2/ BM a2+iBQM jXj- i?2 KB+`Q+�TbmH2 br2HHBM; Bb �bbmK2/ iQ #2 mMB7Q`KX h?2`27Q`2-

i?2 QbKQiB+ T`2bbm`2 �+`Qbb i?2 BMM2` BMi2`7�+2 Bb `2H�i2/ iQ i?2 QbKQiB+ T`2bbm`2 �+`Qbb i?2 Qmi2`

BMi2`7�+2 #v

πinner = −
(

b

a

)3
πout. U9XRyV

>QH/BM; i?2 `�iBQ #2ir22M a �M/ b `�/BB Uγ = a/bV }t2/- i?2 2H2+i`Qbi�iB+ +QKTQM2Mi Q7 i?2 QbKQiB+

T`2bbm`2 Q7 �M BQMB+ KB+`Q+�TbmH2- πe- +�M #2 /2}M2/ pB� � /2`Bp�iBp2 Q7 i?2 >2HK?QHix 7`22 2M2`;v

F rBi? `2bT2+i iQ i?2 KB+`Q+�TbmH2 pQHmK2 vm = 4πb3/3,

πe = −
(
∂F

∂vm

)

γ
= − 1

4πb2

(∂Um(b, γ)
∂b

+
〈∂Umµ(b, γ)

∂b

〉)
. U9XRRV

6`QK :�mbbǶb H�r- i?2 T�B` TQi2MiB�H #2ir22M KB+`QBQMb �M/ KB+`Q+�TbmH2 Bb,

vmµ(r; a, b) =






3Zze2

2ε(b3−a3)(b2 − a2), 0 < r ! a

3Zze2

ε(b3−a3)

(
b2
2 − 1

3( r2
2 + a3

r )
)

, a < r < b,

U9XRkV

r?2`2- r `2T`2b2Mib i?2 /Bbi�M+2 #2ir22M i?2 KB+`QBQM �M/ i?2 KB+`Q+�TbmH2 +2Mi2`X h?2 KB+`Q+�T@

bmH2 b2H7@2M2`;v- r?B+? Bb i?2 2M2`;v biQ`2/ BM i?2 bvbi2K Q7 +?�`;2b iQ #2 �bb2K#H2/ +QMiBMmQmbHv

i?`Qm;?Qmi Bib pQHmK2- +�M #2 2tT`2bb2/ �b

βUm(a, b) = 3Z2λB

(b3 − a3)2

(
2b5 − 5b2a3 + 3a5

10

)

. U9XRjV
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_2r`BiBM; 1[m�iBQM U9XRjV BM i2`K Q7 γ- 1[m�iBQM U9XRjV #2+QK2b

βUm(b, γ) = 3Z2λB

b

(
2 − 5γ3 + 3γ5

10(1 − γ3)2

)

. U9XR9V

h?2 i2`K BM 1[m�iBQM U9XRRV i?�i BMpQHp2b i?2 KB+`Q+�TbmH2 b2H7@2M2`;v Bb UBM kBT mMBibV

β
∂Um(b, γ)

∂b
= −3Z2λB

b2

(
2 − 5γ3 + 3γ5

10(1 − γ3)

)

. U9XR8V

h?2 i2`K i?�i BMpQHp2b i?2 2M2`;v Q7 BMi2`�+iBQM #2ir22M � KB+`Q+�TbmH2 �M/ � KB+`QBQM Q7 p�H2M+2

Z UBM mMBib Q7 kBT V /BpB/b BMiQ irQ +QMi`B#miBQMb- QM2 7`QK i?2 +�pBiv `2;BQM Ur ! aV-

β
〈
∂Umµ(b, γ)

∂b

〉

cav
= 3ZλB

2
1
b2

(
1 − γ2

1 − γ3

)
N∑

i=1
zi, U9XReV

�M/ i?2 Qi?2` 7`QK i?2 b?2HH `2;BQM Ua < r < bV-

β
〈
∂Umµ(b, γ)

∂b

〉

sh
= − ZλB

1 − γ3
∂

∂b

〈
N∑

i=1
zi

(
3
2b

− r2

2b3 − γ3

r

)〉

. U9XRdV

am#biBimiBM; i?2 b2H7@2M2`;v �M/ BMi2`�+iBQM 2M2`;v +QMi`B#miBQMb- M�K2Hv 1[m�iBQMb U9XR8V@U9XRdV

BMiQ i?2 2H2+i`Qbi�iB+ QbKQiB+ T`2bbm`2 BM 1[m�iBQM U9XRRV vB2H/b

βπevsh = Z2λB

b

2 − 5γ3 + 3γ5

10(1 − γ3) − ZzλB

2b

[(
1 − γ2

)
(〈N+〉cav − 〈N−〉cav)

+〈N+〉sh − 〈N−〉sh − 1
b2

(
〈r2

+〉sh − 〈r2
−〉sh

)]
, U9XR3V

r?2`2 vsh = 4π
3 (b3 − a3) Bb i?2 pQHmK2 Q7 i?2 b?2HH-

〈N±〉cav = 4π
∫ a

0
r2n±(r)dr U9XRNV

�`2 K2�M MmK#2`b Q7 KB+`QBQMb BMbB/2 i?2 +�pBiv-

〈N±〉sh = 4π
∫ b

a
r2n±(r)dr U9XkyV

j8



�`2 K2�M MmK#2`b Q7 KB+`QBQMb BMbB/2 i?2 b?2HH- �M/

〈r2
±〉sh = 4π

∫ b

a
r4n±(r)dr U9XkRV

Bb b2+QM/ KQK2Mib Q7 i?2 KB+`QBQM /2MbBiv T`Q}H2b BMbB/2 i?2 b?2HHX h?2b2 1[m�iBQMb U9XRNV@U9XkRV

r2`2 mb2/ �b BMTmi BM 1[m�iBQM U9XR3V iQ +QKTmi2 i?2 2H2+i`Qbi�iB+ T`2bbm`2- �b /Bb+mbb2/ H�i2` BM

i?2 mb2 Q7 SQBbbQM@"QHixK�MM i?2Q`v iQ +QKTmi2 i?2 KB+`QBQMb /2MbBiv BM b2+iBQM 9XjX

9XRXkX am`7�+2@*?�`;2/ JB+`Q;2Hb

6Q` � KB+`Q;2H rBi? mMB7Q`K bm`7�+2 +?�`;2- r?Qb2 }t2/ +?�`;2 /2MbBiv Bb /2b+`B#2/ #v

nf (r) = Z

4πa2 δ(r − a), U9XkkV

i?2 T�B` TQi2MiB�H #2ir22M KB+`QBQMb �M/ KB+`Q;2H Bb,

vmµ(r; a) =






−Zze2
4πεr , r > a

−Zze2
4πεa , r ≤ a.

U9XkjV

h?2 .B`�+@/2Hi� 7mM+iBQM δ(r − a) BM 1[m�iBQM U9XkkV Bb /2}M2/ bm+? i?�i r?2M i?2 �`;mK2Mi Q7 i?2

7mM+iBQM Bb 2[m�H iQ a- δ = ∞- �M/ r?2M i?2 �`;mK2Mi Bb MQi 2[m�H iQ a- δ = 0X J�i?2K�iB+�HHv-

δ(r − a) +�M #2 /2}M2/ �b

δ(r − a) =






∞, B7 r = a

0, B7 r %= a.
U9Xk9V

h?2 KB+`Q;2H b2H7@2M2`;v �M/ `�/Bmb /2`Bp�iBp2 Q7 i?2 KB+`Q;2H@KB+`QBQM BMi2`�+iBQM 2M2`;v BMbB/2

i?2 ;2H (r ! a) �`2 UBM kBT mMBibV

βUm(a) = Z2λB

2a
U9Xk8V

�M/

β
〈
∂Umµ(a)

∂a

〉
= ZλB

a2
∑

i(ri≤a)
zi. U9XkeV

je



am#biBimiBM; 1[m�iBQMb U9Xk8V �M/ U9XkeV BMiQ 1[m�iBQM U9XdV vB2H/b

βπev = −λB

3a

(
−Z2

2 + Z (〈N+〉 − 〈N−〉)
)

, U9XkdV

r?2`2 v = 4π
3 a3 Bb i?2 pQHmK2 Q7 i?2 KB+`Q;2H �M/

〈N±〉 = 4π
∫ a

0
r2n±(r)dr U9Xk3V

�`2 K2�M +QmMi2`BQMf+QBQM MmK#2`b BMbB/2 i?2 KB+`Q;2HX

9XRXjX *vHBM/`B+�H AQMB+ JB+`Q;2Hb

h?2 +vHBM/`B+�H +2HH KQ/2H ?�b #22M mb2/ iQ KQ/2H TQHv2H2+i`QHvi2 bQHmiBQMb �M/ bmbT2MbBQMb

Q7 +?�`;2/ `Q/HBF2 +QHHQB/�H T�`iB+H2b (Ry3- RR9)X AM i?Bb bim/v- irQ T2`K2�#H2 +vHBM/`B+�H BQMB+

KB+`Q;2Hb bvbi2Kb �`2 +QMbB/2`2/, +vHBM/`B+�H ;2H Q7 +`Qbb@b2+iBQM�H `�/Bmb a �M/ }t2/ +?�`;2 T2`

mMBi H2M;i? −λ Uλ = −Z/hV mMB7Q`KHv bT`2�/ Qp2` i?2 bm`7�+2 rBi? MmK#2` /2MbBiv-

nf (r) = λ

2πa
δ(r − a) U9XkNV

�M/ � +vHBM/`B+�H KB+`Q;2H rBi? }t2/ +?�`;2 T2` mMBi H2M;i? mMB7Q`KHv /Bbi`B#mi2/ Qp2` Bib pQHmK2

rBi? MmK#2` /2MbBiv

nf (r) = λ

πa2 θ(r − a). U9XjyV

h?2 θ(r −a) BM 1[m�iBQM U9XjyV `2T`2b2Mib i?2 >2�pBbB/2 7mM+iBQM U�HbQ FMQrM �b i?2 bi2T 7mM+iBQMV

�M/ 7Q`K�HHv +�M #2 2tT`2bb2/ �b

θ(r − a) =






0, B7 r < a

1, B7 r > a.
U9XjRV

6QHHQrBM; i?2 �TT`Q�+? /2p2HQT2/ T`2pBQmbHv iQ bT?2`B+�H KB+`Q;2H �M/ +QMbB/2`BM; i?�i i?2 +vHBM/2`

br2HHb BM �tB�H �M/ `�/B�H /B`2+iBQMbX h?2 7QHHQrBM; bm#b2+iBQMb `2T`2b2Mi bQK2 2t�+i bi�iBbiB+�H

K2+?�MB+�H `2H�iBQMb 7Q` i?2 2H2+i`Qbi�iB+ +QMi`B#miBQM iQ i?2 QbKQiB+ T`2bbm`2 Q7 �M BQMB+ +vHBM/`B+�H

KB+`Q;2H BM i?2 +2HH KQ/2HX

jd



9XRXjXRX am`7�+2@*?�`;2/ *vHBM/`B+�H JB+`Q;2Hb

h?2 T�B` TQi2MiB�H #2ir22M KB+`QBQMb �M/ � +vHBM/`B+�H KB+`Q;2Hb +�M #2 2tT`2bb2/ �b UBM

kBT mMBibV

vmµ(r) =






2λλBz ln(r/R), r > a

2λλBz ln(a/R), r ! a

U9XjkV

6Q` � +vHBM/`B+�H KB+`Q;2H rBi? mMB7Q`K bm`7�+2 +?�`;2 /2MbBiv- r?Qb2 }t2/ +?�`;2 Bb /2b+`B#2/

#v 1[m�iBQM U9XkNV- i?2 b2H7@2M2`;v �M/ KB+`Q;2H@KB+`QBQM BMi2`�+iBQM 2M2`;v BMbB/2 i?2 KB+`Q;2H

(r ! a) T2` mMBi H2M;i? �`2 UBM kBT mMBibV

Um = −λBλ
2 ln

(
a

R

)
, U9XjjV

�M/

Umµ = 2λλB ln
(

a

R

) ∑

i(ri≤a)
zi. U9Xj9V

am#biBimiBM; 1[m�iBQMb U9XjjV �M/ U9Xj9V BMiQ 1[m�iBQM U9X3V vB2H/b i?2 2H2+i`Qbi�iB+ +QMi`B#miBQM

iQ i?2 QbKQiB+ T`2bbm`2 BM i?2 `�/B�H /B`2+iBQM

πr = λλB

2πa2

(

λ− 2 (〈N+〉 − 〈N−〉)
)

, U9Xj8V

r?2`2

〈N±〉 = 2π
∫ a

0
r n±(r)dr U9XjeV

�`2 i?2 K2�M MmK#2`b Q7 +QmMi2`BQMbf+QBQMb T2` mMBi H2M;i? BMbB/2 i?2 KB+`Q;2H �M/ n±(r) �`2

i?2 K2�M MmK#2` /2MbBiB2b Q7 Q7 +QmMi2`BQMbf+QBQMb BMbB/2 i?2 KB+`Q;2HX 6`QK 1[m�iBQM U9XNV- i?2

2H2+i`Qbi�iB+ QbKQiB+ T`2bbm`2 BM i?2 �tB�H /B`2+iBQM Bb

πa = −λλB

πa2 ln
(

a

R

)(

λ− 2
(

〈N+〉 − 〈N−〉
))

. U9XjdV

LQi2 i?�i i?2 K�BM /Bz2`2M+2 #2ir22M i?2 `�/B�H �M/ �tB�H T`2bbm`2 2[m�iBQMb Bb i?�i i?2 �tB�H

T`2bbm`2 2[m�iBQM BMpQHp2b � HQ;�`Bi?KB+ 7mM+iBQMX >Qr2p2`- i?Bb /Bz2`2M+2 T�Hvb � bB;MB}+�Mi `QH2

BM /2i2`KBMBM; i?2 2[mBHB#`BmK brQHH2M bBx2 Q7 � KB+`Q;2HX

j3



9XRXjXkX oQHmK2@*?�`;2/ *vHBM/`B+�H JB+`Q;2Hb

6Q` � +vHBM/`B+�H KB+`Q;2H rBi? }t2/ +?�`;2 mMB7Q`KHv /Bbi`B#mi2/ Qp2` Bib pQHmK2- i?2 T�B`

TQi2MiB�H #2ir22M KB+`QBQMb �M/ i?2 KB+`Q;2H Bb ;Bp2M #v UBM kBT mMBibV-

vmµ(r) =






2λλBz ln(r/R), r > a

2λλBz(R2

a2 − 1), r ≤ a.
U9Xj3V

h?2 b2H7@2M2`;v 7Q` � +vHBM/`B+�H KB+`Q;2H rBi? +?�`;2 MmK#2` /2MbBiv /2b+`B#2/ #v 1[m�iBQM U9XjyV

�M/ KB+`Q;2H@KB+`QBQM BMi2`�+iBQM 2M2`;v T2` mMBi H2M;i? �`2 UBM kBT mMBibV

Um = λ2λB

[1
4 − ln

(
a

R

)]
U9XjNV

Umµ = 2λλB

∑

i(ri≤a)
zi

[

ln
(

a

R

)
+ r2

i

2a2

]

. U9X9yV

am#biBimiBM; 1[m�iBQMb U9XjNV �M/ U9X9yV BMiQ 1[m�iBQM U9X3V vB2H/b i?2 2H2+i`Qbi�iB+ +QMi`B#miBQM

iQ i?2 QbKQiB+ T`2bbm`2 BM i?2 `�/B�H /B`2+iBQM

πr = λλB

πa2

(
λ

2 −
〈
N+

〉
+
〈
N−

〉
+
〈
r2〉

+ −
〈
r2〉

−
a2

)

. U9X9RV

6`QK 1[m�iBQM U9XNV- i?2 2H2+i`Qbi�iB+ QbKQiB+ T`2bbm`2 BM i?2 �tB�H /B`2+iBQM Bb

πa = λγ

πa

(

λ
(1

4 − ln
(

a

R

))
+ 2 ln

(
a

R

)(
〈N+〉 − 〈N−〉

)
+
〈
r2〉

+ −
〈
r2〉

−
a2

)

U9X9kV

r?2`2

〈r2〉± = 2π
∫ a

0
r3n±(r)dr U9X9jV

�`2 b2+QM/ KQK2Mib Q7 n±(r) BMbB/2 i?2 KB+`Q;2HX

9XkX 6HQ`v@_2?M2` h?2Q`v

h?2 �BK Q7 mbBM; 6HQ`v@_2?M2` i?2Q`v Bb iQ +QKTmi2 i?2 ;2H +QMi`B#miBQM iQ i?2 QbKQiB+

T`2bbm`2 Q7 i?2 KB+`Q;2H T�`iB+H2bX 6HQ`v@_2?M2` i?2Q`v +QK#BM2b i?2 6HQ`v@>m;;BMb i?2Q`v Q7

jN



bQHmiBQM i?2`KQ/vM�KB+b rBi? `m##2` 2H�biB+Biv i?2Q`vX h?2 i?2Q`v `2bib QM irQ #�bB+ �bbmKTiBQMb,

i?2 BMi2`�+iBQMb #2ir22M i?2 +QMbiBim2Mi +?�BMb �`2 BM/2T2M/2Mi Q7 i?2 bi�i2 Q7 /27Q`K�iBQM- �M/

KB+`Q;2H +?�BMb 2t?B#Bi � :�mbbB�M /Bbi`B#miBQM U2t+Hm/2/ pQHmK2 BMi2`�+iBQMb �`2 B;MQ`2/V (RR8)X

�Hi?Qm;? i?2 6HQ`v@_2?M2` i?2Q`v r�b Q`B;BM�HHv /2p2HQT2/ iQ /2b+`B#2 i?2 2[mBHB#`BmK br2HHBM;

+?�`�+i2`BbiB+b Q7 K�+`Qb+QTB+ U#mHFV ;2Hb (9j- RR8ĜRRd)- i?2 i?2Q`v ?�b #22M T`Qp2M iQ KQ/2H i?2

br2HHBM; #2?�pBQ` Q7 KB+`Q;2H T�`iB+H2b (9- ke- 99- RR3)X JQ`2 `2+2MiHv- GQT2x �M/ _B+?i2`BM; (RR3)

/Bb+mbb2/ i?2 mb2 Q7 6HQ`v@_2?M2` i?2Q`v 7Q` bim/vBM; i?2 br2HHBM; Q7 i?2`KQ`2bTQMbBp2 KB+`Q;2HbX

h?2 �mi?Q`b +QM+Hm/2 i?�i i?2 6HQ`v@_2?M2` KQ/2H bm++22/b BM /2b+`B#BM; KB+`Q;2H br2HHBM; r2HH �i

?B;? +`Qbb@HBMFBM; /2MbBiB2b- #mi 7�BHb iQ ;Bp2 � [m�MiBi�iBp2 /2b+`BTiBQM Q7 2tT2`BK2Mi�H /�i� �i HQr

+`Qbb@HBMFBM; /2MbBiB2b (RR3)X L2p2`i?2H2bb- i?2 i?2Q`v T`QpB/2b � #�bBb 7Q` mM/2`bi�M/BM; KB+`Q;2H

br2HHBM; �M/ /2br2HHBM;X

h?2 6HQ`v@_2?M2` i?2Q`v �bbmK2b HBM2�` bmT2`TQbBiBQM Q7 i?2 7`22 2M2`;v �bbQ+B�i2/ rBi?

i?2 br2HHBM; Q7 � M2mi`�H ;2H M2irQ`F,

Fg = Fmix + Felastic, U9X99V

r?2`2 Fmix �M/ Felastic- `2T`2b2Mi i?2 7`22 2M2`;B2b Q7 KBtBM; �M/ Q7 `m##2` 2H�biB+Biv- `2bT2+iBp2HvX

h?2 KBtBM; 7`22 2M2`;v �++QmMib 7Q` i?2 �ii`�+iBQM Q7 bQHp2Mi KQH2+mH2b iQ i?2 TQHvK2` M2irQ`F

�M/ +�M #2 /2b+`B#2/ #v i?2 6HQ`vĜ>m;;BMb 2[m�iBQM-

Fmix = Umix − TSmix U9X98V

Q` UBM kBT mMBiV

βFmix = Ns[(1 − φp) ln(1 − φp) + χφp(1 − φp)], U9X9eV

r?2`2 Ns Bb i?2 MmK#2` Q7 bQHp2Mi KQH2+mH2b- φp Bb pQHmK2 7`�+iBQM Q7 TQHvK2` ;2H- �M/ χ Bb i?2

6HQ`v Q` 6HQ`vĜ>m;;BMb bQHp2M+v T�`�K2i2`b /2`Bp2/ 7`QK TQHvK2`@TQHvK2`- i?2 TQHvK2`@bQHp2Mi-

�M/ bQHp2Mi@bQHp2Mi BMi2`�+iBQMbX h?2 pQHmK2 7`�+iBQM Q7 TQHvK2` ;2H +�M #2 2tT`2bb2/ �b

φp = a3
0

a3 = 1
α3 , U9X9dV

9y



�M/ 6HQ`vĜ>m;;BMb bQHp2M+v T�`�K2i2`b ?�b i?2 7Q`K UBM kBT mMBibV

χ = z
(

w12 − w11 + w22
2

)
, U9X93V

r?2`2X h?Bb [m�MiBiv Bb p2`v BKTQ`i�Mi iQ KQ/2H 2tT2`BK2Mi�H /�i� �++m`�i2Hv bBM+2 χ /2T2M/b QM

i2KT2`�im`2 �M/ +QM+2Mi`�iBQM i?`Qm;?-

χ = 1
2 − A

(
1 − θ

T

)
+ Cφp + Dφ2

p, U9X9NV

r?2`2 θ Bb i?2 i?2i� i2KT2`�im`2 �M/ A, C, �M/ D �`2 }i T�`�K2i2`bX h?2 6HQ`v bQHp2M+v T�`�K2i2`

7Q` SLAS�J KB+`Q;2Hb Bb χ < 0.5 BM r�i2` (RR3)X A7 χ= y- TQHvK2`@bHQp2Mi KBtBM; Bb MQi 2M2`;2iB+�HHv

7�pQ`�#H2X AM +QMi`�bi- B7 χ I y- TQHvK2`@bHQp2Mi KBtBM; Bb 2M2`;2iB+�HHv 7�pQ`�#H2X .2T2M/BM; QM

i?2 p�Hm2 Q7 χ- i?2 TQHvK2` K�v #2?�p2 HBF2 �M �i?2`K�H Q` B/2�H :�mbbB�M +?�BMX q?2M χ = 0- i?2

TQHvK2` +QM7Q`K�iBQM /2T2M/b QMHv QM i?2 2t+Hm/2/@pQHmK2 BMi2`�+iBQMb #2ir22M i?2 KQMQK2`b- bQ

i?2 TQHvK2` #2?�p2b �i?2`K�HHvX q?2M χ = 1/2- i?2 TQHvK2` #2?�p2b HBF2 �M B/2�H :�mbbB�M +?�BM-

/m2 iQ � #H�M+2 #2ir22M i?2 2t+Hm/2/@pQHmK2 `2TmHbBQM �M/ i?2 ?v/`QT?Q#B+ �ii`�+iBQM #2ir22M i?2

TQHvK2` +?�BMbX 6Q` H�`;2` p�Hm2b Q7 χ- i?2 TQHvK2` i2M/b iQ #2 KQ`2 ?v/`QT?Q#B+- bQ i?2 KB+`Q;2H

b?`BMFb 2tT2HHBM;- i?2 bQHp2Mi KQH2+mH2b 7`QK BMbB/2X h?2 H�`;2` χ Bb- i?2 bK�HH2` i?2 KB+`Q;2H bBx2

#2+QK2bX

h?2 2H�biB+ 7`22 2M2`;v +�M #2 2tT`2bb2/ �b

Felastic = Helastic − TSelastic U9X8yV

r?2`2 Helastic �`2 i?2 2Mi?�HTv Q7 i?2 M2irQ`F r?B+? Bb M2;HB;B#H2 U/m2 iQ MQ +?�M;2 BM BMi2`M�H

7`22 2M2`;v Q7 i?2 M2irQ`FV �M/ Selastic Bb i?2 2Mi`QTv /m2 iQ +QM};m`�iBQMH +?�M;2 Q7 i?2 M2irQ`FX

6`QK i?2 bi�iBbiB+�H i?2Q`v Q7 `m##2` 2H�biB+Biv (9j)-

βFel = −TSg = νv

2
[
α2

x + α2
y + α2

z − 3 − ln(αxαyαz)
]

, U9X8RV

r?2`2 αx Bb i?2 HBM2�` br2HHBM; `�iBQ BM i?2 t@/B`2+iBQM- αy Bb i?2 HBM2�` br2HHBM; `�iBQ BM i?2 v@

/B`2+iBQM- �M/ αz HBM2�` br2HHBM; `�iBQ BM x@/B`2+iBQM- �M/ νv Bb i?2 2z2+iBp2 MmK#2` Q7 +?�BMb BM
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i?2 M2irQ`FX 6Q` �M BbQi`QTB+ M2irQ`F- r?2`2 i?2 br2HHBM; Bb BM/2T2M/2Mi Q7 i?2 Q`B2Mi�iBQM Q7 i?2

TQHvK2`- αx = αy = αz = α- �b BM i?2 bT?2`B+�H KB+`Q;2H +�b2- i?2 2H�biB+ 7`22 2M2`;v +�M #2

2tT`2bb2/ �b

Felastic = 3
2Nch(α2 − lnα− 1). U9X8kV

6Q` �M �MBbQi`QTB+ br2HHBM; M2irQ`F- r?2`2 i?2 br2HHBM; Bb /2T2M/2Mi QM i?2 Q`B2Mi�iBQM Q7 i?2

TQHvK2` Ur?2`2 αr = αx4αy %= αz = αaV �b BM i?2 +vHBM/`B+�H KB+`Q;2H +�b2- i?2 2H�biB+ 7`22 2M2`;v

+�M #2 2tT`2bb2/ �b

βFelastic = 1
2Nch

(
2α2

r + α2
a − 3 − ln(α2

rαa)
)

, U9X8jV

r?2`2 Nch Bb i?2 MmK#2` Q7 +`Qbb@HBMF2/ +?�BMbX 6BM�HHv- i?2 ;2H 7`22 2M2`;v �bbQ+B�i2/ rBi? i?2

BbQi`QTB+ br2HHBM; Q7 � TQHvK2` M2irQ`F- Q#i�BM2/ #v i?2 �//BiBQM Q7 1[m�iBQMb U9X9eV �M/ U9X8kV

+�M #2 r`Bii2M �b

βFg = Nmon
[
(α3 − 1) ln

(
1 − α−3

)
+ χ

(
1 − α−3

)]
+ 3

2Nch
(
α2 − lnα− 1

)
, U9X89V

r?BH2 i?2 ;2H 7`22 2M2`;v �bbQ+B�i2/ rBi? i?2 �MBbQi`QTB+ br2HHBM; Q7 � +vHBM/`B+�H TQHvK2` M2irQ`F-

Q#i�BM2/ #v i?2 �//BiBQM Q7 1[m�iBQMb U9X9eV �M/ U9X8jV- +�M #2 r`Bii2M �b

βFg = Nmon
[
(αaα

2
r − 1) ln

(
1 − α−1

a α−2
r

)
+ χ

(
1 − α−1

a α−2
r

)]
+ 1

2Nch
(
2α2

r + α2
a − 3 − ln(α2

rαa)
)

.

U9X88V

h?2 }`bi i2`K QM i?2 `B;?i@?�M/ bB/2 �++QmMib 7Q` KBtBM; +QMi`B#miBQM #2ir22M bQHp2Mi �M/ TQHv@

K2`- i?2 b2+QM/ i2`K BMi2`�+iBQM Q7 bQHp2MifTQHvK2`- �M/ i?2 H�bi i2`K 2H�biB+ +QMi`B#miBQMbX h?2

2H�biB+Biv Q7 KB+`Q;2H T�`iB+H2b bi`QM;Hv /2T2M/b QM i?2 �p2`�;2 +?�BM H2M;i?X a?Q`i +?�BMb BKTHv

i?�i i?2 T�`iB+H2 ?�b � H�`;2` +`Qbb@HBMF2` +QM+2Mi`�iBQM- �M/ bQ Bi Bb KQ`2 /B{+mHi iQ bi`2i+?X PM

i?2 +QMi`�`v- 7Q` HQM; +?�BMb- i?2 KB+`Q;2H Bb HBF2Hv iQ #2 /27Q`K2/ #v �Mv 2ti2`M�H biBKmHB rBi?

� `2H�iBp2Hv bK�HH 2H�biB+ 7`22 2M2`;v +QbiX h?2 BMi2`M�H bi`m+im`2 Q7 i?2 KB+`Q;2H �M/ i?2 2H�biB+

`2bTQMb2 /2T2M/b QM i?2 MmK#2` Q7 KQMQK2`b NmonX �bbmKBM; i?�i KQMQK2`b ?�p2 � bT?2`B+�H

b?�T2 Q7 `�/Bmb rmon- i?2 MmK#2` Q7 KQMQK2`b Bb ;Bp2M #v

Nmon = 0.61 v0
vmon

, U9X8eV
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r?2`2 v044πa3
0/3 Bb i?2 /`v pQHmK2 Q7 i?2 KB+`Q;2H- �M/ vmon4 4πr3

mon/3 Bb i?2 pQHmK2 Q7 �

KQMQK2`- �M/ UyXeRV Bb mb2/ iQ 2Mbm`2 i?�i i?2 pQHmK2 7`�+iBQM Q7 i?2 KQMQK2`b Bb #2HQr i?2

pQHmK2 7`�+iBQM 7Q` `�M/QK@+HQb2@T�+FBM; Q7 ?�`/ bT?2`2b- r?B+? Bb yXe9X

h?2 iQi�H ;2H QbKQiB+ T`2bbm`2 πg Bb 2tT`2bb2/ �b

πg = πmix + πelastic, U9X8dV

r?2`2 πmix /2MQi2b i?2 QbKQiB+ T`2bbm`2 /m2 iQ KBtBM;- �M/ πelastic i?�i /m2 iQ `m##2` 2H�biB+BivX

h?2 ;2H QbKQiB+ T`2bbm`2 πg Bb Q#i�BM2/ 7`QK i?2 ;2H 7`22 2M2`;v pB�

πg = −
(
∂

∂v
Fg

)
. U9X83V

6`QK 1[m�iBQMb U9X89V �M/ U9X88V �M/ mbBM; 1[m�iBQM U9X83V- i?2 ;2H T`2bbm`2 Q7 � bT?2`B+�H KB+`Q;2H

Bb 2tT`2bb2/ �b

βπg(α)v = −Nmon
[
α3 ln

(
1 − α−3

)
+ χα−3 + 1

]
− Nch

(
α2 − 1

2

)
, U9X8NV

�M/ 7Q` � +vHBM/`B+�H KB+`Q;2H i?2 `�/B�H �M/ �tB�H ;2H T`2bbm`2b �`2- `2bT2+iBp2Hv-

βπg(αr,αa)v = −Nmon
[
αaα

2
r ln

(
1 − α−1

a α−2
r

)
+ χα−1

a α−2
r + 1

]
− Nch

(
α2

r − 1
2

)
U9XeyV

�M/

βπg(αr,αa)v = −Nmon
[
αaα

2
r ln

(
1 − α−1

a α−2
r

)
+ χα−1

a α−2
r + 1

]
− Nch

(
α2

a − 1
2

)
. U9XeRV

�b K2MiBQM2/ #27Q`2- i?2 +QM/BiBQM Q7 i?2`KQ/vM�KB+ 2[mBHB#`BmK Bb i?�i i?2 iQi�H QbKQiB+ T`2bbm`2

p�MBb?2bX Ai Bb b22M 7`QK 1[m�iBQMb U9X8NV �M/ U9XeyV i?�i- rBi?BM i?2 7`�K2rQ`F Q7 i?2 T`2b2Mi

i?2Q`v- i?2 +`Qbb@HBMF +QM+2Mi`�iBQM �M/ i?2 6HQ`v bQHp2M+v T�`�K2i2` /2i2`KBM2 i?2 br2HHBM; `�iBQ

Q7 � M2mi`�H KB+`Q;2H- �M/ QMHv χ `2bTQM/b iQ +?�M;2b BM 2ti2`M�H +QM/BiBQMbX

9j



9XjX SQBbbQM@"QHixK�MM h?2Q`v

*QKTmiBM; i?2 2H2+i`Qbi�iB+ QbKQiB+ T`2bbm`2 Q7 �M BQMB+ KB+`Q;2H `2[m`B2b FMQrBM; i?2 K2�M

MmK#2`b Q7 BMi2`BQ` +QmMi2`BQMbf+QBQMb 〈N±〉 �M/ b2+QM/ KQK2Mib Q7 i?2 BMi2`BQ` KB+`QBQM /2MbBiv

T`Q}H2b 〈r2〉±X q2 mb2/ SQBbbQM@"QHixK�MM US"V i?2Q`v iQ +QKTmi2/ i?2 KB+`QBQM /2MbBiv T`Q}H2b-

7`QK r?B+? 〈N±〉- 〈r2〉±- �M/ i?2 +Q``2bTQM/BM; 2H2+i`Qbi�iB+ QbKQiB+ T`2bbm`2 �`2 Q#i�BM2/X S"

i?2Q`v ?�b #22M rB/2Hv �TTHB2/ iQ KQ/2H BMi2`7�+2b #2ir22M +?�`;2/ bm`7�+2b �M/ BQMB+ bQHmiBQMb-

BM+Hm/BM; BQMB+ KB+`Q;2H bQHmiBQMb (9y- Ry3- RRN- Rky)X Ai Bb � ;QQ/ �TT`QtBK�iBQM �i BQMB+ bi`2M;i?b

�#Qmi yXRJ �M/ 7Q` KQMQp�H2Mi Ur2�FHv +Q``2H�i2/V 2H2+i`QHvi2b (RkR)X h?2 i?2Q`v Bb � K2�M@

}2H/ i?2Q`v �M/ Bib /2`Bp�iBQM Bb #�b2/ QM b2p2`�H �bbmKTiBQMb �b 7QHHQrb, i?2 +?�`;2 /2MbBiB2b �`2

`2T`2b2Mi2/ �b bKQQi?Hv p�`vBM; 7mM+iBQMbX h?2 M�im`2 Q7 i?2 BQMb Bb MQi i�F2M BMiQ �++QmMi- �M/

MQ Qi?2` KQH2+mH�` BMi2`�+iBQM #2ir22M i?2 BQMb �M/ bQHp2Mi Bb +QMbB/2`2/X h?2 BQM@BQM +Q``2H�iBQMb

�`2 �HbQ M2;H2+i2/X h?2 BQM /Bbi`B#miBQMb �`2 `2T`2b2Mi2/ #v i?2B` i?2`K�H �p2`�;2bX .2bTBi2 �HH Q7

i?2b2 HBKBi�BQMb- i?2 i?2Q`v T`QpB/2b `2�bQM�#H2 [m�MiBi�iBp2 `2bmHibX � ;QQ/ `2pB2r Q7 i?2 b+QT2

�M/ BKT�+i Q7 i?2b2 /2pB�iBQMb 7`QK S" i?2Q`v +�M #2 7QmM/ BM (Rkk)X

h?2`2 �`2 b2p2`�H /2`Bp�iBQMb Q7 i?2 SQBbbQM@"QHixK�MM 2[m�iBQM #�b2/ QM bi�iBbiB+�H K2@

+?�MB+bX h?2 bBKTH2bi /2`Bp�iBQM bi�`ib rBi? SQBbbQMǶb 1[m�iBQM URXkV-

∇2φ(r) = −n(r)
ε

. U9XekV

AM � K2�M@}2H/ �TT`QtBK�iBQM- i?2 /Bbi`B#miBQMb Q7 �HH BQMb BM i?2 bQHmiBQM 7QHHQr � "QHixK�MM

/Bbi`B#miBQM,

f(r) = Ae−βU(r), U9XejV

r?2`2 A Bb � MQ`K�HBx�iBQM +QMbi�Mi �M/ U Bb i?2 2H2+i`Qbi�iB+ TQi2MiB�H 2M2`;vX qBi? 2H2+i`Qbi�iB+

TQi2MiB�H 2M2`;v (zeφ(r))- i?2 "QHixK�MM /Bbi`B#miBQM #2+QK2b

ni = n0e−zieφ(r)/kBT . U9Xe9V

*QK#BMBM; SQBbbQMǶb 2[m�iBQM 7Q` i?2 2H2+i`Qbi�iB+ TQi2MiB�H rBi? i?2 "QHixK�MM /Bbi`B#miBQMb 7Q`

BQM /2MbBiB2b vB2H/b i?2 SQBbbQM@"QHixK�MM 2[m�iBQM BM bT?2`B+�H Ud = 3V �M/ +vHBM/`B+�H Ud = 2V
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TQH�` +QQ`/BM�i2b-

ψ′′(r) + d − 1
r

ψ′(r) = κ2 sinhψ(r) + 4πλBnf (r), U9Xe8V

r?B+? Bb � b2+QM/@Q`/2` MQMHBM2�` 2HHBTiB+ T�`iB�H /Bz2`2MiB�H 2[m�iBQMX >2`2 ψ(r) = eφ(r)/kBT - Bb �

/BK2MbBQMH2bb TQi2MiB�H �M/ κ =
√

8πλBn0 Bb i?2 .2#v2 b+`22MBM; +QMbi�Mi- r?B+? Bb T`QTQ`iBQM�H iQ

i?2 b[m�`2@`QQi Q7 BQMB+ bi`2M;i? Q7 i?2 bQHmiBQMX h?`Qm;? i?Bb T�`�K2i2`- i?2 2z2+ib Q7 2H2+i`QHvi2

BQMb QM i?2 2H2+i`Qbi�iB+ TQi2MiB�H �`2 +�Tim`2/X 6Q` r2�F 2H2+i`B+ }2H/b- 1[m�iBQM U9Xe8V Bb bBKTHB}2/

iQ i?2 HBM2�`Bx2/ S" 2[m�iBQM #v `2TH�+BM; i?2 sinhψ(r) i2`K rBi? Bib }`bi@Q`/2` �TT`QtBK�iBQM-

sinhψ(r) = ψ(r)- iQ ;Bp2 UBM bT?2`B+�H Ud = 3V TQH�` +QQ`/BM�i2bV

ψ′′(r) + 2
r
ψ′(r) = κ2ψ(r) + 4πλBnf (r). U9XeeV

AM ;2M2`�H- bQHpBM; i?2 SQBbbQM@"QHixK�MM 2[m�iBQM 7Q` i?2 2H2+i`Qbi�iB+ TQi2MiB�H `2[m`B2b bT2+B7vBM;

bmBi�#H2 #QmM/�`v +QM/BiBQMbX h?2 +2HH KQ/2H Bb � ;QQ/ �TT`QtBK�iBQM- r?Qb2 #QmM/�`v +QM/BiBQMb

�`2 `2H�iBp2Hv bBKTH2X h?2 SQBbbQM@"QHixK�MM 2[m�iBQM 7Q` � KB+`Q+�TbmH2 KB+`Q;2H- r?Qb2 }t2/

+?�`;2 Bb /2b+`B#2/ #v

nf (r) =






0, r ! a

3Z
4π(b3−a3) , a < r ! b

0, b < r ! R,

U9XedV

+�M #2 2tT`2bb2/ �b

ψ′′(r) + 2
r
ψ′(r) =






κ2 sinhψ(r), 0 < r ! a

κ2 sinhψ(r) + 3ZλB
b3−a3 , a < r ! b

κ2 sinhψ(r), b < r ! R.

U9Xe3V

am#biBimiBM; 1[m�iBQM U9XkkV BMiQ 1[m�iBQM U9Xe8V vB2H/b � SQBbbQM@"QHixK�MM 2[m�iBQM 7Q` �

bm`7�+2@+?�`;2/ bT?2`B+�H KB+`Q;2H-

ψ′′(r) + 2
r
ψ′(r) = κ2 sinhψ(r) + ZλB

a2 δ(r − a). U9XeNV
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am#biBimiBM; 1[m�iBQM U9XjyV BMiQ 1[m�iBQM U9Xe8V vB2H/b � SQBbbQM@"QHixK�MM 2[m�iBQM 7Q` � +vHBM@

/`B+�H KB+`Q;2H rBi? }t2/ +?�`;2 T2` mMBi H2M;i? U−λeV mMB7Q`KHv /Bbi`B#mi2/ Qp2` Bib pQHmK2-

ψ′′(r) + 1
r
ψ′(r) = κ2 sinhψ(r) + λ

πa2 θ(r − a). U9XdyV

aBKBH�`Hv- bm#biBimiBM; 1[m�iBQM U9XkNV BMiQ 1[m�iBQM U9Xe8V vB2H/b � SQBbbQM@"QHixK�MM 2[m�iBQM

7Q` � bm`7�+2@+?�`;2/ +vHBM/`B+�H KB+`Q;2H

ψ′′(r) + 1
r
ψ′(r) = κ2 sinhψ(r) + λ

2πa
δ(r − a). U9XdRV

1[m�iBQMb U9Xe3V- U9XeNV- U9XdyV- �M/ U9XdRV �`2 bm#D2+i iQ i?2 #QmM/�`v +QM/BiBQMb, i?2 2H2+i`B+ }2H/

Kmbi p�MBb? �i i?2 +2Mi2` Q7 i?2 +2HH ψ′(0) = 0 U#v bvKK2i`vV �M/ QM i?2 +2HH #QmM/�`v ψ′(R) = 0

U#v 2H2+i`QM2mi`�HBivVX AM i?2 KB+`Q+�TbmH2 +�b2- 1[m�iBQM U9Xe3V �HbQ Bb bm#D2+i2/ iQ i?2 +QMiBMmBiv

+QM/BiBQMb Q7 i?2 b?2HH BMi2`7�+2b- ψcav(a) = ψsh(a),ψsh(b) = ψout(b)X h?2 bm#b+`BTib “cav”, “sh”,

�M/ “out” H�#2H i?2 bQHmiBQMb BM i?2 +�pBiv- b?2HH- �M/ Qmi2` `2;BQMb- `2bT2+iBp2HvX qBi?BM i?2 +2HH

KQ/2H BKTH2K2Mi�iBQM- �M/ mbBM; i?2b2 #QmM/�`v +QM/BiBQMb- i?2 S" 1[m�iBQMb U9Xe3V- U9XeNV-

U9XdyV- �M/ U9XdRV �`2 MmK2`B+�HHv bQHp2/ #v mbBM; i?2 S�`�K2i`B+L.aQHp2 bQHp2` BM J�i?2K�i@

B+�- 7`QK r?B+? i?2 BQM /2MbBiv T`Q}H2b- �M/ i?2 +Q``2bTQM/BM; 2H2+i`Qbi�iB+ QbKQiB+ T`2bbm`2b �`2

+QKTmi2/X

6BM�HHv- Bi Bb BKTQ`i�Mi iQ 2KT?�bBx2 i?�i Qm` S" i?2Q`2iB+�H +�H+mH�iBQMb �`2 r2HH #2HQr i?2

i?`2b?QH/ 7Q` J�MMBM; +QM/2Mb�iBQM QMiQ TQHv2H2+i`QHvi2 +?�BMb UλB
l < 1V- r?2`2 l Bb i?2 /Bbi�M+2

#2ir22M M2B;?#Q`BM; +?�`;2/ KQMQK2`bX A7 λB/l > 1- i?2 *QmHQK# BMi2`�+iBQMb /QKBM�i2 Qp2`

i?2 i?2`K�H ~m+im�iBQMb �M/ +QmMi2`BQM +QM/2Mb�iBQM Bb 7�pQ`2/X AM i?2 +�b2 Q7 bm`7�+2@+?�`;2/

bT?2`B+�H KB+`Q;2Hb- i?2 +QmMi2`BQM +QM/2Mb�iBQM +QM/BiBQM Bb /2}M2/ �b

(
4πa2

Z

)1/2
> λB U9XdkV

Q`
Zλ2

B

4πa2 < 1. U9XdjV
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AM i?2 +�b2 Q7 bm`7�+2@+?�`;2/ +vHBM/`B+�H KB+`Q;2Hb- i?2 /Bbi�M+2 #2ir22M M2B;?#Q`BM; +?�`;2/

KQMQK2`b +�M #2 2tT`22b2/ �b

l =
(2πah

Z

)1/2
> λB. U9Xd9V

"v mbBM; UZ/h = λV- i?2 i?`2b?QH/ 7Q` +QmMi2`BQM +QM/2Mb�iBQM QMiQ bm`7�+2@+?�`;2/ +vHBM/`B+�H

KB+`Q;2Hb rQmH/ #2
λλ2

B

2πa
< 1. U9Xd8V

aBKBH�`Hv- i?2 +QmMi2`BQM +QM/2Mb�iBQM HBKBi 7Q` pQHmK2@+?�`;2/ +vHBM/`B+�H KB+`Q;2Hb Bb

l =
(
πa2h

Z

)1/3
> λB U9XdeV

Q`
λλ3

B

πa2 < 1. U9XddV

6Q` 2t�KTH2- B7 λB = 0.7 MK- Z = 1000- �M/ a = 30 MK- i?2 +QmMi2`BQM +QM/2Mb�iBQM HBKBi 7Q`

bT?2`B+�H KB+`Q;2Hb rBi? mMB7Q`KK bm`7�+2 +?�`;2 U1[m�iBQM U9XdjVV rQmH/ #2 0.043 < 1X 6Q` �

bm`7�+2@+?�`;2/ +vHBM/`B+�H KB+`Q;2H rBi? λ = 500- 1[m�iBQM U9Xd8V ;Bp2b 1.29 �M/ 7Q` � pQHmK2@

+?�`;2/ +vHBM/`B+�H KB+`Q;2H rBi? b�K2 T�`�K2i2`b- 1[m�iBQM U9XddV ;Bp2b 0.06 < 1X

9X9X 1z2+iBp2 AMi2`�+iBQMb Q7 AQMB+ JB+`Q;2H ambT2MbBQMb

ambT2MbBQMb Q7 BQMB+ +QHHQB/�H T�`iB+H2b �`2 KmHiB@+QKTQM2Mi KBtim`2b Q7 KB+`Qb+QTB+ T�`iB@

+H2b- K�+`QBQMb- +QmMi2`BQM- +QBQMb- �M/ bQHp2Mi KQH2+mH2bX Ai Bb Q7i2M T`�+iB+�H iQ pB2r KB+`Q;2H

bmbT2MbBQMb �b QM2@+QKTQM2Mi ǳKB+`Q;2H@QMHvǴ bvbi2Kb /2b+`B#2/ #v 2z2+iBp2 KB+`Q;2H BMi2`�+iBQMb

BM r?B+? i?2 T`2b2M+2 Q7 KB+`QBQMb �TT2�`b QMHv i?`Qm;? K2/BmK T`QT2`iB2b- bm+? �b i?2 /B2H2+i`B+

+QMbi�Mi �M/ i?2 .2#v2 b+`22MBM; +QMbi�MiX 6Q` i?2 KQ/2H bmbT2MbBQM /2b+`B#2/ BM *?�Ti2` j- i?2

;Q�H Bb iQ /2`Bp2 � bi�iBbiB+�H@K2+?�MB+�H �TT`Q�+? #�b2/ QM i?2 QM2@+QKTQM2Mi KQ/2H �M/ HBM2�`

`2bTQMb2 i?2Q`v iQ /2b+`B#2 2z2+iBp2 2H2+i`Qbi�iB+ BMi2`�+iBQMb #2ir22M i?2 T2M2i`�#H2 bT?2`B+�H

KB+`Q;2HbX h?2 2H�biB+ +QMi`B#miBQM iQ i?2 2z2+iBp2 BMi2`�+iBQM TQi2MiB�H r�b KQ/2H2/ mbBM; i?2

>2`ixB�M KQ/2H Q7 i?2 i?2Q`v Q7 2H�biB+Biv- �HHQrBM; bim/vBM; i?2 BMi2`TH�v #2ir22M i?2 2H2+i`Qbi�iB+

�M/ i?2 2H�biB+ +QMi`B#miBQMb iQ i?2 2z2+iBp2 BMi2`�+iBQM TQi2MiB�HX *QK#BM; i?2 i?2Q`v Q7 2z2+iBp2

BMi2`�+iBQMb rBi? JQMiQ *�`HQ bBKmH�iBQMb ;Bp2b �++2bb iQ `�/B�H /Bbi`B#miBQM 7mM+iBQMb- bi�iB+ bi`m+@
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im`2 7�+iQ`b- �M/ T?�b2 #2?�pBQ` Q7 BQMB+ KB+`Q;2Hb- r?B+? +�MMQi #2 Q#i�BM2/ 7`QK i?2 +2HH KQ/2HX

6BM�HHv- i?2 i?2Q`v rBi? JQMiQ *�`HQ bBKmH�iBQMb �BKb �i i?2 mM/2`bi�M/BM; Q7 T?�b2 #2?�pBQ` Q7

BQMB+ KB+`Q;2H bQHmiBQMbX

"v 7QHHQrBM; .2MiQMǶb bi�iBbiB+�H K2+?�MB+�H 7`�K2rQ`F Q7 +?�`;2/ +QHHQB/�H bmbT2MbBQMb

(9k)- i?2 >�KBHiQMB�M Q7 � KQ/2H bvbi2K +QMi�BMBM; QMHv QM2 bT2+B2b Q7 bm`7�+2@+?�`;2/ KB+`Q;2Hb

bmbT2M/2/ BM � bQHp2Mi rBi? QMHv +QmMi2`BQMb UMQ b�HiV- �b /2b+`B#2/ BM jX9- +�M #2 2tT`2bb2/ �b

H = Hmm + Hcc + Hmc, U9Xd3V

r?2`2 Hmm Bb i?2 2H2+i`Qbi�iB+ 2M2`;v Q7 BMi2`�+iBQM #2ir22M KB+`Q;2Hb- Hmc /2b+`B#2b i?2 KB+`Q;2HĜ

+QmMi2`BQM BMi2`�+iBQM 2M2`;v- �M/ Hcc Bb i?2 +QmMi2`BQM@+QmMi2`BQM BMi2`�+iBQM 2M2`;vX 1tTHB+BiHv-

i?2b2 i2`Kb �`2 Q7 i?2 7Q`K

Hmm = Km + 1
2

Nm∑

i%=j=1
vmm (rij) U9XdNV

Hcc = Kc + 1
2

Nc∑

i%=j=1
vcc (rij) U9X3yV

Hmc =
Nm∑

i=1

Nc∑

j=1
vmc (rij) , U9X3RV

r?2`2 Km �M/ Kc �`2 i?2 KB+`Q;2H �M/ +QmMi2`BQM FBM2iB+ 2M2`;B2b- `2bT2+iBpHiv- �M/ vmm Bb i?2 #�`2

*QmHQK# T�B` BMi2`�+iBQM TQi2MiB�H #2ir22M irQ KB+`Q;2Hb �i +2Mi2`@+2Mi2` b2T�`�iBQM rij - r?B+?

`2�/b �b

vmm(rij) = Z2e2

εrij
, rij > ai + aj U9X3kV

aBM+2 i?2 +QmMi2`BQMb �`2 KQ/2H2/ �b TQBMi T�`iB+H2b- i?2v BMi2`�+i pB� i?2 *QmHQK# TQi2MiB�H

2tT`2bb2/ �b

vcc(rij) = z2e2

εrij
. U9X3jV

h?2 2H2+i`Qbi�iB+ TQi2MiB�H 2M2`;v #2ir22M � KB+`Q;2H �M/ � +QmMi2`BQM vmc(r) rBHH #2 +QMbB/2`2/

BM /2i�BH H�i2`X
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h?2 T�`iBiBQM 7mM+iBQM Z Q7 i?2 KBtim`2 Bb i?2 +�MQMB+�H /Qm#H2 i`�+2 Qp2` KB+`Q;2H �M/

+QmMi2`BQM +QQ`/BM�i2bX "v BMi2;`�iBM; Qmi i?2 +QmMi2`BQM +QQ`/BM�i2b- i?2 KBtim`2 Bb `2/m+2/ iQ

�M 2[mBp�H2Mi QM2@+QKTQM2Mi bvbi2KX h?2 +�MQMB+�H T�`iBiBQM 7mM+iBQM +�M #2 2tT`2bb2/ �b

Z = 〈〈exp(−βH)〉c〉m = 〈exp (−βHeff)〉m , U9X39V

r?2`2 Heff Bb i?2 2z2+iBp2 >�KBHiQMB�M- r?B+? /2T2M/b QMHv QM KB+`Q;2H /2;`22b Q7 7`22/QK �M/

〈〉m �M/ 〈〉c /2MQi2 i`�+2b Qp2` KB+`Q;2H �M/ +QmMi2`BQM +QQ`/BM�i2b- `2bT2+iBp2HvX h?2 2z2+iBp2

>�KBHiQMB�M +�M #2 2tT`2bb2/ �b

Heff = Hmm + Fc, U9X38V

r?2`2 Fc Bb i?2 7`22 2M2`;v Q7 i?2 +QmMi2`BQMb BM i?2 T`2b2M+2 Q7 i?2 KB+`Q;2Hb,

Fc = −kBT ln 〈exp [−β (Hcc + Hmc)]〉c . U9X3eV

1p�Hm�iBM; i?2 i`�+2 Qp2` +QmMi2`BQM +QQ`/BM�i2b Bb i2+?MB+�Hv /B{+mHi bBM+2 UHcc + HmcV +QMi�BMb

+QmMi2`BQMĜKB+`Q;2H �M/ +QmMi2`BQMĜ+QmMi2`BQM *QmHQK#B+ BMi2`�+iBQMb �M/ pBQH�i2b i?2 +?�`;2

M2mi`�HBiv Q7 i?2 bvbi2KX h?2`27Q`2- i?2 b2H7@2M2`;v Q7 � mMB7Q`K- M2mi`�HBxBM; #�+F;`QmM/-

Eb = −Ncncv̂cc(0)/2, U9X3dV

Bb �//2/ iQ Hmc �M/ bm#i`�+i2/ 7`QK Hcc- r?2`2 nc = Nc/V Bb i?2 �p2`�;2 /2MbBiv Q7 +QmMi2`BQMb

�M/ v̂cc(0) Bb i?2 k −→ 0 HBKBi Q7 i?2 6Qm`B2` i`�Mb7Q`K Q7 vcc(r)X "v mbBM; i?Bb i2+?MB[m2- i?2 +QmM@

i2`BQM bvbi2K BM i?2 T`2b2M+2 Q7 i?2 7`Qx2M KB+`Q;2Hb +�M #2 i`2�i2/ �b � T2`im`#�iBQM �`QmM/ i?2

QM2@+QKTQM2Mi TH�bK� UP*SV (RkjĜRk8)X 1[m�iBQM U9X3eV i?2M +�M #2 +�H+mH�i2/ pB� �M 2tT�MbBQM

�`QmM/ i?Bb `272`2M+2 bi�i2-

Fc = F0 +
∫ 1

0
dλ 〈Hmc〉λ U9X33V

Q`

Fc = FOCP +
∫ 1

0
dλ 〈Hmc〉λ − Eb, U9X3NV
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r?2`2 F0 = −kBT ln 〈exp (−βHc)〉c Bb i?2 `272`2M+2 7`22 2M2`;v Q7 i?2 mMT2`im`#2/ +QmMi2`BQMb-

FOCP = F0 + Eb Bb Bb i?2 7`22 2M2`;v Q7 � ?QKQ;2M2Qmb P*S 2t+Hm/2/ 7`QK i?2 +QHHQB/�H ?�`/ +Q`2b

�M/ λ Bb � +?�`;BM; T�`�K2i2` i?�i b+�H2b i?2 +?�`;2 Q7 i?2 KB+`Q;2Hb- r?2`2�b i?2 2tT2+i�iBQM

p�Hm2 〈...〉 Bb +�``B2/ Qp2` i?2 +QmMi2`BQMbǶ /2;`22b Q7 7`22/QKX �//BiBQM�H T`Q;`2bb Bb MQr K�/2

#v 2KTHQvBM; HBM2�` `2bTQMb2 i?2Q`v (ek)- r?B+? �HHQrb iQ +�H+mH�i2 i?2 +QmMi2`BQM `2bTQMb2 iQ

i?2 KB+`Q;2H /2MbBivX h?2 +QmMi2`BQMb �`2 �bbmK2/ iQ `2bTQM/ HBM2�`Hv iQ i?2 K�+`QBQM 2ti2`M�H

TQi2MiB�H,

ρ̂c(k) = χ(k)v̂mc(k)ρ̂m(k), k %= 0, U9XNyV

r?2`2 i?2 Û V /2MQi2b � 6Qm`B2` i`�Mb7Q`K- ρ̂c(k) �M/ ρ̂m(k) �`2 i?2 /2MbBiv QT2`�iQ`b Q7 i?2 +QmMi2@

`BQMb �M/ i?2 KB+`Q;2Hb BM BMp2`b2 bT�+2- v̂mc(k) Bb i?2 6Qm`B2` i`�Mb7Q`K Q7 i?2 KB+`Q;2H@+QmMi2`BQM

BMi2`�+iBQM- �M/ χ(k) Bb i?2 HBM2�` `2bTQMb2 7mM+iBQM Q7 i?2 P*SX AM 1[m�iBQM U9XNyV- i?2 i2`K k = 0

Bb 2t+Hm/2/ bBM+2 i?2 +QmMi2`BQM MmK#2` /2MbBiv �i k = 0 Bb }t2/ #v i?2 MmK#2` Q7 +QmMi2`BQMb-

Nc = ρ̂c(0)X h?2`27Q`2- i?2`2 Bb MQ `2bTQMb2 iQ i?2 KB+`Q;2H +?�`;2 r?2M k = 0- �M/ ρ̂c(0) Bb }t2/

#v i?2 +QMbi`�BMi Q7 ;HQ#�H +?�`;2 M2mi`�HBivX h?2 HBM2�` `2bTQMb2 7mM+iBQM χ(k) Bb /2}M2/ �b

χ(k) = −βncS(k), U9XNRV

r?2`2 S(k) Bb bi�iB+ bi`m+im`2 7�+iQ`X lbBM; i?2 P`Mbi2BM@w2`MBF2 `2H�iBQM- i?2 bi�iB+ bi`m+im`2 7�+iQ`

+�M #2 btT`2bb2/ �b

S(k) = 1/ [1 − ncĉ(k)] , U9XNkV

r?2`2 ĉ(k) Bb i?2 6Qm`B2` i`�Mb7Q`K Q7 i?2 /B`2+i +Q``2H�iBQM 7mM+iBQM c(r)X 6Q` � r2�FHv@+QmTH2/

TH�bK�- � `2�bQM�#H2 �TT`QtBK�iBQM 7Q` c(r) +�M #2 K�/2 #v b2iiBM; c(r) 2[m�H iQ Bib �bvKTiQiB+

(r → ∞) HBKBi ĉ(k) ∼= −βv̂cc(k) 7Q` �HH rX h?2`27Q`2-

ĉ(k) , −βv̂cc(k) = −4πβz2e2

εk2 . U9XNjV

am#biBimiBQM Q7 1[m�iBQMa U9XNkV �M/ U9XNjV BMiQ 1[m�iBQM U9XNRV i?2M vB2H/b (Rke)

χ(k) = − βnc
1 + κ2/k2 , U9XN9V
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r?2`2 κ Bb i?2 BMp2`b2 .2#v2 b+`22MBM; H2M;i?- r?B+? TH�vb �M BKTQ`i�Mi `QH2 BM i?2 KB+`QBQM /2MbBiv

T`Q}H2b �M/ BM i?2 2z2+iBp2 T�B` BMi2`�+iBQMX Ai ?�b i?2 7Q`K

κ =
√

4πncz2λB. U9XN8V

_2im`MBM; iQ i?2 2z2+iBp2 >�KBHiQMB�M (1[m�iBQM U9X38V)- i?2 7mHH 7Q`K Q7 i?2 2z2+iBp2 >�KBHiQMB�M

Q7 � QM2@+QKTQM2Mi bvbi2K i?2M Bb

Heff = Km + 1
2

Nm∑

i%=j=1
veff (rij) + E0, U9XNeV

r?2`2 veff(rij) Bb �M 2z2+iBp2 2H2+i`Qb�iB+ KB+`Q;2H@KB+`Q;2H T�B` BMi2`�+iBQM TQi2MiB�H- r?B+? Bb

/2b+`B#2/ #v irQ /Bz2`2Mi K�i?2K�iB+�H 2tT`2bbBQMb- QM2 7Q` Qp2`H�Tb T�`iB+H2b �M/ QM2 7Q` MQM@

Qp2`H�TTBM; T�`iB+H2b-

veff(r) =






vY (r), r > ai + aj

vov + vH(r), r ! ai + aj ,

U9XNdV

r?2`2 vY (r) Bb �M 2z2+iBp2 umF�r� Ub+`22M2/@*QmHQK#V T�B` TQi2MiB�H 7Q` MQM@Qp2`H�TTBM; KB+`Q@

;2Hb- r?B+? +�M #2 2tT`2bb2/ �b

vY (r) = A
e−κr

r
, r > ai + aj , U9XN3V

r?2`2 i?2 T`27�+iQ` A /2T2M/b QM KB+`Q;2H +?�`;2 �M/ bBx2X h?2 umF�r� TQi2MiB�H ?�b #22M

rB/2Hv mb2/ BM bBKmH�iBQM bim/B2b Q7 +?�`;2/ +QHHQB/bX h?2 vov(r) i2`K Q7 1[m�iBQM U9XNdV /2MQi2b

i?2 2z2+iBp2 2H2+i`Qbi�iB+ T�B` TQi2MiB�H 7Q` Qp2`H�TTBM; KB+`Q;2Hb �M/ vH(r) Bb i?2 2H�biB+ >2`ix

TQi2MiB�H- r?B+? rBHH #2 /Bb+mbb2/ H�i2` BM i?Bb b2+iBQMX h?2 2z2+iBp2 2H2+i`Qbi�iB+ T�B` TQi2MiB�H 7Q`

Qp2`H�TTBM; KB+`Q;2Hb vov(r) bTHBib BMiQ

vov(r) = vmm(r) + vind(r), U9XNNV
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r?2`2 vind(r) Bb �M BM/m+2/ BMi2`�+iBQM �+iBM; #2ir22M i?2 KB+`Q;2Hb +�mb2/ #v i?2 T`2b2M+2 Q7 i?2

+QmMi2`BQMbX h?2 +QmMi2`BQM@BM/m+2/ BMi2`�+iBQM i�F2b i?2 7Q`K

v̂BM/(k) = χ(k) [v̂mc(k)]2 . U9XRyyV

h?2 H�bi i2`K BM i?2 2z2+iBp2 >�KBHiQMB�M BM 1[m�iBQM U9XNeV Bb i?2 pQHmK2 2M2`;v- r?B+? i�F2b i?2

7Q`K

E0 = FOCP + Nm

2 lim
r→0

vind(r) + Nm lim
k→0

[
−1

2nmv̂ind(k) + ncv̂mc(k) + Z

2z
ncv̂cc(k)

]
, U9XRyRV

r?2`2 nm = Nm/V �M/ nc = Nc/V �`2 MmK#2` /2MbBiB2b Q7 KB+`Q;2Hb- �M/ +QmMi2`BQMb `2bT2+@

iBp2HvX h?2 pQHmK2 2M2`;v Bb � QM2@#Q/v T`QT2`iv- r?B+? �`Bb2b M�im`�HHv 7`QK i?2 QM2@+QKTQM2Mi

`2/m+iBQM �M/ ?�b MQ 2tTHB+Bi /2T2M/2M+2 QM KB+`Q;2H +QQ`/BM�i2bX Ai 2pB/2MiHv /2T2M/b QM i?2

�p2`�;2 KB+`Q;2H /2MbBiv �M/ i?2`27Q`2 ?�b i?2 TQi2MiB�H iQ bB;MB}+�MiHv BM~m2M+2 i?2`KQ/vM�KB+b

T`QT2`iB2bX am+? � [m�MiBiv Bb [mBi2 +QKKQM r?2M i`�+BM; Qmi KB+`Qb+QTB+ /2;`22b Q7 7`22/QKX Ai

�TT2�`b 7Q` K2i�HHB+ bvbi2Kb �b � `2bmHi Q7 BMi2;`�iBM; Qmi i?2 2H2+i`QMb (Rkd) �M/ 7Q` Qi?2` +H�bbB+�H

+?�`;2/ bvbi2Kb- bm+? �b +?�`;2 ?�`/ +QHHQB/b �M/ TQHv2H2+i`QHvi2 bi�`b (NR-RyR-Rk3-RkN)X Ai Bb p2`v

BKTQ`i�Mi iQ TQBMi Qmi i?�i � +`m+B�H /Bz2`2M+2 #2ir22M KB+`Q;2Hb �M/ +?�`;2 ?�`/ +QHHQB/b Bb i?�i

+QmMi2`BQMb +�M T2M2i`�i2 BMbB/2 i?2 +?�`;2/ KB+`Q;2H- r?2`2�b i?2v +�MMQi T2M2i`�i2 +?�`;2 ?�`/

+QHHQB/bX

�Hi?Qm;? b�Hi BQMb ?�p2 #22M i�F2M BMiQ +QMbB/2`�iBQM BM i?Bb bim/v- i?2v +�M #2 2�bBHv

BM+Q`TQ`�i2/ #v BMi`Q/m+BM; �//BiBQM�H `2bTQMb2 7mM+iBQMb (9R)X h?2M- i?2 2z2+iBp2 T�B` BMi2`�+iBQM

�M/ pQHmK2 2M2`;v E0 �`2 �/�Ti2/ QMHv i?`Qm;? � `2/2}MBiBQM Q7 i?2 BMp2`b2 .2#v2 b+`22MBM; H2M;i?

iQ i�F2 BMiQ �++QmMi i?2 2z2+ib Q7 �//2/ b�Hi BQMb (9R),

κ =
√

4π (nc + 2ns) z2λB. U9XRykV

6BM�HHv- i?2 MQMHBM2�` 2z2+i Q7 KB+`QBQM `2bTQMb2 BM i?2 `2bTQMb2 i?2Q`v Bb MQi i�F2M BMiQ +QM@

bB/2`�iBQM- bBM+2 Bi Bb QMHv bB;MB}+�Mi BM +QM+2Mi`�i2/- /2BQMBx2/ bmbT2MbBQMb Q7 ?B;?Hv +?�`;2/

KB+`Q;2Hb (9R-Rjy)X
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_2im`MBM; iQ i?2 2H�biB+ +QMi`B#miBQM Q7 KB+`Q;2Hb- i?2 2z2+iBp2 2H�biB+ BMi2`�+iBQMb +�M #2

KQ/2H2/ mbBM; i?2 >2`ix TQi2MiB�H (9j)- r?B+? `2�/b �b

vH(r) =






Bij

(
1 − r

ai+aj

)5/2
, r ≤ ai + aj

0, r > ai + aj ,
U9XRyjV

r?2`2 Bij Bb i?2 >2`ix �KTHBim/2,

Bij = 8
15

(
1 − ν2

i

Yi
+

1 − ν2
j

Yj

)−1
(ai + aj)2 √

aiaj . U9XRy9V

Bij /2T2M/b QM i?2 2H�biB+ T`QT2`iB2b Q7 i?2 KB+`Q;2H i?`Qm;? uQmM;Ƕb KQ/mHmb Y �M/ SQBbbQMǶb

`�iBQ ν (9j)X h?2 uQmM;Ƕb KQ/mHmb �M/ SQBbbQMǶb `�iBQ �`2 `2H�i2/ iQ 2�+? Qi?2` pB�

Y = 3K(1 − 2ν), U9XRy8V

r?2`2 K Bb i?2 #mHF KQ/mHmbX AM i?2 +�b2 Q7 KB+`Q;2H bmbT2MbBQMb Q7 2[m�H `�/BB �M/ 2[m�H 2H�biB+

+QMbi�Mib UY - νV- i?2 >2`ix �KTHBim/2 bBKTHB}2b iQ

B = 16Y a3

15 (1 − ν2) . U9XRyeV

qBi? i?2b2 +QMbB/2`�iBQMb- i?2 T`2b2Mi�iBQM Q7 i?2 2z2+iBp2 +Q�`b2@;`�BM2/ /2b+`BTiBQM Q7 BQMB+ KB@

+`Q;2H bmbT2MbBQMb Bb +QKTH2i2/X "mHF i?2`KQ/vM�KB+ �M/ bi`m+im`�H T`QT2`iB2b- bm+? �b KB+`Q;2H@

KB+`Q;2H `�/B�H /Bbi`B#miBQM 7mM+iBQMb- bi�iB+ bi`m+im`2 7�+iQ`b- �M/ KB+`Q;2H +QMi`B#miBQMb iQ i?2

QbKQiB+ T`2bbm`2 +�M i?2M #2 +�H+mH�i2/ #v BMTmiiBM; i?2 2z2+iBp2 BMi2`�+iBQMb (1[m�iBQM U9XNdV)

�M/ pQHmK2 2M2`;v (1[m�iBQM U9XRyRV) BMiQ bi�iBbiB+�H K2+?�MB+�H i?2Q`B2b Q` bBKmH�iBQMb Q7 i?2

QM2@+QKTQM2Mi KQ/2HX

9X9XRX 1z2+iBp2 AMi2`�+iBQMb #2ir22M aBKBH�` AQMB+ JB+`Q;2Hb

lbBM; i?2 i?2Q`2iB+�H 7`�K2rQ`F /2`Bp2/ �#Qp2- i?2 2z2+iBp2 BMi2`�+iBQMb �M/ pQHmK2 2M2`;v

#2ir22M irQ bT?2`B+�H KB+`Q;2Hb Q7 2[m�H bBx2 �`2 /2`Bp2/X h?2 KQ/2H Q7 BMi2`2bi Bb /2b+`B#2/ BM

8j



b2+iBQM jX9X 6Q` bm+? � KQ/2H- h?2 2H2+i`B+ }2H/ Q7 � mMB7Q`KHv +?�`;2/ bT?2`2 Bb

E(r) =






− Ze
εr2 , r > a

−Zer
εa3 , r ! a,

U9XRydV

r?B+? vB2H/b i?2 KB+`Q;2H@+QmMi2`BQM BMi2`�+iBQM

vmc(r) =






−Zze2
εr , r > a

−Zze2
εa , r ! a.

U9XRy3V

6Qm`B2` i`�Mb7Q`K�iBM; 1[m�iBQM U9XRy3V ;Bp2b

v̂mc(k) = −4πZze2

εk3a
sin(ka). U9XRyNV

h?2 BMp2`b2@bT�+2 +QmMi2`BQM /2MbBiv T`Q}H2 ρ̂c(k) �`QmM/ � bBM;H2 KB+`Q;2H UBM i?2 /BHmi2 HBKBi-

r?2`2 ρ̂m(k)4RV K�v #2 /2i2`KBM2/ 7`QK 1[m�iBQMb U9XNyV- U9XN9V- �M/ U9XRy3V,

ρ̂c(k) = βnc

(1 + κ2/k2)
4πZze2

εk3a
sin(ka), k %= 0. U9XRRyV

LQr BMp2`b2 6Qm`B2` i`�Mb7Q`KBM; 1[m�iBQM U9XRRyV vB2H/b i?2 `2�H@bT�+2 +QmMi2`BQM /2MbBiv T`Q}H2-

ρc(r) = Zze2βnc

εκa

e−κr

r
sinh(κa), r > a. U9XRRRV

6`QK 1[m�iBQMb U9XRy3V �M/ U9XRyyV- i?2 BM/m+2/ 2H2+i`Qbi�iB+ T�B` BMi2`�+iBQM Bb ;Bp2M #v

v̂ind(k) = − βnc

(1 + κ2/k2)

[
4πZze2

εk3a
sin(ka)

]2
. U9XRRkV

"v BMp2`b2 6Qm`B2` i`�Mb7Q`KBM; 1[m�iBQM U9XRRkV- i?2 `2�H@bT�+2 +QmMi2`BQM@BM/m+2/ T�B` TQi2MiB�H

#2ir22M irQ MQMQp2`H�TTBM; Ur ≥ 2aV Q` Qp2`H�TTBM; Ur < 2aV mMB7Q`KHv bm`7�+2@+?�`;2/ BQMB+
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KB+`Q;2Hb Bb UBM mMBib Q7 kBT V

βvBM/ (r) =






Z2
2z λB

e−κr

r − βvmm(r), r " 2a

Z2λB
2κ2a2r

[
1 + κ2

2
(
r2 − 4ra

)
− e−κr + e−2κa sinh(κr)

]
, 0 < r < 2a,

U9XRRjV

r?2`2

Zeff ≡ Z
sinh(κa)
κa

U9XRR9V

`2T`2b2Mib �M 2z2+iBp2 KB+`Q;2H p�H2M+2 U�b a → 0, Zeff → Z VX h?2 2z2+iBp2 +?�`;2b �b � 7mM+iBQM

Q7 i?2 #�`2 KB+`Q;2H +?�`;2 ;Q iQ Z 7Q` HQr #�`2 +?�`;2bX am#biBimiBM; i?Bb `2bmHi 7Q` i?2 BM/m+2/

T�B` TQi2MiB�Hb BMiQ 1[m�iBQM U9XNNV- i?2 2z2+iBp2 #2ir22M MQMQp2`H�TTBM; KB+`Q;2Hb T�B` TQi2MiB�H

Bb Q#i�BM2/ �b

βveff(r) = Z2
effλB

e−κr

r
, r " 2a. U9XRR8V

"2vQM/ i?2 2z2+iBp2 T�B` TQi2MiB�H- i?2 QM2@#Q/v pQHmK2 2M2`;v +�M #2 /2i2`KBM2/ 7`QK bm#biB@

imiBM; 1[m�iBQMb U9XRyNV- U9XRRkV- U9XRRjV- �M/ i?2 6Qm`B2` i`�Mb7Q`K Q7 1[m�iBQM U9X3jV-

βE0 = βFOCP + λB

4κa2 NmZ2
(
1 − 2κa − e−2κa

)
− N2

mZ2

2z2
c Nc

. U9XRReV

6Q` i?2 bm`7�+2@+?�`;2/ KB+`Q;2H bmbT2MbBQM KQ/2H- i?2 OCP Bb r2�FHv +Q``2H�i2/ bBM+2 i?2 +QmTHBM;

T�`�K2i2` Bb

Γ = λB/ac . 1, U9XRRdV

r?2`2 ac = (3/4πnc)1/3 Bb i?2 +QmMi2`BQM bT?2`2 `�/BmbX hQ b22 i?�i- 7Q` KB+`Q;2H Q7 `�/Bmb a =

50 MK- p�H2M+2 Z = 100- �M/ pQHmK2 7`�+iBQM φ = 0.01- λB = 0.714 MK- i?2 +QmTHBM; T�`�K2i2` Bb

Γ = 0.014X h?2`27Q`2- i?2 }`bi i2`K QM i?2 `B;?i@?�M/ bB/2 Q7 1[m�iBQM U9XRReV +�M #2 �TT`QtBK�i2/

�b i?2 7`22 2M2`;v Q7 �M B/2�H ;�b Q7 +QmMi2`BQMb,

βFOCP , Nc

[
ln
(
ncΛ3

c

)
− 1

]
, U9XRR3V

Λc #2BM; i?2 i?2`K�H r�p2H2M;i? Q7 i?2 +QmMi2`BQMbX h?2 b2+QM/ i2`K Q7 1[m�iBQM U9XRReV /2T2M/b

BKTHB+BiHv QM i?2 KB+`Q;2H /2MbBiv i?`Qm;? i?2 BMp2`b2 .2#v2 b+`22MBM; H2M;i? κ- �M/ K�v #2 ;Bp2M
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� T?vbB+�H BMi2`T`2i�iBQM �b b2H7 i?2 2H2+i`Qbi�iB+ 2M2`;v �bbQ+B�i2/ rBi? � bBM;H2 Tb2m/Q@KB+`Q;2HX

h?2 i?B`/ i2`K Q7 1[m�iBQM U9XRReV +Q``2bTQM/b iQ i?2 k → 0 HBKBi BM 1[m�iBQM U9XRyRV- �M/ Bi ?�b

MQ BM~m2M+2 QM i?2`KQ/vM�KB+ T?�b2 i`�MbBiBQMb r?2M i?2 b�Hi +QM+2Mi`�iBQM Bb x2`QX

h?2 #�`2 2H2+i`Qbi�iB+ *QmHQK# 2M2`;v Q7 BMi2`�+iBQM #2ir22M irQ Qp2`H�TTBM;- mMB7Q`KHv

bm`7�+2@+?�`;2/ KB+`Q;2Hb Bb +�H+mH�i2/ �b 7QHHQrb,

6B;m`2 9XRX � `2T`2b2Mi�iBQM Q7 Qp2`H�TTBM; bm`7�+2@+?�`;2/ KB+`Q;2HbX

6`QK i?2 ;2QK2i`v Q7 bT?2`2b U6B;m`2 9XRV- i?2 �`2� Q7 i?2 bT?2`B+�H +�T- r?B+? Bb i?2 TQ`iBQM

Q7 i?2 bm`7�+2 Q7 QM2 KB+`Q;2H i?�i BMi2`b2+ib � b2+QM/ KB+`Q;2H- +�M #2 2tT`2bb2/ �b

Acap = 2πa2(1 − cos θ) U9XRRNV

Q`- bBM+2 Ucos θ = r/2aV-

Acap(r) = 2πa2(1 − r/2a). U9XRkyV

h?2 #�`2 2H2+i`Qbi�iB+ BMi2`�+iBQM #2ir22M i?Bb TQ`iBQM Q7 i?2 bm`7�+2 Q7 QM2 KB+`Q;2H �M/ i?2 r?QH2

Q7 i?2 Qi?2` KB+`Q;2H +�M i?2M #2 Q#i�BM2/ #v KmHiBTHvBM; Acap(r) #v i?2 bm`7�+2 +?�`;2 /2MbBiv Q7

i?2 `B;?i bT?2`2 Ze
4πa2 - �M/ i?2 *QmHQK# TQi2MiB�H Q7 i?2 H27i bT?2`2 Ze

aε ;BpBM; }M�HHv i?2 BMi2`�+iBQM

2M2`;v-

vmm(r) = Z2e2

2εa (1 − r/2a), r ! 2a. U9XRkRV
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h?2 +QMi`B#miBQM Q7 i?2 TQ`iBQM i?�i HB2b QmibB/2 i?2 }`bi KB+`Q;2H iQ i?2 #�`2 U*QmHQK#V 2M2`;v

Q7 BMi2`�+iBQM #2ir22M irQ KB+`Q;2Hb +�M #2 /2i2`KBM2/ �b 7QHHQrBM;,

P

6B;m`2 9XkX � `2T`2b2Mi�iBQM Q7 Qp2`H�TTBM; bm`7�+2@+?�`;2/ KB+`Q;2Hb- r?2`2 i?2 y Bb i?2 p2`iB+�H
/Bbi�M+2 #2ir22M S �M/ i?2 HBM2 DQBMBM; i?2 +2Mi2`b Q7 i?2 irQ KB+`Q;2Hb- x Bb i?2 ?Q`BxQMi�H
/Bbi�M+2 #2ir22M P �M/ i?2 `BM; Q7 BMi2`b2+iBQM Q7 i?2 irQ KB+`Q;2H bm`7�+2b- x0 = −r/2- �M/
x1 = aX

6`QK 6B;m`2 9Xk- i?2 �`2� Q7 i?2 TQ`iBQM Q7 i?2 bm`7�+2 i?�i HB2b QmibB/2 i?2 }`bi KB+`Q;2H

+�M #2 2tT`2bb2/ #v i?2 BMi2;`�H-

Aout =
∫ x1

x0
2πadx. U9XRkkV

h?2 2H2+i`Qbi�iB+ U*QmHQK#V TQi2MiB�H 2M2`;v Q7 � +?�`;2 e �i � TQBMi P QM i?2 bm`7�+2 Q7 QM2

KB+`Q;2H � /Bbi�M+2 R UR > aV 7`QK i?2 +2Mi2` Q7 � b2+QM/ KB+`Q;2H Bb

vmm(r) = Z2e2

2aε

∫ x1

x0

1
R

dx. U9XRkjV

�7i2` bQK2 bm#biBimiBQMb- i?2 �#Qp2 BMi2;`�H +�M #2 2tT`2bb2/ �b

vmm(r) = Z2e2

2aε

∫ +a

−r/2

1
√

(r + x)2 + a2 − x2 dx, U9XRk9V

r?Qb2 bQHmiBQM Bb bBKTHv

vmm(r) = Z2e2

2aε
. U9XRk8V

8d



6BM�HHv- i?2 7mHH #�`2 U*QmHQK#V 2M2`;v Q7 BMi2`�+iBQM #2ir22M }t2/ +?�`;2b QM i?2 bm`7�+2b Q7 �

T�B` Q7 bT?2`B+�H- mMB7Q`KHv bm`7�+2@+?�`;2/ KB+`Q;2Hb +�M #2 2tT`2bb2/ UBM kBT mMBibV �b

βvmm(r) =






Z2λB
r , r ≥ 2a

Z2λB
2a (1 − r/2a) + Z2λB

2a , 0 < r < 2a.

U9XRkeV

�7i2` �//BM; iQ 1[m�iBQM U9XRRjV i?2 #�`2 *QmHQK# TQi2MiB�H #2ir22M i?2 bT?2`B+�H KB+`Q;2Hb

1[m�iBQM U9XRkeV- i?2 2z2+iBp2 T�B` BMi2`�+iBQM Bb

βveff(r) =






Z2
effλB

e−κr

r , r ≥ 2a

Z2λB
2κ2a2r

[
1 − e−κr − e−2κa sinh(κr)

]
, 0 < r < 2a.

U9XRkdV

LQi2 i?�i i?2 2z2+iBp2 T�B` TQi2MiB�H 1[m�iBQM U9XRkdV /2T2M/b QM i?2 #mHF /2MbBiB2b Q7 �HH KB+`QBQMbX

6BM�HHv- i?2b2 2tTHB+Bi �M�HviB+�H 2tT`2bbBQMb 7Q` i?2 2z2+iBp2 T�B` TQi2MiB�H �M/ QM2@#Q/v pQHmK2

2M2`;v Q7 � KQMQ/BbT2`b2 bmbT2MbBQM Q7 bm`7�+2@+?�`;2/ bT?2`B+�H KB+`Q;2Hb +�M bB;MB}+�MiHv KQ/B7v

#mHF i?2`KQ/vM�KB+ T`QT2`iB2b- bm+? �b QbKQiB+ T`2bbm`2- r?B+? Bb i?2 bm#D2+i Q7 i?2 M2ti b2+iBQMX

9X9XkX PbKQiB+ S`2bbm`2 Q7 JQMQ/BbT2`b2 ambT2MbBQMb Q7 *?�`;2/ aT?2`2 JB+`Q;2Hb

h?2 #mHF QbKQiB+ T`2bbm`2 Q7 bmbT2MbBQMb bm`7�+2@+?�`;2/ KB+`Q;2Hb Q7 2[m�H `�/BB r�b +�H@

+mH�i2/ 7`QK JQMiQ *�`HQ bBKmH�iBQMbX AM i?2 QM2@+QKTQM2Mi KQ/2H- i?2 iQi�H QbKQiB+ T`2bbm`2

+�M #2 2tT`2bb2/ �b

Π = ΠB/ + Π0 + Πm, U9XRk3V

r?2`2 i?2 }`bi i2`K QM i?2 `B;?i@?�M/ bB/2 �++QmMib 7Q` � KB+`Q;2H B/2�H@;�b T`2bbm`2- i?2 b2+QM/

i2`K Bb �bbQ+B�i2/ rBi? i?2 KB+`QBQM pQHmK2 2M2`;v- �M/ i?2 H�bi i2`K �++QmMib 7Q` i?2 2z2+iBp2

BMi2`�+iBQMb �M/ +Q``2H�iBQMb #2ir22M KB+`Q;2HbX

h?2 KB+`Q;2H B/2�H@;�b Bb bBKTHv ;Bp2M #v

Πid = nmkBT. U9XRkNV
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h?2 KB+`QBQM pQHmK2 2M2`;v +QMi`B#miBQM iQ i?2 QbKQiB+ T`2bbm`2 Bb +�H+mH�i2/ mbBM; i?2 pQHmK2

2M2`;v Q7 1[m�iBQM U9XRReV pB�

Π0 = −
(
∂E0
∂V

)

Ns,Nm

U9XRjyV

Q` U#v +?�BM `mH2V

Π0 = −
(
∂κ

∂V

)(
∂E0
∂κ

)
, U9XRjRV

r?2`2 i?2 bm#b+`BTib Nm �M/ Ns /2MQi2 }tBM; Q7 �HH KB+`Q;2H �M/ b�Hi BQM MmK#2`b- `2bT2+iBp2HvX

6BM�HHv- i?2 +Q``2bTQM/BM; pQHmK2 T`2bbm`2 Bb ;Bp2M #v

βΠ0 = −nm

2
e−2κaZ2λ

(
−1 + e2κa − 2κa

)

4κa2 . U9XRjkV

h?2 KB+`Q;2H +QMi`B#miBQM iQ i?2 iQi�H QbKQiB+ T`2bbm`2 r�b +�H+mH�i2/ 7`QK bBKmH�iBQMb Q7 i?2

QM2@+QKTQM2Mi KQ/2H Q7 KB+`Q;2H /BbT2`bBQMb pB� i?2 pB`B�H i?2Q`2K-

Πm =
〈VBMi

3V

〉
−
〈(

∂U

∂V

)

Ns,Nm

〉

. U9XRjjV

q?2`2 VBMi Bb i?2 BMi2`M�H pB`B�H �M/ U Bb BMi2`M�H TQi2MiB�H 2M2`;v- r?B+? +�M #2 2tT`2bb2/ �b �

bmK Qp2` KB+`Q;2H T�B`b Q7 i?2 2z2+iBp2 T�B` TQi2MiB�H veff ,

U =
〈

Nm∑

i<j=1
veff (rij)

〉

. U9XRj9V

h?2 �M;mH�` #`�+F2ib /2MQi2 �M 2Mb2K#H2 �p2`�;2 Qp2` +QM};m`�iBQMb bBM+2 i?2 T`2bbm`2 ~m+im�i2b

/m`BM; i?2 bBKmH�iBQMX

aBKmH�iBQMb rBi? T2`BQ/B+ #QmM/�`v +QM/BiBQMb `2[mB`2 i?2 /2}MBiBQM Q7 � +2`i�BM +mi@Qz

`�/Bmb #2vQM/ r?B+? i?2 BMi2`�+iBQMb #2ir22M T�B`b Q7 T�`iB+H2b �`2 M2;H2+i2/X >Qr2p2`- i?Bb i`mM@

+�iBQM Q7 i?2 TQi2MiB�H `2KQp2b � +QMi`B#miBQM iQ i?2 iQi�H TQi2MiB�H 2M2`;v �M/ T`2bbm`2X hQ

`2K2/v i?Bb i`mM+�iBQM Q7 i?2 TQi2MiB�H- QM2 +�M �TT`QtBK�i2Hv �// i?2 BMi2`�+iBQMb #2vQM/ i?2

+mi@Qz `�/Bmb #�+F BMiQ i?2 iQi�H 2M2`;v Q` T`2bbm`2 #v �bbmKBM; i?�i i?2 `�/B�H /Bbi`B#miBQM 7mM+@

iBQM- g(r)- Bb 2[m�H iQ QM2X h?Bb BKTHB2b i?�i #2vQM/ i?2 +mi@Qz- i?2 +Q``2H�iBQMb #2ir22M T�`iB+H2b

�`2 M2;H2+i2/- �M/ T�`iB+H2b �`2 `�M/QKHv /BbTH�+2/X h?2M- i?2 i�BH +Q``2+iBQM Q7 i?2 2M2`;v Utail

8N



+�M #2 2p�Hm�i2/ �M�HviB+�HHv #v

Utail = 2πN2

V

∫ ∞

rc

r2u(r)dr. U9XRj8V

� bBKBH�` �TT`Q�+? +�M #2 �TTHB2/ iQ i?2 i�BH T`2bbm`2-

πi�BH = −2π
3 n2

m

∫ ∞

rc

r3v′
eff(r)dr. U9XRjeV

�//BM; i?2 i�BH T`2bbm`2 +QMi`B#miBQM (1[m�iBQM U9XRjeV) iQ 1[m�iBQM U9XRjjV vB2H/b

Πm =
〈VBMi

3V

〉
−
〈(

∂U

∂V

)

Ns,Nm

〉

+ πi�BH. U9XRjdV

AM bi�iBbiB+�H K2+?�MB+b- i?2 BMi2`M�H pB`B�H i2`K BM 1[m�iBQM U9XRjdV Bb ;Bp2M #v

Vint =
Nm∑

i=1
ri · fi =

Nm∑

i<j=1
rijfeff (rij) , U9XRj3V

r?2`2 fi Bb i?2 2z2+iBp2 7Q`+2 QM KB+`Q;2H i /m2 iQ �HH Qi?2` KB+`Q;2Hb rBi?BM i?2 +miQz `�/Bmb rc-

rij Bb Bb i?2 +2Mi2`@+2Mi2` /Bbi�M+2 #2ir22M T�`iB+H2b i �M/ j- �M/ feff Bb i?2 2z2+iBp2 7Q`+2 2t2`i2/

QM T�`iB+H2 i #v T�`iB+H2 j- 2tT`2bb2/ �b

feff (rij) = −v′
eff (rij) . U9XRjNV

.Bz2`2MiB�iBM; 1[m�iBQM U9XRkdV rBi? `2bT2+i iQ r iQ +QKTmi2 i?2 2z2+iBp2 7Q`+2 2t2`i2/ QM bm`7�+2@

+?�`;2/ KB+`Q;2H i #v KB+`Q;2H j- 7Q` i?2 +�b2 Q7 MQMQp2`H�TBM; KB+`Q;2Hb-

feff (r) = (κ+ 1
r

)veff(r), r > 2a. U9XR9yV

6Q` Qp2`H�TTBM; KB+`Q;Hb- �M 2tTHB+Bi 2tT`2bbBQM 7Q` i?2 2z2+iBp2 2H2+i`Qbi�iB+ 7Q`+2 #2ir22M Qp2`@

H�TTBM; KB+`Q;Hb +�M #2 Q#i�BM2/ #v

fov,eff(r) = −v′
ov(r) = fmm(r) + find(r), U9XR9RV

ey



r?2`2 fmm(r) Bb i?2 #�`2 2H2+i`Qbi�iB+ 7Q`+2 �M/ find(r) Bb i?2 KB+`QBQM@BM/m+2/ 2H2+i`Qbi�iB+ 7Q`+2X

.Bz2`2MiB�iBM; 1[m�iBQM U9XRkdV rBi? `2bT2+i iQ r UBM i?2 +�b2 Q7 r < 2aV- i?2 fov,eff(r) 7Q` Qp2`H�TBM;

bm`7�+2@+?�`;2/ BQMB+ KB+`Q;2H T�B`b Bb

βfov,eff(r) = Z2λB
[
−1 + e−κr(1 + κr) + e−2κa(−κr cosh(κr) + sinh(κr))

]

2a2r2κ2 . U9XR9kV

_2im`MBM; iQ i?2 b2+QM/ i2`K Q7 1[m�iBQM U9XRjjV- i?Bb i2`K Bb Q#i�BM2/ 7`QK i�FBM; i?2 pQHmK2

/2`Bp�iBp2 Q7 i?2 T�`iB�H BMi2`M�H TQi2MiB�H 2M2`;v BM 1[m�iBQM U9XRj9V 7Q` � }t2/ +QM};m`�iBQM Q7

KB+`Q;2Hb {r}X aBM+2 U /2T2M/b BKTHB+BiHv QM i?2 pQHmK2 i?`Qm;? κ- i?2 T�`iB�H /2`Bp�iBp2 Q7 i?2

BMi2`M�H TQi2MiB�H 2M2`;v BM 1[m�iBQM U9XRj9V +�M #2 2tT`2bb2/ �b

(
∂U

∂V

)

xm,xs,{r}
=
(
∂U

∂κ

)

{r}

(
∂κ

∂V

)

Nm,Ns

, U9XR9jV

r?2`2 xm = Nm/V Bb i?2 +QM+2Mi`�iBQM Q7 KB+`Q;2Hb �M/ xs = Ns/V Bb i?2 b�Hi +QM+2Mi`�iBQMX h?2

[m�MiBiv
(

∂κ
∂V

)

Nm,Ns
Bb ;Bp2M #v

(
∂κ

∂V

)

Nm,Ns

= − κ

2V
U9XR99V

Q`
(
∂κ

∂nm

)
= κ

2nm
. U9XR98V

h?2 [m�MiBiv
(

∂U
∂κ

)

{r}
+�M #2 `2r`Bi2 �b

Nm∑

i<j=1

∂veff(rij)
∂κ

= 2nm

κ

Nm∑

i<j=1

∂veff(rij)
∂nm

, U9XR9eV

r?2`2
(

∂veff(rij)
∂nm

)
`2T`2b2Mib � /2MbBiv /2`Bp�iBp2 Q7 i?2 2z2+iBp2 2H2+i`Qbi�iB+ T�B` TQi2MiB�H #2ir22M

KB+`Q;2HbX 6Q` MQMQp2`H�TTBM; KB+`Q;2H T�B`b- i?2 2z2+iBp2 umF�r� TQi2MiB�H (1[m�iBQM U9XRkdV)

vB2H/b

βnm

(
∂veff(r)
∂nm

)
=e−κrZ2λB

×
(

cosh(κa) sinh(κa)
κar

− sinh(κa)2

rκ2a2 − sinh(κa)2

2κa2

)

.
U9XR9dV
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6Q` Qp2`H�TTBM; KB+`Q;2Hb Ui?2 b2+QM/ `2;BK2 Q7 1[m�iBQM U9XRkdV- r < 2a)- i?2 T�`iB�H /2`Bp�iBp2

Q7 i?2 2z2+iBp2 T�B` TQi2MiB�H (1[m�iBQM U9XRkdV) rBi? `2bT2+i iQ κ vB2H/b

βnm

(
∂veff(r)
∂nm

)
= − ZλB

(
1 − e−κr − e−2κa sinh(κr)

2κ2ra2

−e−κrr − e−2κar cosh(κr) + 2ae−2κa sinh(κr)
4κra2

)

. U9XR93V

6BM�HHv- i?2 i�BH T`2bbm`2 i2`K Q7 1[m�iBQM U9XRjdV Bb Q#i�BM2/ #v mbBM; i?2 MQMQp2`H�TTBM; 2z2+iBp2

T�B` TQi2MiB�H Q7 KB+`Q;2Hb Ui?2 }`bi `2;BK2 Q7 1[m�iBQM U9XRkdV- r > 2a) BM 1[m�iBQM U9XRjeV-

πi�BH = −2π
3 Z2zλBn2

m

∫ ∞

rc

r(1 + κr)e−κrdr, U9XR9NV

r?B+? Bb 2[m�H iQ

πi�BH = 2π
3 Z2zλBn2

m
rce−κrc

(
3 + 3κrc + κ2r2

c

)

κ2 . U9XR8yV

h?2 T`Q+2bb 7Q` +�H+mH�iBM; i?2 iQi�H QbKQiB+ T`2bbm`2 Π #2;BMb #v i�FBM; i?2 2z2+iBp2 7Q`+2b (1[m�@

iBQMb U9XR9yV �M/ U9XR9kV) �M/ i?2 pQHmK2 2M2`;v (1[m�iBQM U9XRReV) Q7 � bmbT2MbBQM bm`7�+2@+?�`;2/

KB+`Q;2Hb �b BMTmi iQ i?2 bBKmH�iBQMbX JQ`2 /2i�BHb rBHH #2 T`2b2Mi2/ BM i?2 J* bBKmH�iBQM b2+iBQMX

9X9XjX 1z2+iBp2 AMi2`�+iBQMb Q7 JBtim`2b Q7 AQMB+ JB+`Q;2Hb

"v 2ti2M/BM; Qm` +Q�`b2@;`�BMBM; �TT`Q�+? 7Q`KmH�i2/ T`2pBQmbHv 7Q` KQMQ/BbT2`b2 bmbT2M@

bBQMb Q7 bT?2`B+�H KB+`Q;2Hb Ub22 b2+iBQM 9X9XRV- 2z2+iBp2 2H2+i`Qbi�iB+ BMi2`�+iBQMb Q7 TQHv/BbT2`b2

bmbT2MbBQMb Q7 bm`7�+2@+?�`;2/ KB+`Q;2Hb �M/ i?2 QM2@#Q/v pQHmK2 2M2`;v �`2 +�H+mH�i2/X h?2

bvbi2K Q7 BMi2`2bi r�b /2b+`B#2/ BM b2+iBQM UjX9VX

6Q` � KBtim`2 Q7 BQMB+ KB+`Q;2Hb- �M 2tTHB+Bi 2tT`2bbBQM 7Q` i?2 KB+`Q;2H >�KBHiQMB�M Bb

Hm =
∑

m

Nm∑

i<j

vmm (rij) +
∑

m<n

Nm∑

i=1

Nn∑

j=1
vmn (rij) , U9XR8RV

r?2`2

vmn (rij) = ZmZne2/εrij U9XR8kV

ek



Bb i?2 *QmHQK# TQi2MiB�H 2M2`;v #2ir22M � T�B` Q7 KB+`Q;2Hb Q7 bT2+B2b m �M/ nX aBKBH�`Hv- i?2

KB+`QBQM >�KBHiQMB�M Bb

Hc =
∑

c

Nc∑

i<j

vcc (rij) +
∑

c<ν

Nc∑

i=1

Nν∑

j=1
vcν (rij) , U9XR8jV

r?2`2 i?2 TQi2MiB�H 2M2`;v #2ir22M � T�B` Q7 KB+`QBQMb Q7 bT2+B2b c �M/ ν Bb ;Bp2M #v

vcν (rij) = zczνe2/εrij . U9XR89V

6BM�HHv- i?2 KB+`Q;2H@KB+`QBQM BMi2`�+iBQM >�KBHiQMB�M Bb ;Bp2M #v

Hmc =
∑

m,c

Nm∑

i=1

Nc∑

j=1
vmc (rij) . U9XR88V

h?2 KB+`Q;2H@KB+`QBQM T�B` TQi2MiB�H 2M2`;v vmc (rij) Q7 bmbT2MbBQM ?�pBM; irQ KB+`Q;2Hb rBi?

/Bz2`2Mi `�/BB +�M #2 2tT`2bb2/ �b

vm
mc(r) =






−Zmze2
εr r > am

−Zmze2
εam

r < am

U9XR8eV

6Qm`B2` i`�Mb7Q`K�iBQM Q7 1[m�iBQM U9XR8eV vB2H/b

v̂m
mc(k) = −4πZmze2

εk3am
sin(kam) U9XR8dV

L2ti- bm#biBimiBQM Q7 1[m�iBQM U9XR8dV BMiQ 1[m�iBQM U9XRyyV ;Bp2b i?2 6Qm`B2` i`�Mb7Q`K Q7 i?2

KB+`Q;2H@BM/m+2/ T�B` TQi2MiB�H

βv̂KK- BM/ (k) = − β2ZmZn

(1 + κ2/k2) ε2k

sin (kam)
am

sin (kan)
an

. U9XR83V

ej



h?2 +QmMi2`BQM /2MbBiv T`Q}H2 Q7 KB+`Q;2H bT2+B2b m- ρ̂m,c(k)- K�v #2 /2i2`KBM2/ 7`QK 1[m�iBQMb

U9XR8dV- U9XNyV- �M/ U9XN9VX am#biBimiBM; 1[m�iBQMb U9XN9V �M/ U9XR8dV BMiQ 1[m�iBQM U9XNyV ;Bp2b

ρ̂m,c(k) = βnc

(1 + κ2/k2)
4πZmze2

εk3am
sin(kam), k %= 0. U9XR8NV

LQi2 i?�i i?Bb /2MbBiv T`Q}H2 (1[m�iBQMb U9XR8NV) Bb �`QmM/ � bBM;H2 KB+`Q;2HX h?2 BMp2`b2 6Qm`B2`

i`�Mb7Q`K Q7 i?Bb 1[m�iBQM U9XR8NV vB2H/b

ρm,c(r) = Zmze2βnc

εκam

e−rκ

r
sinh(κam), U9XReyV

r?B+? ;Bp2b i?2 `2�H@bT�+2 +QmMi2`BQM /2MbBiv T`Q}H2 Q7 bT2+B2b m- ρm,c(r)X hQ i?2 `2�/2`- i?2b2

2tT`2bbBQMb 7Q` i?2 +QmMi2`BQM /2MbBiv T`Q}H2 �`QmM/ � bBM;H2 KB+`Q;2H KB;?i �TT2�` bBKBH�` iQ i?2

.2#v2Ĝ>Ƀ+F2H 2tT`2bbBQM 7Q` i?2 /2MbBiv Q7 2H2+i`QHvi2 BQMb �`QmM/ � K�+`QBQM (RjR)X >Qr2p2`- Qm`

/2}MBiBQM Q7 i?2 BMp2`b2 .2#v2 b+`22MBM; H2M;i? /Bz2`b 7`QK i?�i r?�i BM i?2 .2#v2Ĝ>Ƀ+F2H �TT`Qt@

BK�iBQMX AM Qm` �TT`Q�+?- i?2 BMp2`b2 .2#v2 b+`22MBM; H2M;i? κ /2T2M/b QM i?2 �p2`�;2 2z2+iBp2

+QmMi2`BQM /2MbBiv nc r?2`2�b i?2 .2#v2Ĝ>Ƀ+F2H κ /2T2M/b QM i?2 #mHF /2MbBiv Q7 2H2+i`QHvi2 BQMbX

h?2 `2�H@bT�+2 BM/m+2/ 2H2+i`Qbi�iB+ T�B` BMi2`�+iBQM Q7 mMB7Q`KHv bm`7�+2@+?�`;2/ BQMB+ KB@

+`Q;2Hb UBM mMBib Q7 kBT V Bb Q#i�BM2/ #v bm#biBimiBM; 1[m�iBQMb U9XR8dV �M/ U9XN9V BMiQ U9XRyyV- �M/

i?2M T2`7Q`KBM; �M BMp2`b2 6Qm`B2` i`�Mb7Q`K- vB2H/BM; i?2 2tT`2bbBQM

βvmn,ind(r) = ZmZnλB






−1
r + Zeff,m Zeff,n

exp−κr

r , r > am + an

− 1
am

+ e−κ am sinh(κ r) sinh(κ an)
κ2amanr , r < an − am

U9XReRV

�M/ BM i?2 BMi2`K2/B�i2 `�M;2

βvmn,ind(r) = ZmZnλB

(2 + κ2 (a2
m − a2

n − 2(am + an)r + r2)

4κ2amanr

− 2e−κam cosh(κ(an − r)) − 2e−κ(an+r) sinh(κam)
4κ2amanr

)
, am − an < r < am + an,

U9XRekV

e9



r?2`2

Zeff,m ≡ Z
sinh(κam)
κam

U9XRejV

LQi2 i?�i B7 am = an = a- 1[m�iBQM U9XReRV `2/m+2b iQ 1[m�iBQM U9XRRjV Q7 i?2 bvbi2K +QMi�BMb

QMHv QM2 KB+`Q;2H bT2+B2bX h?2 2z2+iBp2 T�B` TQi2MiB�H #2ir22M KB+`Q;2Hb Q7 bT2+B2b m �M/ n i�F2b

i?2 7Q`K

veff(r) =






vY (r), r > am + an

vov + vH(r), r < am + an.

U9XRe9V

am#biBimiBM; 1[m�iBQM U9XReRV BMiQ 1[m�iBQM U9XNNV- i?2 2z2+iBp2 KB+`Q;2H@KB+`Q;2H T�B` TQi2MiB�H

U7Q` r ≥ am + anV Bb Q#i�BM2/ �b

βveff(r) = Zeff,mZeff,nλB
e−κr

r
. U9XRe8V

hQ /2`Bp2 i?2 2z2+iBp2 KB+`Q;2H@KB+`Q;2H T�B` TQi2MiB�H r?2M irQ KB+`Q;2H bT2+B2b �`2 Qp2`H�T@

TBM;- i?2 #�`2 *QmHQK# TQi2MiB�H vmm(r) #2ir22M irQ Qp2`H�TTBM; bm`7�+2@+?�`;2/ KB+`Q;2Hb rBi?

/Bz2`2Mi bBx2 Bb +�H+mH�i2/ �b 7QHHQrb,

6B;m`2 9XjX �M BHHmbi`�iBQM Q7 irQ Qp2`H�TTBM; /BbbBKBH�` bT?2`B+�H bm`7�+2@+?�`;2/ KB+`Q;2HbX

e8



6`QK i?2 ;2QK2i`v Q7 BMi2`b2+iBQM bT?2`2b U6B;m`2 9XjV- i?2 ?2B;?i Q7 i?2 bT?2`B+�H +�T Q7

i?2 H27i bT?2`2 hL Bb ;Bp2M #v

hL = am × (1 − cos θ1) U9XReeV

r?BH2 i?2 ?2B;?i Q7 i?2 bT?2`B+�H +�T Q7 i?2 `B;?i bT?2`2 hR Bb ;Bp2M #v

hR = an × (1 − cos θ2). U9XRedV

lbBM; i?2 H�r Q7 +QbBM2b- i?2 cos θ1 �M/ cos θ2 +�M #2 2tT`2bb2/ �b

cos θ1 = r2 + a2
m − a2

n

2amr
U9XRe3V

�M/

cos(θ2) = r2 + a2
n − a2

m

2anr
. U9XReNV

LQr- i?2 �`2� Q7 i?2 H27i bT?2`B+�H +�T- r?B+? Bb i?2 TQ`iBQM Q7 i?2 bm`7�+2 Q7 QM2 KB+`Q;2H Q7 `�/Bmb

am i?�i BMi2`b2+ib i?2 b2+QM/ KB+`Q;2H Q7 `�/Bmb an- +�M #2 2tT`2bb2/ �b

Al(r) = 2πa2
n(1 − cos θ2) = πa2

n(1 − r2 + a2
n − a2

m

ran
). U9XRdyV

�7i2` KmHiBTHvBM; #v i?2 *QmHQK# TQi2MiB�H Q7 i?2 H27i KB+`Q;2H �M/ i?2 bm`7�+2 +?�`;2 /2MbBiv Q7

i?2 `B;?i KB+`Q;2H- i?2 BMi2`�+iBQM 2M2`;v i�F2b i?2 7Q`K

vmm(r) = ZmZne2

2εa2
nam

× Al(r), r < am + an. U9XRdRV

am#biBimiBM; 1[m�iBQM U9XRdyV BMiQ 1[m�iBQM U9XRdRV vB2H/b

vmm(r) = ZmZne2

2amε

(

1 − r2 + a2
n − a2

m

2ran

)

, r < am + an. U9XRdkV

1[m�iBQM U9XRdkV Bb i?2 2H2+i`Qbi�iB+ U*QmHQK#V 2M2`;v Q7 BMi2`�+iBQM #2ir22M }t2/ +?�`;2b QM i?2

bm`7�+2b Q7 � T�B` Q7 bT?2`B+�H ?QKQ;2M2QmbHv bm`7�+2@+?�`;2/ KB+`Q;2Hb Q7 /Bz2`2Mi bBx2bX "v b2iiBM;

am = an = a- i?2 *QmHQK# BMi2`�+iBQM #2ir22M � T�B` Q7 bT?2`B+�H bm`7�+2@+?�`;2/ KB+`Q;2Hb Q7

2[m�H bBx2b (1[m�iBQM U9XRkRV) Bb `2+Qp2`2/X

ee



h?2 +QMi`B#miBQM Q7 i?2 TQ`iBQM i?�i HB2b QmibB/2 i?2 KB+`Q;2H Q7 `�/Bmb am iQ i?2 #�`2

*QmHQK# BMi2`�+iBQM 2M2`;v #2ir22M irQ KB+`Q;2Hb +�M #2 /2i2`KBM2/ 7`QK i?2 7QHHQrBM; �TT`Q�+?X

*QMbB/2` irQ Qp2`H�TTBM; bT?2`2b Q7 /Bz2`2Mi bBx2 �b- BHHmbi`�i2/ BM 6B;m`2 9X9

P

6B;m`2 9X9X � ;2QK2i`B+ `2T`2b2Mi�iBQM Q7 irQ Qp2`H�TTBM; /BbbBKBH�` bT?2`B+�H bm`7�+2@+?�`;2/
KB+`Q;2HbX h?2B` `�/BB �`2 am �M/ an- �M/ i?2 /Bbi�M+2 #2ir22M i?2B` +2Mi2`b Bb rX y Bb i?2 p2`iB+�H
/Bbi�M+2 #2ir22M S �M/ i?2 HBM2 DQBMBM; i?2 +2Mi2`b Q7 i?2 irQ KB+`Q;2Hb- x Bb i?2 ?Q`BxQMi�H
/Bbi�M+2 #2ir22M P �M/ i?2 `BM; Q7 BMi2`b2+iBQM Q7 i?2 irQ KB+`Q;2H bm`7�+2b- x0 =

(
a2

n−a2
m+r2

2r

)
-

�M/ x1 = anX

6`QK 6B;m`2 9X9- i?2 �`2� Q7 i?2 TQ`iBQM Q7 i?2 `B;?i bT?2`2 i?�i HB2b QmibB/2 i?2 KB+`Q;2H

Q7 `�/Bmb am +�M #2 /Bb+`B#2/ #v i?2 BMi2;`�H-

Aout =
∫ x1

x0
2πyds. U9XRdjV

bm#biBimiBM; i?2 2H2K2Mi Q7 �`2� ds

ds = a2
y

dx U9XRd9V

vB2H/b

Aout = 2πa2

∫ x1

x0
dx. U9XRd8V

h?2 #�`2 *QmHQK# TQi2MiB�H �i � TQBMi P QM i?2 bm`7�+2 Q7 i?2 `B;?i KB+`Q;2H Q7 � /Bbi�M+2 R 7`QK

i?2 +2Mi2` Q7 i?2 H27i KB+`Q;2H +�M #2 2tT`2bb2/ �b

vmm(r) = ZmZne2

2anε

∫ x1

x0

1
R

dx, U9XRdeV

ed



R =
√

(r + x)2 + y2 U9XRddV

�M/ y = a2
n − x2X �7i2` bQK2 bm#biBimiBQMb- i?2 �#Qp2 BMi2;`�H +�M #2 2tT`2bb2/ �b

vmm(r) = ZmZne2

2anε

∫ an

−
(

a2
2n

−a2
m+r2

2r

) dx
√

(r + x)2 + a2 − x2

= ZmZne2

2anε

1
r

(−am + an + r) .

U9XRd3V

6BM�HHv- i?2 7mHH #�`2 *QmHQK# BMi2`�+iBQM #2ir22M irQ bT?2`B+�H bm`7�+2@+?�`;2/ KB+`Q;2Hb K�v #2

r`Bii2M BM i?2 7Q`K

βvmm(r) = ZmZnλB






1
r , r > am + an

1
2am

(
1 − r2+a2

n−a2
m

2ran

)
+ 1

2anr (−am + an + r) , am − an < r < am + an

1
am

, 0 < r < am − an.

U9XRdNV

*QK#BMBM; 1[m�iBQM U9XRdNV rBi? 1[m�iBQM U9XReRV- i?2 2z2+iBp2 T�B` TQi2MiB�H K�v #2 r`Bii2M BM

i?2 7Q`K

βveff(r) =






λB Zeff,mZeff,n
e−κr

r , r > am + an

λBZnZm






e−κ am sinh(κ r) sinh(κ an)
κ2amanr , r < am − an

(
1−e−κr cosh(κ(am−an))−e−κ(am+an) sinh(κr)

2amanκ2r

)
, am − an < r < am + an.

U9XR3yV

h?2 HBM2�` `2bTQMb2 i?2Q`v �HbQ +QMbBbi2MiHv vB2H/b �M 2tTHB+Bi `2bmHi 7Q` i?2 QM2@#Q/v pQHmK2 2M2`;v

Q7 � KB+`Q;2H KBtim`2 r?B+? K�v #2 /2i2`KBM2/ 7`QK bm#biBimiBM; 1[m�iBQMb U9XR8dV- U9XR83V- �M/

e3



U9XReRV BMiQ

E0 = FOCP + 1
2
∑

m

Nm lim
r→0

vmm, BM/ (r)

− 1
2
∑

m,n

NmNn lim
k→0

v̂mn, BM/ (k)

+
∑

m

∑

c

nmnc lim
k→0

v̂mc(k) + 1
2ε
∑

m

Z2
mn2

m lim
k→0

v̂cc(k), U9XR3RV

vB2H/BM; i?2 2tT`2bbBQM

βE0 = βFOCP − λB

2
∑

m

NmZ2
m

(e−2κam − 1 + 2κam)
2a2

mκ
− 1

2

(∑
m ZmNm

)2

z2
c Nc

. U9XR3kV

9X9X9X PbKQiB+ S`2bbm`2 Q7 SQHv/BbT2`b2 ambT2MbBQMb Q7 *?�`;2/ aT?2`2 JB+`Q;2Hb

aBKBH�`Hv iQ QbKQiB+ T`2bbm`2 Q7 KQMQ/BbT2`b2 bmbT2MbBQMb Ub22 b2+iBQM 9X9XkV- i?2 QbKQiB+

T`2bbm`2 Q7 TQHv/BbT2`b2 bmbT2MbBQMb Q7 bm`7�+2@+?�`;2/ bT?2`B+�H KB+`Q;2Hb Bb Q#i�BM2/X h?2 +Q``2@

bTQM/BM; pQHmK2 T`2bbm`2 (1[m�iBQM U9XRjyV) Bb ;Bp2M #v

βΠ0 = λB

(
−Z2

mnma2
n − Z2

nnna2
m + e−2κama2

nnmZ2
m(1 + 2κam) + e−2κana2

mnnZ2
m(1 + 2κan)

8κ2a2
ma2

n

)

.

U9XR3jV

.Bz2`2MiB�iBM; 1[m�iBQM U9XR3yV rBi? `2bT2+i iQ r iQ +QKTmi2 i?2 2z2+iBp2 7Q`+2 2t2`i2/ QM bm`7�+2@

+?�`;2/ KB+`Q;2H i #v KB+`Q;2H j vB2H/b- 7Q` i?2 MQMQp2`H�TBM; KB+`Q;2H T�B`b +�b2-

feff (r) = 1 + κr

r
veff(r), r > am + an U9XR39V

�M/ 7Q` bi`QM;Hv Qp2`H�TTBM; (r < am − an)

feff (r) = −1
r

+ κ coth(κr)veff(r), r < am − an. U9XR38V

eN



6BM�HHv 7Q` i?2 BMi2`K2/B�i2 `�M;2 Uam − an < r < am + anV-

βfeff (r) =ZmZnλB

2κ2aman

(
e−κrκ cosh [κ(am − an)] − eκ(−am−an)κ cosh(κr)

r
−

1 − e−κr cosh [κ(am − an)] − eκ(−am−an) sinh(κr)
r2

)

, am − an < r < am + an. U9XR3eV

"v mbBM; 1[m�iBQM U9XR9eV- i?2 /2MbBiv /2`Bp�iBp2 Q7 i?2 2z2+iBp2 2H2+i`Qbi�iB+ T�B` TQi2MiB�H #2ir22M

/BbbBKBH�` KB+`Q;2Hb Q7 1[m�iBQM U9XR3yV U7Q` r > am + anV Bb ;Bp2M #v

βnm

(
∂veff(r)
∂nm

)
= 1

2 [−2 − κr + κam coth (κam) + κan coth (κan)] , r > am + an U9XR3dV

�M/ 7Q` bi`QM;Hv Qp2`H�TBM; (r < am − an)-

βnm

(
∂veff(r)
∂nm

)
= 1

2 [−2 − κam + κan coth (κan) + κr coth (κr)] , r < am − an. U9XR33V

6BM�HHv 7Q` i?2 BMi2`K2/B�i2 `�M;2 Uam − an < r < am + anV-

βnm

(
∂veff(r)
∂nm

)
= ZmZnλB

4κ2amanr

(
−2 + e−κr(2 + κr) cosh [κ(am − an)]

+ e−κr
(
−κ(am + an) sinh [κ(am − an)]

+ e−κ(am+an−r)(−κr cosh(κr) + (2 + κ(am + an)) sinh(κr)
)))

. U9XR3NV

h?2b2 2tT`2bbBQMb �`2 i�F2M �b BMTmi iQ i?2 J* bBKmH�iBQMb- 7`QK r?B+? i?2 iQi�H QbKQiB+ T`2bbm`2

Π Q7 � bmbT2MbBQM Q7 mM2[m�HHv bBx2/- bT?2`B+�H- ?QKQ;2M2QmbHv- bm`7�+2@+?�`;2/ KB+`Q;2Hb r?Qb2

}t2/ +?�`;2b Bb /2b+`B#2/ BM 1[m�iBQMb U9XkkV Bb +QKTmi2/X

dy



8X *PJSlh�hAPL�G J1h>P.a

*QKTmi2` bBKmH�iBQMb TH�v � F2v `QH2 BM #`B/;BM; i?2 ;�T #2ir22M KB+`Qb+QTB+ H2M;i? �M/

iBK2 b+�H2b �M/ i?2 K�+`Qb+QTB+ rQ`H/ Q7 i?2 H�#Q`�iQ`vX *QKTmi2` bBKmH�iBQMb �HHQr mb iQ mM@

/2`bi�M/ i?2 T`QT2`iB2b Q7 �bb2K#HB2b Q7 KQH2+mH2b BM i2`Kb Q7 i?2B` bi`m+im`2 �M/ i?2 KB+`Qb+QTB+

BMi2`�+iBQMb #2ir22M i?2KX "Qi? KQH2+mH�` /vM�KB+b UJ.V bBKmH�iBQMb �M/ JQMi2 *�`HQ UJ*V

i2+?MB[m2b �`2 mb2/ BM Qm` rQ`F �M/ i?2 #�bB+b Q7 #Qi? bBKmH�iBQM i2+?MB[m2b rBi? i?2 K2i?Q/b

i?�i r2 /2p2HQT2/ �`2 /Bb+mbb2/ BM i?Bb b2+iBQMX

8XRX JQH2+mH�` .vM�KB+b aBKmH�iBQMb

JQH2+mH�` /vM�KB+b UJ.V bBKmH�iBQM Bb � MmK2`B+�H i2+?MB[m2 i?�i 7QHHQrb i?2 M�im`�H iBK2

2pQHmiBQM Q7 i?2 i`�D2+iQ`B2b Q7 i?2 T�`iB+H2b #v BMi2;`�iBM; L2riQMǶb 2[m�iBQMb Q7 KQiBQM BM bK�HH

iBK2 bi2Tb-

Fi = mi
d2ri

dt2 = −∇ U(rij), U8XRV

r?2`2 i = 1, 2, 3, ....N �M/ N Bb i?2 iQi�H MmK#2` Q7 �iQKb- Fi, ri, t, mi- ai- rij - �M/ U(rij) �`2-

`2bT2+iBp2Hv- i?2 7Q`+2 QM �iQK i- i?2 TQbBiBQM- iBK2- K�bb- �++2H2`�iBQM- i?2 /Bbi�M+2 #2ir22M

�iQKb- �M/ iQi�H 2M2`;v Q7 i?2 bvbi2KX 1[m�iBQM U8XRV i�F2b BMiQ �++QmMi BMi2`�+iBQMb #2ir22M

T�`iB+H2b- 2ti2`M�H 7Q`+2b �+iBM; QM i?2K- �M/ i?2 TQbbB#H2 +QMbi`�BMib BKTQb2/ QM i?2 bvbi2KX h?2

i`�D2+iQ`B2b Q7 T�`iB+H2b �`2 +�H+mH�i2/ #v i?2 p2HQ+Biv o2`H2i �H;Q`Bi?K (Rjk)X

AM i?Bb i2+?MB[m2- i?2 +QM};m`�iBQM Q7 T�`iB+H2b Bb BMBiB�HBx2/ rBi? `�M/QKHv +?Qb2M TQbBiBQMb

�M/ p2HQ+BiB2bX h?2M- i?2 bvbi2K Bb 2pQHp2/ BM bK�HH iBK2bi2TbX h?2 7Q`+2b �+iBM; QM i?2 T�`iB+H2b

�M/ i?2B` M2r TQbBiBQMb �M/ p2HQ+BiB2b �`2 +�H+mH�i2/ �i 2p2`v bi2TX h?2 p2HQ+BiB2b Q7 T�`iB+H2b

�`2 b+�H2/ bm+? i?�i i?2 bvbi2K ?�b i?2 /2bB`2/ i2KT2`�im`2X h?2 �p2`�;2 p�Hm2 Q7 � K2�bm`�#H2

p�`B�#H2 Ai- 2X;X 2M2`;v- i2KT2`�im`2- �M/ T`2bbm`2- Bb MQr +�H+mH�i2/ �b � iBK2 �p2`�;2-

〈Ai〉 = 1
M

M∑

i=1
Ai, U8XkV

r?2`2 M Bb i?2 iQi�H MmK#2` Q7 iBK2 bi2TbX Ai ?�b iQ #2 2Mbm`2/ i?�i i?2 +Q/2 `mMb 7Q` � HQM;

2MQm;? iBK2 i?�i i?2 bBKmH�iBQM ;Q2b i?`Qm;? i?2 /2bB`2/ bi�i2b �M/ `2�+?2b i?2 2[mBHB#`BmK bi�i2X

dR



G�JJSa (Rjj)- � KQH2+mH�` /vM�KB+b T�+F�;2- r�b mb2/ iQ `mM Qm` bBKmH�iBQMb Q7 � bBM;H2

BQMB+ KB+`Q;2H UbT?2`B+�H- +�TbmH2- �M/ +vHBM/`B+�HV BM i?2 +2HH KQ/2HX h?Bb KQH2+mH�` /vM�KB+b

T�+F�;2 mb2b i?2 o2`H2i �H;Q`Bi?K iQ mT/�i2 i?2 i`�D2+iQ`B2b Q7 i?2 T�`iB+H2b BM 2�+? iBK2bi2TX �HH

bBKmH�iBQMb `�M BM i?2 +�MQMB+�H 2Mb2K#H2 U}t2/ N, V, T V BM � +m#B+ #Qt- rBi? }t2/ #QmM/�`v +QM@

/BiBQMb BKTQb2/ BM �HH /B`2+iBQMb QMHv 7Q` BQMB+ bT?2`B+�H �M/ +�TbmH2 KB+`Q;2HbX 6Q` BQMB+ +vHBM/`B+�H

KB+`Q;2Hb- T2`BQ/B+ #QmM/�`v +QM/BiBQMb US"*bV �`2 BKTQb2/ BM i?2 t@- v@- x@/B`2+iBQMbX h?2 bBK@

mH�iBQMb Q7 bT?2`B+�H �M/ KB+`Q+�TbmH2 KB+`Q;2Hb r2`2 T2`7Q`K2/ BM i?2 bT?2`B+�H +2HH- r?BH2 i?Qb2

Q7 i?2 +vHBM/`B+�H BQMB+ KB+`Q;2Hb r�b T2`7Q`K2/ BM � +vHBM/`B+�H +2HHX 6B;m`2 8XR b?Qrb i?2 BMBiB�H

bi�i2 Q7 i?2 BQMB+ bT?2`B+�H KB+`Q;2H bBKmH�iBQM- �M/ 6B;m`2 8Xk b?Qrb i?2 BMBiB�H bi�i2 Q7 i?2 BQMB+

+vHBM/`B+�H KB+`Q;2H bBKmH�iBQMX

6B;m`2 8XRX aM�Tb?Qi Q7 J. bBKmH�iBQM Q7 BQMB+ bT?2`B+�H KB+`Q;2H �M/ +QmMi2`BQMbX

6B;m`2 8XkX aM�Tb?Qi Q7 J. bBKmH�iBQM Q7 BQMB+ +vHBM/`B+�H KB+`Q;2H �M/ +QmMi2`BQMbX

dk



"27Q`2 i?2 bBKmH�iBQM bi�`i2/- i?2 KQMQp�H2Mi KB+`QBQMb r2`2 BMBiB�HBx2/ QM i?2 bBi2b Q7 �M

6** H�iiB+2X �HH +?�`;2/ T�`iB+H2b BMi2`�+i pB� #�`2 *QmHQK# T�B` TQi2MiB�Hb- �M/ i?2 BM~m2M+2 Q7

i?2 BQMB+ KB+`Q;2H QM i?2 KB+`QBQMb Bb KQ/2H2/ #v BKTQbBM; �M 2ti2`M�H 2H2+i`B+ }2H/X hQ +QMbi`�BM

i?2 T�`iB+H2b BMbB/2 i?2 +2HH- �HH T�`iB+H2b �`2 `2T2HH2/ 7`QK i?2 r�HH pB� � G2MM�`/@CQM2b r�HH 7Q`+2

BM �HH /B`2+iBQMb 7Q` bT?2`B+�H �M/ +�TbmH2 KB+`Q;2Hb- r?2`2�b � `2TmHbBp2 G2MM�`/@CQM2b r�HH 7Q`+2

BM (x, y) /B`2+iBQMb Bb �TTHB2/ 7Q` i?2 +vHBM/`B+�H ;2H bvbi2KX LQ G2MM�`/@CQM2b TQi2MiB�H r�b mb2/

#2ir22M KB+`QBQMb- bBM+2 i?2b2 r2`2 i`2�i2/ �b TQBMi +?�`;2bX

.m`BM; i?2 bBKmH�iBQM- i?2 KB+`QBQMb �`2 7`22 iQ KQp2 i?`Qm;?Qmi i?2 r?QH2 bT?2`B+�H +2HH-

#mi BM i?2 +vHBM/`B+�H +2HH- i?2 KB+`QBQMb +�M 2tBi �M/ 2Mi2` i?2 +2HH QMHv BM i?2 x@/B`2+iBQMX � /B`2+i

bmK Q7 i?2 *QmHQK#B+ TQi2MiB�H #2ir22M �HH T�B`b Q7 KB+`QBQMb Bb +�H+mH�i2/ BM i?2 bBKmH�iBQM Q7

i?2 }t2/ #QtX AM +QMi`�bi- BM i?2 T2`BQ/B+ #Qt- i?2 +vHBM/`B+�H KB+`Q;2H Bb �bbmK2/ iQ #2 BM}MBi2Hv

HQM; iQ M2;H2+i 2M/@2z2+ib �i i?2 +vHBM/2` +�TbX h?Bb �TT`QtBK�iBQM +�M Q7 +Qm`b2 QMHv #2 ;QQ/ B7

i?2 �+im�H }MBi2 +vHBM/2`b �`2 Km+? HQM;2` i?�M i?2v �`2 rB/2X h?mb- � }MBi2 +vHBM/`B+�H KB+`Q;2H

Bb `2THB+�i2/ BM �HH /B`2+iBQMb- r?B+? `2bmHib BM BK�;2 +?�`;2 2z2+ibX hQ +�H+mH�i2 +Q``2bTQM/BM;

HQM;@`�M;2 *QmHQK# BMi2`�+iBQMb- 1r�H/ bmKK�iBQM � 7mM+iBQM #mBHi BMiQ G�JJSa- Bb mb2/X

1p2`v 108 iBK2bi2Tb Qmi Q7 106 iQi�H bi2Tb- i?2 G�JJSa bQ7ir�`2 r`Qi2 i?2 +QQ`/BM�i2b Q7

2�+? �iQK iQ }H2X hvTB+�HHv 106 bi2Tb r2`2 mb2/ 7Q` 2[mBHB#`�iBQMX AM Q`/2` iQ K�BMi�BM �M �p2`�;2

+QMbi�Mi i2KT2`�im`2- G�JJSa `2b+�H2b i?2 p2HQ+BiB2b Q7 i?2 T�`iB+H2b mbBM; i?2 LQbû@>QQp2`

i?2`KQbi�iX

oBbm�H JQH2+mH�` .vM�KB+b UoJ.V �M/ i?2 PT2M oBbm�HBx�iBQM hQQH UPoAhPV r2`2 mb2/ iQ

;2M2`�i2 pB/2Qb �M/ bM�Tb?Qib Q7 i?2 bvbi2KbX "v mbBM; PoAhP- r2 K�/2 bm`2 i?�i i?2 #QmM/�`B2b

Q7 i?2 bBKmH�iBQM #Qt �`2 b2i +Q``2+iHv- �M/ i?�i- BM i?2 +�b2 Q7 +vHBM/`B+�H KB+`Q;2Hb- KB+`QBQMb +�M

2tBi �M/ 2Mi2` i?2 +2HH QMHv BM i?2 x@/B`2+iBQMX 6BM�HHv- �7i2` i?2 bvbi2K `2�+?2/ 2[mBHB#`BmK- 7`QK

i?2 /2MbBiv T`Q}H2 Q7 i?2 +QmMi2`BQMb- i?2 �p2`�;2 MmK#2` Q7 +QmMi2`BQMb Bb +QKTmi2/- r?B+? BM

im`M Bb mb2/ iQ +QKTmi2 i?2 2H2+i`Qbi�iB+ +QKTQM2Mi Q7 i?2 QbKQiB+ T`2bbm`2 πeX

AM �HH SQBbbQM@"QHixK�MM +�H+mH�iBQMb �M/ J. bBKmH�iBQMb- i?2 7QHHQrBM; p�`B�#H2b r2`2

F2Ti }t2/,

avbi2K T�`�K2i2`b, �HH φ0, R, a0, b0,λB- �M/ Z, T�`�K2i2`b r2`2 i?2 b�K2 7Q` �HH +�H+mH�iBQMb

�M/ bBKmH�iBQMbX

dj



*QmMi2`BQMb , i?2 iQi�H MmK#2` Q7 +QmMi2`BQMb r�b N+ = 1000- 2�+? rBi? � +?�`;2 Q7 q = 1.0.

*?�`;2 Q7 JB+`Q;2H , i?2 iQi�H +?�`;2 Q7 i?2 KB+`Q;2H r�b F2Ti �i qm = −1000 iQ F22T i?2

bvbi2K +?�`;2 M2mi`�HX

h�#H2 8XR /BbTH�vb i?2 }t2/ p�Hm2b mb2/ BM Qm` J. bBKmH�iBQMbX

h�#H2 8XRX AMTmi T�`�K2i2`b 7Q` S" +�H+mH�iBQMb �M/ J. bBKmH�iBQMbX

avbi2K S�`�K2i2` o�Hm2

S�`iB+H2 /`v `�/Bmb a0 10 MK

LmK#2` Q7 KB+`Q;2Hb Nm 1

*?�`;2 p�H2M+2 Z 1000

GBM2�` +?�`;2 /2MbBiv λ 100 − 500

LmK#2` Q7 KQMQK2`b Nmon 2 × 105

LmK#2` Q7 +?�BMb Nch 100

6HQ`v bQHp2M+v T�`�K2i2` χ 0.5

JQMQK2`b `�/Bmb rm RX8 ³

λB Ur�i2` �i T = 293KV 0.72 MK

8XkX JQMi2 *�`HQ aBKmH�iBQMb

JQMi2 *�`HQ UJ*V bBKmH�iBQMb (Rj9) r2`2 mb2/ iQ +QKTmi2 i?2 i?2`KQ/vM�KB+ �M/ bi`m+im`2

T`QT2`iB2b- bm+? �b 2[mBHB#`BmK br2HHBM; #2?�pBQ`- QbKQiB+ T`2bbm`2- �M/ T�B` +Q``2H�iBQM 7mM+iBQMb

Q7 #mHF bmbT2MbBQMb Q7 BQMB+ KB+`Q;2HbX "2HQr � #�bB+ /2b+`BTiBQM Q7 i?2 JQMi2 *�`HQ K2i?Q/ Bb

/Bb+mbb2/X

*QMbB/2` � bmbT2MbBQM r?Qb2 K�+`Qbi�i2 Bb bT2+B}2/ #v }t2/ N, V - �M/ T U+�MQMB+�H 2M@

b2K#H2VX �i i?2 KB+`Qb+QTB+ H2p2H- i?2`2 �`2 K�Mv /Bz2`2Mi +QM};m`�iBQMb BM r?B+? i?2 K�+`Qbi�i2

(N, V, T ) +�M #2 7QmM/X �i 2[mBHB#`BmK- i?2 T`Q#�#BHBiv Pi Q7 }M/BM; i?2 bvbi2K BM KB+`Qbi�i2 i �i

i2KT2`�im`2 T �M/ 2M2`;v Ei Bb T`QTQ`iBQM�H iQ i?2 "QHixK�MM 7�+iQ`-

Pi ∝ exp(−βEi). U8XjV

d9



h?2 T�`iBiBQM 7mM+iBQM Bb i?2M ;Bp2M #v

Z(N, V, T ) =
∑

i

exp(−βEi). U8X9V

�M 2Mb2K#H2 �p2`�;2 Q7 � T?vbB+�H [m�MiBiv A- rBi? p�Hm2 Ai BM KB+`Qbi�i2 i- +�M #2 /2i2`KBM2/ #v

b�KTHBM; i?2 bi�i2b-

〈AM 〉 =
∑M

i=1 Ai exp(−βEi)
Z , U8X8V

r?2`2 M Bb i?2 iQi�H MmK#2` Q7 KB+`Qbi�i2bX hQ bBKmH�i2 � bvbi2K Q7 N T�`iB+H2b- 2X;X- BQMB+

KB+`Q;2Hb +QM}M2/ BM � pQHmK2 V �i � }t2/ i2KT2`�im`2 T - QMHv � }MBi2 MmK#2` m Q7 i?2 iQi�H

MmK#2` Q7 M KB+`Qbi�i2b Bb `2[mB`2/X h?2M- i?2 �p2`�;2 p�Hm2 Q7 � T?vbB+�H [m�MiBiv A +�M #2

r`Bii2M �b

〈Am〉 =
∑m

i=1 Ai exp(−βEi)∑m
i=1 exp(−βEi)

. U8XeV

h?Bb b�KTHBM; T`Q+2/m`2 Bb FMQrM �b i?2 J2i`QTQHBb b�KTHBM; K2i?Q/ (Rj9)X LQi2 i?�i � bm{+B2MiHv

HQM; b2[m2M+2 Q7 `�M/QK +QM};m`�iBQMb Bb M2+2bb�`v iQ Q#i�BM `2HB�#H2 `2bmHibX

h?2 JQMi2 *�`HQ �H;Q`Bi?K +QMbBbib Q7 i`B�H KQp2b i?�i �`2 `2D2+i2/ Q` �++2Ti2/ #�b2/ QM

T`Q#�#BHBiv /Bbi`B#miBQM �bbQ+B�i2/ rBi? i?2 2Mb2K#H2X 6Q` 2t�KTH2- i?2 ivT2b Q7 i`B�H KQp2b BM

Qm` rQ`F �`2 i`B�H KQp2b Q7 #Qi? /BbTH�+2K2Mib �M/ +?�M;2b BM bBx2 Q7 KB+`Q;2H T�`iB+H2bX h?2

�++2Ti�M+2 T`Q#�#BHBiv 7Q` � i`B�H /BbTH�+2K2Mi Q` +?�M;2 BM bBx2 Q7 i?2 KB+`Q;2H T�`iB+H2 Bb

pacc = min{e−β(∆E), 1}, U8XdV

r?2`2 ∆E Bb i?2 iQi�H +?�M;2 BM 2M2`;vX h?2 ;2M2`�H bi2Tb Q7 � #�bB+ JQMi2 *�`HQ �H;Q`Bi?K

�`2 (Rj9)

RX J�F2 � i`B�H KQp2c

kX lbBM; � T`Q#�#BHBiv /Bbi`B#miBQM 7mM+iBQM- �++2Ti Q` `2D2+i i?2 i`B�H KQp2c

jX lT/�i2 i?2 bi�i2 Q7 i?2 bvbi2Kc

9X _2T2�iX

d8



Pm` J2i`QTQHBb JQMi2 *�`HQ bBKmH�iBQMb r?B+? �`2 bmBi2/ iQ i?2 +Q�`b2@;`�BM2/ QM2@+QKTQM2Mi

KQ/2H /2b+`B#2/ BM b2+iBQM jX9- r2`2 /2p2HQT2/ rBi?BM i?2 PT2M aQm`+2 S?vbB+b GB#`�`v BM C�p� (Rj8)X

h?2 PT2M aQm`+2 S?vbB+b GB#`�`v Bb � 7`22- QT2M bQm`+2 HB#`�`v i?�i +QMi�BMb K�Mv /Bz2`2Mi bBK@

mH�iBQMb Q7 MmK2`B+�H K2i?Q/b �M/ T?vbB+�H bvbi2Kb r`Bii2M BM i?2 C�p� T`Q;`�KKBM; H�M;m�;2X

h?2 bBKmH�iBQM Bb T2`7Q`K2/ rBi?BM � +m#B+ +2HH rBi? T2`BQ/B+ #QmM/�`v +QM/BiBQMb US"*bV bQ i?�i

B7 � T�`iB+H2 T�bb2b i?`Qm;? QM2 7�+2 Q7 i?2 bBKmH�iBQM #Qt Bi `2@2Mi2`b i?`Qm;? i?2 QTTQbBi2 7�+2 Q7

i?2 #QtX h?Bb K2�Mb i?�i i?2 T�`iB+H2b �`2 �#H2 iQ BMi2`�+i rBi? 2�+? Qi?2` 7`QK QTTQbBi2 bB/2b Q7

i?2 bBKmH�iBQM #QtX

h?2 bBKmH�iBQM Q7 Tb2m/Q@KB+`Q;2Hb Bb T2`7Q`K2/ BM i?2 +QMbi�Mi@NV T U+�MQMB+�HV 2Mb2K#H2

�i }t2/ bvbi2K T�`�K2i2`b, λB- Z- a0- Nmon- Nch- ν- Nm χ- �M/ BX h�#H2 8Xk /BbTH�vb i?2 }t2/

p�Hm2b mb2/ BM Qm` J* bBKmH�iBQMbX

h�#H2 8XkX AMTmi T�`�K2i2`b 7Q` BQMB+ KB+`Q;2H bmbT2MbBQMbX

avbi2K S�`�K2i2` o�Hm2

S�`iB+H2 /`v `�/Bmb a0 10 MK

LmK#2` Q7 KB+`Q;2Hb Nm 500

*?�`;2 p�H2M+2 Z 1000

LmK#2` Q7 KQMQK2`b Nmon 2 × 105

LmK#2` Q7 +?�BMb Nch 100

6HQ`v bQHp2M+v T�`�K2i2` χ 0.5

>2`ix �KTHBim/2 B 15000

SQBbbQMǶb `�iBQ ν 0.5

λB Ur�i2` �i T = 293KV 0.72 MK

de



6B;m`2 8XjX hvTB+�H bM�Tb?Qi 7`QK � J* bBKmH�iBQM Q7 � bmbT2MbBQM Q7 +QKT`2bbB#H2- BQMB+-
bT?2`B+�H KB+`Q;2Hb Q7 ~m+im�iBM; bBx2 BM � +m#B+ #Qt rBi? T2`BQ/B+ #QmM/�`v +QM/BiBQMb BM i?2
+Q�`b2@;`�BM2/ KQ/2HX

6B;m`2 8Xj b?Qrb � ivTB+�H bM�Tb?Qi Q7 i?2 bvbi2KX 6Q` 2�+? bi2T BM � bBKmH�iBQM- � i`B�H

KQp2 +QMbBbiBM; Q7 #Qi? � /BbTH�+2K2Mi �M/ bBx2 +?�M;2 Ubr2HHBM;f/2br2HHBM;V r�b �ii2KTi2/ 7Q`

QM2 KB+`Q;2HX h?Bb r�b /QM2 #v � i`B�H +?�M;2b BM i?2 +QQ`/BM�i2b Ux, y, zV �M/ br2HHBM; `�iBQ α

Q7 2�+? T�`iB+H2 rBi? iQH2`�M+2b ∆x = ∆y = ∆z = 0.1a0 �M/ ∆a = 0.05 �M/ i?2M +�H+mH�iBM; i?2

/Bz2`2M+2 Q7 i?2 iQi�H 2M2`;v ∆E �7i2` i`B�H KQp2b �M/ #27Q`2 i?2 i`B�H KQp2b r2`2 �ii2KTi2/X h?2

i`B�H KQp2b r2`2 `2D2+i2/ B7 i?2 "QHixK�MM 7�+iQ`
(
e−β∆E

)
Bb H2bb i?�M � `�M/QK MmK#2` #2ir22M

(0, 1)X A7 i?2 i`B�H KQp2b r2`2 �++2Ti2/- i?2M i?2 2M2`;v Q7 i?2 bvbi2K r�b mT/�i2/ �M/ �MQi?2`

KB+`Q;2H T�`iB+H2 mM/2`r2Mi i`B�H KQp2bX h?2 2[mBHB#`BmK bi�i2 Q7 KBMBKmK iQi�H 7`22 2M2`;v Bb

Q#i�BM2/ i?`Qm;? `2T2�i2/ i`B�H KQp2bX �7i2` 2[mBHB#`�iBQM bi�;2- i?2 2[mBHB#`BmK bi`m+im`�H �M/

i?2`K�H T`QT2`iB2b r2`2 +QHH2+i2/ #v �p2`�;BM; Qp2` +QM};m`�iBQMbX

8XkXRX ai`m+im`�H S`QT2`iB2b

8XkXRXRX _�/B�H .Bbi`B#miBQM 6mM+iBQM

h?2 `�/B�H /Bbi`B#miBQM 7mM+iBQM g(r) r�b mb2/ iQ /2i2`KBM2 i?2 2[mBHB#`BmK bi`m+im`2 Q7

i?2 bm`7�+2@+?�`;2/ bT?2`B+�H KB+`Q;2H bmbT2MbBQMbX h?2 `�/B�H /Bbi`B#miBQM 7mM+iBQM �HHQr2/ mb iQ

/2i2`KBM2 i?2 T`Q#�#BHBiv /Bbi`B#miBQM Q7 }M/BM; � T�`iB+H2 BM � ;Bp2M TQbBiBQM �i � `�/B�H /Bbi�M+2

r 7`QK i?2 +2Mi2` Q7 � `272`2M+2 bT?2`2X AM Qi?2` rQ`/b- Bi /2b+`B#2b ?Qr i?2 /2MbBiv Q7 bm``QmM/BM;

T�`iB+H2 p�`B2b �b � 7mM+iBQM Q7 i?2 /Bbi�M+2 7`QK � TQBMiX h?2 `�/B�H /Bbi`B#miBQM 7mM+iBQM 7Q` 2�+?

dd



7`�K2 Bb +QKTmi2/ �M/ i?2M �p2`�;2/,

g(r) = N(r)
4πr2ρδr

, U8X3V

r?2`2 N(r) Bb i?2 MmK#2` Q7 T�`iB+H2b BM � bT?2`B+�H b?2HH Q7 i?B+FM2bb δr rBi? +2Mi2`@iQ@+2Mi2`

/Bbi�M+2 r 7`QK � KB+`Q;2H T�`iB+H2 �i i?2 Q`B;BM �M/ ρ Bb i?2 MmK#2` Q7 T�`iB+H2b T2` mMBi pQHmK2X

hQ +�H+mH�i2 g(r)- r2 ?BbiQ;`�KK2/ i?2 MmK#2` Q7 T�B`b Q7 KB+`Q;2Hb �i i?2 +2Mi2`@iQ@+2Mi2` /Bbi�M+2

r rBi?BM � +mi@Qz `�/Bmb rc- r?B+? Bb i�F2M 2[m�H iQ ?�H7 Q7 i?2 bBKmH�iBQM #Qt H2M;i?X

8XkXRXkX ai�iB+ ai`m+im`2 6�+iQ`

*QKTmiBM; i?2 bi�iB+ bi`m+im`2 7�+iQ` S(q) �HHQr2/ mb iQ +?�`�+i2`Bx2 i?2 �p2`�;2 Q`/2` Q7

�M BQMB+ KB+`Q;2H bmbT2MbBQMX Ai Bb r2HH@FMQrM i?�i i?2 6Qm`B2` i`�Mb7Q`K Q7 i?2 `�/B�H /Bbi`B#miBQM

7mM+iBQM g(r) ;Bp2b i?2 bi�iB+ bi`m+im`2 7�+iQ` (Rje- Rjd)X >Qr2p2`- S(q) +�M #2 /B`2+iHv +QKTmi2/

7`QK i?2 T�`iB+H2 +QQ`/BM�i2b BM Qm` J* bBKmH�iBQMb,

S(q) = 1 + 2
Nm

Nm∑

i<j=1

〈
sin (qrij)

qrij

〉

, U8XNV

r?2`2 q Bb i?2 b+�ii2`2/ r�p2 p2+iQ` K�;MBim/2- rij Bb i?2 +2Mi2`@iQ@ +2Mi2` /Bbi�M+2 #2ir22M T�`iB+H2b

i �M/ j- �M/ i?2 �M;mH�` #`�+F2ib /2MQi2 �M �p2`�;2 Qp2` +QM};m`�iBQMbX

d3



eX _1alGha �L. .Aa*laaAPL

h?2 `2bmHib i?�i �`2 Q#i�BM2/ mbBM; i?2 i?2Q`2iB+�H �TT`Q�+?2b �M/ #Qi? J* �M/ J.

K2i?Q/b �`2 T`2b2Mi2/ BM i?Bb +?�Ti2`X h?Bb +?�Ti2` +QMi�BMb irQ K�DQ` b2+iBQMbX AM i?2 }`bi

b2+iBQM- br2HHBM; #2?�pBQ` �M/ QbKQiB+ T`2bbm`2 Q7 bBM;H2 BQMB+ KB+`Q;2Hb �`2 T`2b2Mi2/ �M/ /Bb+mbb2/X

h?`22 bvbi2Kb �`2 T`2b2Mi2/ ?2`2- M�K2Hv- KB+`Q+�TbmH2- +vHBM/`B+�H- �M/ bT?2`B+�H BQMB+ KB+`Q;2HbX

AM i?2 b2+QM/ b2+iBQM- 2z2+iBp2 T�B` TQi2MiB�Hb- br2HHBM; #2?�pBQ`- �M/ #mHF QbKQiB+ T`2bbm`2 Q7

bmbT2MbBQMb Q7 BQMB+ KB+`Q;2Hb �`2 T`2b2Mi2/ �M/ /Bb+mbb2/X

eXRX *2HH JQ/2H _2bmHib

AM i?Bb b2+iBQM- i?2 `2bmHib Q#i�BM2/ mbBM; SQBbbQM@"QHixK�MM i?2Q`v �M/ KQH2+mH�` /v@

M�KB+b bBKmH�iBQM K2i?Q/b BM i?2 +2HH KQ/2H �`2 T`2b2Mi2/X �7i2` p�HB/�iBM; Qm` S" i?2Q`v- #v

+QKT�`BM; Qm` `2bmHib rBi? `2bmHib Q#i�BM2/ 7`QK J. bBKmH�iBQM- r2 b2i i?2 bi�;2 7Q` �M�HvbBb Q7 i?2

/2MbBiv T`Q}H2b- QbKQiB+ T`2bbm`2- �M/ i?2 2[mBHB#`BmK br2HHBM; Q7 BQMB+- KB+`Q+�TbmH2- +vHBM/`B+�H-

�M/ bT?2`B+�H KB+`Q;2HbX

eXRXRX AQMB+ JB+`Q+�TbmH2b

0 0.5 1 1.5 2
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PB theory
q0=0.01
q0=0.02
q0=0.03

a0=10 nm
Z=1000

b0=12.5 nm

_=2.5

6B;m`2 eXRX *QmMi2`BQM MmK#2` /2MbBiv T`Q}H2b �`QmM/ �M BQMB+ KB+`Q+�TbmH2 Q7 BMM2` �M/ Qmi2`
/`v `�/BB a0 4 Ry MK �M/ b0 4 RkX8 MK- `2bT2+iBp2Hv- rBi? brQHH2M `�/BB a 4 k8 MK �M/ b4 jRXk8
MK- �M/ p�H2M+2 MmK#2` Z = 1000 BM �[m2Qmb bQHp2Mi 7`QK J. bBKmH�iBQMb UbvK#QHbV �M/ S"
i?2Q`v UbQHB/ +m`p2bV BM i?2 +2HH KQ/2H �i /`v pQHmK2 7`�+iBQMb φ0 4 yXyR- yXyk- yXyjX

dN



6B;m`2 eXR b?Qrb � THQi Q7 i?2 +QmMi2`BQM `�/B�H /2MbBiv T`Q}H2 n+(r) �i /Bz2`2Mi p�Hm2b Q7

i?2 /`v pQHmK2 7`�+iBQM φ0X h?2 +HQb2 �;`22K2Mi #2ir22M bBKmH�iBQM �M/ i?2Q`2iB+�H T`2/B+iBQMb

p�HB/�i2b Qm` K2i?Q/bX Ai +�M #2 b22M i?�i i?2 ?2B;?ib Q7 i?2 +QmMi2`BQM /2MbBiv T`Q}H2b BM+`2�b2

rBi? BM+`2�bBM; /`v pQHmK2 7`�+iBQMX h?Bb K2�Mb i?�i �b i?2 /`v pQHmK2 7`�+iBQM BM+`2�b2b- KQ`2

+QmMi2`BQMb �`2 �ii`�+i2/ iQ i?2 b?2HHX "2+�mb2 Q7 i?2 +?�`;2 #�H�M+2 �+`Qbb i?2 KB+`Q+�TbmH2 b?2HH-

i?2 /Bbi`B#miBQMb Q7 +QmMi2`BQMb �`2 `2H�iBp2Hv ~�i �i i?2 +2HH 2/;2- r?2`2 i?2 2H2+i`B+ }2H/ p�MBb?2b-

r?BH2 i?2v T2�F BMbB/2 i?2 b?2HH `2;BQMX h?2 bHB;?i /Bb+`2T�M+v #2ir22M i?2 J. /�i� �M/ S"

T`2/B+iBQMb �i r/b = 0 +�M #2 �ii`B#mi2/ iQ `2H�iBp2Hv TQQ` bi�iBbiB+b �i i?2 KB+`Q+�TbmH2 +2Mi2`X

AMi2;`�iBM; i?2 `�/B�H T`Q}H2 Qp2` i?2 KB+`Q+�TbmH2 pQHmK2 ;�p2 M2�`Hv B/2MiB+�H `2bmHib iQ i?2

�p2`�;2 7`�+iBQM Q7 BMi2`BQ` KQ#BH2 +QmMi2`BQMb 2ti`�+i2/ 7`QK i?2 bBKmH�iBQMbX

2.5 3
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dry volume fraction  q0
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  _

Z = 1000
a0 = 10 nm
b0 = 12.5 nm

6B;m`2 eXkX S�M2H U�V b?Qrb +QMi`B#miBQMb iQ i?2 QbKQiB+ T`2bbm`2 U2H2+i`Qbi�iB+ �M/ ;2HV BMbB/2 i?2
BQMB+ KB+`Q+�TbmH2 p2`bmb KB+`Q+�TbmH2 br2HHBM; `�iBQ 7Q` /`v KB+`Q+�TbmH2 pQHmK2 7`�+iBQMb φ0 4
yXyR@yXy8X 1H2+i`Qbi�iB+ T`2bbm`2 πe U1[m�iBQM 9XR3V 7`QK SQBbbQM@"QHixK�MM i?2Q`v UbQHB/ `2/
+m`p2bV �M/ 7`QK bBKmH�iBQMb UQT2M `2/ bvK#QHbV- #Qi? BM i?2 +2HH KQ/2HX 1H�biB+ ;2H T`2bbm`2 πg

U/�b?2/ +m`p2V 7`QK 6HQ`v@_2?M2` i?2Q`vX �i 2[mBHB#`BmK br2HHBM;- i?2 iQi�H KB+`Q;2H QbKQiB+
T`2bbm`2 p�MBb?2b, πe Y πg 4 y U}HH2/ bvK#QHbVX S�M2H U#V b?Qrb 2[mBHB#`BmK br2HHBM; `�iBQ α pbX
/`v pQHmK2 7`�+iBQM φ0 7Q` b�K2 bvbi2K T�`�K2i2`b �b BM 6B;m`2 eXk U�VX

6B;m`2 eXk U�V b?Qrb #Qi? i?2 2H2+i`Qbi�iB+ +QKTQM2Mi �M/ i?2 ;2H +QKTQM2Mi Q7 i?2 iQi�H

KB+`Q;2H QbKQiB+ T`2bbm`2 �b � 7mM+iBQM Q7 br2HHBM; `�iBQ α- �b +�H+mH�i2/ 7`QK #Qi? S" i?2Q`v

�M/ J. bBKmH�iBQMX "v MmK2`B+�HHv bQHpBM; i?2 S" 2[m�iBQM �HQM; rBi? i?2 #QmM/�`v +QM/BiBQMb-

�b ;Bp2M BM b2+iBQM 9Xj BM i?2 i?`22 `�/B�H `2;BQMb UBMbB/2 i?2 +�pBiv- BM i?2 b?2HH- �M/ QmibB/2 i?2

+�TbmH2V- i?2 2MiB`2 `�/B�H /2MbBiv T`Q}H2 n±(r) Bb +QKTmi2/X �7i2` Q#i�BM2/ i?2 `�/B�H /2MbBiv

3y

(a) (b)



T`Q}H2 n±(r)- i?2 K2�M MmK#2`b Q7 +QmMi2`BQMb BM i?2 b?2HH �M/ b2+QM/ KQK2Mib Q7 i?2 KB+`QBQM

/2MbBiv T`Q}H2b (1[m�iBQMb U9XkyV �M/ U9XkRV) �`2 +�H+mH�i2/ �M/ i?2M mb2/ �b �M BMTmi 1[m�iBQM

U9XR3V- 7`QK r?B+? i?2 2H2+i`Qbi�iB+ +QKTQM2Mi Q7 i?2 QbKQiB+ T`2bbm`2 πe Bb +QKTmi2/X hQ +?2+F

Qm` S" MmK2`B+�H +�H+mH�iBQMb- i?2 2H2+i`Qbi�iB+ T`2bbm`2 Bb �HbQ +QKTmi2/ 7`QK J. bBKmH�iBQMb-

r?B+? BM+Hm/2 +Q``2H�iBQMb #2ir22M KB+`QBQMb- mbBM; i?2 +QmMi2`BQM /2MbBiv T`Q}H2 2ti`�+i2/ �b

?BbiQ;`�KbX h?2 J. bBKmH�iBQM `2bmHib �`2 M2�`Hv B/2MiB+�H iQ i?Qb2 7`QK S" i?2Q`v- BM/B+�iBM;

�;�BM �M �;`22K2Mi #2ir22M i?2 i?2Q`2iB+�H T`2/B+iBQM �M/ J. bBKmH�iBQMX h?2 ;2H +QKTQM2Mi Q7

i?2 QbKQiB+ T`2bbm`2 πg- �b /BbTH�v2/ #v i?2 #H�+F /�b?2/ +m`p2 BM 6B;m`2 eXk U�V- Bb +QKTmi2/ 7`QK

1[m�iBQM U9X8NVX

�b b22M BM 6B;m`2 eXk U�V- i?2 2H2+i`Qbi�iB+ +QMi`B#miBQM iQ i?2 QbKQiB+ T`2bbm`2 πe KQMQ@

iQMB+�HHv /2+`2�b2b �b i?2 br2HHBM; `�iBQ α BM+`2�b2bX h?Bb K�v #2 �ii`B#mi2/ 2Bi?2` iQ � /2+HBMBM;

+?�`;2 /2MbBiv rBi? BM+`2�bBM; T�`iB+H2 pQHmK2- Q` iQ � /2+`2�b2 Q7 i?2 b2H7@2M2`;v +QMi`B#miBQM iQ

i?2 T`2bbm`2 (1[m�iBQM U9XR3V) �b i?2 bBx2 Q7 i?2 KB+`Q+�TbmH2 #2+QK2b H�`;2`X Ai +�M #2 b22M i?�i

�i HQr pQHmK2 7`�+iBQM- i?2 2H2+i`Qbi�iB+ QbKQiB+ T`2bbm`2 Bb ?B;?2`- �b KQbi Q7 i?2 +QmMi2`BQMb �`2

QmibB/2 i?2 b?2HHX ai�`iBM; �i φ0 = 0.01- BM+`2�bBM; φ0 H2�/b iQ � /2+`2�b2 BM i?2 2H2+i`Qbi�iB+ Qb@

KQiB+ T`2bbm`2X h?mb- �i bm{+B2MiHv ?B;? +QM+2Mi`�iBQMb Q7 KB+`Q+�TbmH2b- 2H2+i`Qbi�iB+ BMi2`�+iBQMb

#2ir22M T�`iB+H2b rBHH 2p2Mim�HHv �z2+i i?2 bBx2 /Bbi`B#miBQMX h?2 ;2H +QMi`B#miBQM iQ i?2 QbKQiB+

T`2bbm`2 U#H�+F /�b?2/ +m`p2 πg BM 6B;m`2 eXk U�VV KQMQiQMB+�HHv /2+`2�b2b �b i?2 br2HHBM; `�iBQ

α BM+`2�b2bX h?2 `2/ /Qib BM 6B;m`2 eXk U�V BM/B+�i2 r?2`2 i?2 iQi�H QbKQiB+ T`2bbm`2 p�MBb?2b-

πe(α) + πg(α) = 0X �i i?Bb TQBMi- i?2 bvbi2K Bb BM �M 2[mBHB#`BmK bi�i2X

6B;m`2 eXk U#V b?Qrb MmK2`B+�H `2bmHib Q7 i?2 2[mBHB#`BmK br2HHBM; `�iBQ α- +QKTmi2/ �b

i?2 `QQi Q7 i?2 2[m�iBQM- πe(α) + πg(α) = 0- r?2`2 πe(α) �M/ πg(α) �`2 Q#i�BM2/ 7`QK 1[m�iBQMb

U9XR3V �M/ U9X8NV- `2bT2+iBp2HvX Ai +�M #2 b22M i?�i i?2 2[mBHB#`BmK br2HHBM; `�iBQ /2+`2�b2b �b i?2

/`v KB+`Q+�TbmH2 pQHmK2 7`�+iBQM BM+`2�b2bX h?Bb +�M #2 2tTH�BM2/ #v i?2 7�+i i?�i i?2 MmK#2` Q7

+QmMi2`BQMb BMbB/2 i?2 KB+`Q+�TbmH2 /2+`2�b2b �b i?2 /`v pQHmK2 7`�+iBQM BM+`2�b2bX �b � `2bmHi- i?2

M2i +?�`;2 /2+`2�b2b �M/ +�mb2b i?2 KB+`Q+�TbmH2b iQ /2br2HHX

hQ T2`7Q`K � KQ`2 BM@/2Ti? �M�HvbBb Q7 i?2 BMi2`TH�v #2ir22M i?2 2[mBHB#`BmK br2HHBM; `�iBQ

�M/ i?2 b?2HH i?B+FM2bb- i?2 2[mBHB#`BmK br2HHBM; `�iBQ �b � 7mM+iBQM Q7 BMM2` �M/ Qmi2` `�/BB Q7 i?2

KB+`Q+�TbmH2 T�`iB+H2 Bb BMp2biB;�i2/X 6B;m`2 eXj b?Qrb i?2 /2T2M/2M+2 Q7 i?2 2[mBHB#`BmK br2HHBM;

`�iBQ QM KB+`Q+�TbmH2 BMM2` `�/Bmb a �M/ Qmi2` `�/Bmb b �i /`v pQHmK2 7`�+iBQM φ0 = 0.02X �b i?2

3R



BMM2` �M/ Qmi2` `�/BB ;`Qr- i?2 2[mBHB#`BmK br2HHBM; `�iBQ Q7 i?2 KB+`Q+�TbmH2 /2+`2�b2b /m2 iQ i?2`2

#2BM; � /2+`2�b2 BM 2H2+i`Qbi�iB+ T`2bbm`2- r?B+? /`Bp2b � +Q``2bTQM/BM; `2/m+iBQM BM 2[mBHB#`BmK

T�`iB+H2 bBx2X
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Z = 1000
b0 = 12.5nm
q0 = 0.02
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 _

Z = 1000
a0 = 10 nm

q0 = 0.02

6B;m`2 eXjX S�M2H U�V /BbTH�vb /2T2M/2M+2 Q7 2[mBHB#`BmK br2HHBM; `�iBQ α QM i?2 KB+`Q+�TbmH2 /`v
BMM2` `�/Bmb rBi? p�H2M+2 Z = 1000 �M/ /`v pQHmK2 7`�+iBQM φ0 = 0.02- r?BH2 T�M2H U#V /BbTH�vb
/2T2M/2M+2 Q7 α QM i?2 KB+`Q+�TbmH2 Qmi2` /`v `�/Bmb rBi? b�K2 T�`�K2i2`b �b BM T�M2H U�VX

6B;m`2 eX9 U�V /BbTH�vb i?2 2[mBHB#`BmK br2HHBM; `�iBQ �b � 7mM+iBQM Q7 M2i p�H2M+2 Znet rBi?

}t2/ BMM2` �M/ Qmi2` `�/BBX h?2 M2i p�H2M+2 Bb /2}M2/ �b i?2 /Bz2`2M+2 BM i?2 MmK#2`b Q7 +QmMi2`BQMb

BMbB/2 i?2 b?2HH �M/ QmibB/2 UZnet = Nin − NoutVX �b 2tT2+i2/- i?2 2[mBHB#`BmK br2HHBM; `�iBQ Q7 i?2

KB+`Q+�TbmH2 �HbQ BM+`2�b2b �b i?2 M2i p�H2M+2 BM+`2�b2bX � `2�bQM r?v i?Bb 2[mBHB#`BmK br2HHBM;

`�iBQ BM+`2�b2b Bb i?�i i?2 2H2+i`Qbi�iB+ +QKTQM2Mi Q7 i?2 QbKQiB+ T`2bbm`2 πe �b ;Bp2M BM 1[m�iBQM

U9XR3V BM+`2�b2b rBi? i?2 MmK#2` Q7 +QmMi2`BQMb ZX 6B;m`2 eX9 U#V b?Qrb i?�i �b i?2 KB+`Q+�TbmH2

/`v pQHmK2 7`�+iBQM φ0 BM+`2�b2b- i?2 M2i p�H2M+2 /2+`2�b2bX AM +QM+HmbBQM- i?2 `2bmHib b?QrM BM

6B;m`2 eX9 b?Qr i?�i � `2/Bbi`B#miBQM Q7 +QmMi2`BQMb Bb BKTQ`i�Mi BM /2i2`KBMBM; i?2 2[mBHB#`BmK

br2HHBM;f/2br2HHBM; Q7 BQMB+ KB+`Q+�TbmH2bX
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6B;m`2 eX9X S�M2H U�V /BbTH�vb M2i p�H2M+2 Znet �b � 7mM+iBQM Q7 2[mBHB#`BmK br2HHBM; `�iBQ α rBi?
}t2/ BMM2` �M/ Qmi2` /`v `�/BB- r?BH2 T�M2H U#V /BbTH�vb M2i p�H2M+2 �b � 7mM+iBQM Q7 /`v pQHmK2
7`�+iBQM rBi? b�K2 T�`�K2i2`b �b BM T�M2H U�VX

eXRXkX am`7�+2@*?�`;2/ JB+`Q;2H

*QmMi2`BQM MmK#2` /2MbBiv T`Q}H2b M2�` i?2 }t2/ +?�`;2 /Bbi`B#mi2/ mMB7Q`KHv Qp2` i?2

bm`7�+2 Q7 KB+`Q;2H T�`iB+H2 �`2 b?QrM BM 6B;m`2 eX8- �b i?2 `2bmHib r2`2 Q#i�BM2/ 7`QK S" i?2Q`v

�M/ J. bBKmH�iBQMbX h?2 /�i� b?Qr `2H�iBp2Hv ;QQ/ �;`22K2Mi #2ir22M i?2Q`v �M/ bBKmH�iBQM

Qp2` � `�M;2 Q7 /`v pQHmK2 7`�+iBQMbX Ai +�M #2 b22M i?�i i?2 +QmMi2`BQM /2MbBiv ?�b Bib K�tBKmK

�i r = a- r?2`2 i?2 K�;MBim/2 Q7 i?2 2H2+i`Qbi�iB+ 2M2`;v Q7 � +QmMi2`BQM ψU`V Bb K�tBKmK- �M/

`2H�iBp2Hv ~�i M2�` i?2 KB+`Q;2H +2Mi2` �M/ i?2 +2HH 2/;2- r?2`2 i?2 2H2+i`B+ }2H/ p�MBb?2bX �HbQ-

i?2 +QmMi2`BQM /2MbBiv BMbB/2 i?2 T�`iB+H2 Bb H�`;2Hv BM/2T2M/2Mi Q7 i?2 pQHmK2 7`�+iBQMX h?Bb Bb

2tT2+i2/- �b i?2 2MpB`QMK2Mi Q7 i?2 +QmMi2`BQMb BMbB/2 i?2 T�`iB+H2 `2K�BMb �HKQbi mM�z2+i2/ #v �

+?�M;2 BM i?2 �p�BH�#H2 bT�+2 QmibB/2 i?2 T�`iB+H2 �b i?2 pQHmK2 7`�+iBQM +?�M;2bX �i HQr pQHmK2

7`�+iBQM U/BHmi2 +QM/BiBQMbV- i?2 /2MbBiv Q7 +QmMi2`BQMb BMbB/2 i?2 KB+`Q;2H Bb H�`;2` i?�M i?�i �i i?2

2/;2 Q7 i?2 +2HHX >Qr2p2`- i?2 bBim�iBQM Bb `2p2`b2/ �i ?B;? +QM+2Mi`�iBQMbX
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6B;m`2 eX8X *QmMi2`BQM MmK#2` /2MbBiv T`Q}H2b �`QmM/ � bm`7�+2@+?�`;2/ KB+`Q;2H Q7 /`v `�/Bmb a0
4 Ry MK- brQHH2M `�/Bmb a 4 k8 MK- �M/ p�H2M+2 Z = 1000 BM �M �[m2Qmb bQHp2Mi- 7`QK J.
bBKmH�iBQMb UbvK#QHbV �M/ S" i?2Q`v U+m`p2bV BM i?2 +2HH KQ/2H �i /`v pQHmK2 7`�+iBQMb φ0 4
yXyR- yXyk- yXyjX

6QHHQrBM; i?2 b�K2 T`Q+2/m`2 �b 7Q` KB+`Q+�TbmH2 T�`iB+H2b U6B;m`2 eXkV- #Qi? 2H2+i`Qbi�iB+

UπeV �M/ ;2H UπgV +QMi`B#miBQMb iQ i?2 QbKQiB+ T`2bbm`2 π �`2 b?QrM BM 6B;m`2 eXe U�VX Ai Bb 2pB/2Mi

7`QK i?2 THQi BM 6B;m`2 eXe U�V i?�i i?2 i?2Q`2iB+�H T`2/B+iBQMb Q7 S" i?2Q`v �M/ J. bBKmH�iBQMb

�;`22 r2HHX h?2 2H2+i`Qbi�iB+ QbKQiB+ T`2bbm`2 Q7 i?2 BQMB+ KB+`Q;2H Bb ;Qp2`M2/ #v i?2 b2H7 2M2`;v

Q7 i?2 KB+Q`;2H �M/ #v i?2 MmK#2` Q7 +QmMi2`BQMb i?�i �`2 BMbB/2 i?2 T�`iB+H2bX �i HQr br2HHBM;

`�iBQ- KQbi Q7 i?2 +QmMi2`BQMb �`2 #QmM/ #v i?2 +?�`;2/ BQMb }t2/ QM i?2 T�`iB+H2 bm`7�+2X �b �

`2bmHi- i?2 2H2+i`Qbi�iB+ QbKQiB+ T`2bbm`2 Q7 i?2 KB+`Q;2H Bb ?B;?X >Qr2p2`- �i ?B;?2` br2HHBM; `�iBQb-

KQ`2 Q7 i?2 +QmMi2`BQMb �`2 �#H2 iQ 2b+�T2 i?2 �ii`�+iBQM �M/ 2tTHQ`2 i?2 r?QH2 pQHmK2 Q7 i?2 +2HH-

+�mbBM; i?2 +QmMi2`BQM MmK#2` QmibB/2 i?2 T�`iB+H2 iQ BM+`2�b2- �M/ `2bmHiBM; BM � KQMQiQMB+�HHv

/2+`2�bBM; 2H2+i`Qbi�iB+ +QMi`B#miBQM iQ i?2 QbKQiB+ T`2bbm`2X 6BM�HHv- MQi2 i?�i i?2 K�;MBim/2 Q7

i?2 2H2+i`Qbi�iB+ QbKQiB+ T`2bbm`2 Bb ;`2�i2` i?�M BM 6B;m`2 eXk U�V 7Q` KB+`Q+�TbmH2bX

aBKBH�`Hv iQ KB+`Q+�TbmH2b- i?2 ;2H +QMi`B#miBQM iQ i?2 QbKQiB+ T`2bbm`2 U#H�+F /�b?2/ +m`p2V

πg KQMQiQMB+�HHv /2+`2�b2b �b i?2 br2HHBM; `�iBQ BM+`2�b2bX h?2 `2/ /Qib BM 6B;m`2 eXe U�V BM/B+�i2

r?2`2 i?2 2[mBHB#`BmK bBx2 Q7 i?2 bm`7�+2@+?�`;2/ KB+`Q;2H Q++m`bX
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  _ surface charged microgel
volume charged microgel

Z = 1000
a0 = 10 nm

6B;m`2 eXeX S�M2H U�V b?Qrb +QMi`B#miBQMb iQ QbKQiB+ T`2bbm`2 U2H2+i`Qbi�iB+ �M/ ;2HV 7Q` �
bm`7�+2@+?�`;2/ KB+`Q;2H p2`bmb br2HHBM; `�iBQ α 7Q` /`v +?�`;2/ pQHmK2 7`�+iBQMb φ0 4 yXyR@yXy8X
1H2+i`Qbi�iB+ QbKQiB+ T`2bbm`2 πe 7`QK SQBbbQM@"QHixK�MM i?2Q`v U`2/ +m`p2bV �M/ 7`QK J.
bBKmH�iBQMb UQT2M `2/ bvK#QHbV- #Qi? BM i?2 +2HH KQ/2HX :2H T`2bbm`2 πg U/�b?2/ +m`p2V 7`QK
6HQ`v@_2?M2` i?2Q`vX �i 2[mBHB#`BmK br2HHBM;- i?2 iQi�H BMi2`M�H QbKQiB+ T`2bbm`2 p�MBb?2b, πe Y
πg 4 y U}HH2/ bvK#QHbVX S�M2H U#V /BbTH�vb 2[mBHB#`BmK br2HHBM; `�iBQ α pbX /`v pQHmK2 7`�+iBQM φ0
7Q` pQHmK2@+?�`;2/ U#Hm2 +B`+H2V �M/ bm`7�+2@+?�`;2/ U`2/ +B`+H2V KB+`Q;2HbX

� +QKT�`BbQM #2ir22M 2[mBHB#`BmK i?2 br2HHBM; `�iBQ Q7 � pQHmK2@+?�`;2/ KB+`Q;2H �M/ �

bm`7�+2@+?�`;2/ KB+`Q;2H Bb b?QrM BM 6B;m`2 eXe U#VX Ai +�M #2 b22M i?�i i?2 /Bz2`2M+2 BM α #2ir22M

pQHmK2@+?�`;2/ KB+`Q;2H �M/ bm`7�+2@+?�`;2/ KB+`Q;2H Bb bB;MB}+�MiX h?Bb r�b 2tT2+i2/- #2+�mb2

i?2 }t2/ +?�`;2/ /Bbi`B#miBQM Q7 i?2 irQ bvbi2Kb Bb /Bz2`2MiX Ai Bb �HbQ 2pB/2Mi i?�i i?2 bm`7�+2@

+?�`;2/ KB+`Q;2H /2br2HHb 7�bi2` i?�M i?2 pQHmK2@+?�`;2/ KB+`Q;2H rBi? BM+`2�bBM; +QM+2Mi`�iBQMX

h?Bb /Bz2`2M+2 K�v #2 �ii`B#mi2/ iQ i?2 +?�M;2 BM b2H7@2M2`;v �M/ iQ i?2 +?�M;2 BM KQ#BH2 +QmMi2`BQM

/Bbi`B#miBQMX AM +QM+HmbBQM- i?2 +QKT�`BbQM b?QrM BM 6B;m`2 eXe U#V b?Qrb i?�i i?2 }t2/ +?�`;2

/Bbi`B#miBQM BM~m2M+2b +QmMi2`BQM /Bbi`B#miBQMb �M/ 2[mBHB#`BmK bBx2b Q7 KB+`Q;2HbX
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  _

cs = 0 mM

cs = 10 mM

cs = 20 mM

Z = 1000
a0 = 10 nm

6B;m`2 eXdX 1[mBHB#`BmK br2HHBM; `�iBQ α pbX /`v pQHmK2 7`�+iBQM φ0 7Q` mMB7Q`K bm`7�+2@+?�`;2/
KB+`Q;2Hb Q7 p�H2M+2 Z = 1000 �M/ +QHH�Tb2/ `�/Bmb a0 = 10 MK BM �[m2Qmb bQHmiBQMb rBi? bvbi2K
b�Hi +QM+2Mi`�iBQMb cs = 0 U`2/ QT2M +B`+H2bV- 10 KJ U;`22M b[m�`2bV- �M/ 20 KJ U#H�+F bQHB/
+B`+H2bVX

6B;m`2 eXd b?Qrb i?2 /2T2M/2M+2 Q7 i?2 2[mBHB#`BmK br2HHBM; `�iBQ QM #Qi? T�`iB+H2 �M/ b�Hi

+QM+2Mi`�iBQMb 7Q` bm`7�+2@+?�`;2/ KB+`Q;2Hb rBi? p�H2M+2 MmK#2` Z = 1000 �M/ /`v `�/Bmb a0 = 10

MKX Ai +�M #2 b22M i?�i �i x2`Q b�Hi +QM+2Mi`�iBQM- i?2 KB+`Q;2Hb br2HH �b i?2 /`v pQHmK2 7`�+iBQM

/2+`2�b2bX qBi? BM+`2�bBM; b�Hi +QM+2Mi`�iBQM- ?Qr2p2`- i?2 KB+`Q;2Hb /2br2HH H2bbX h?Bb +QmH/

bB;MB7v i?�i �i ?B;?2` b�Hi +QM+2Mi`�iBQMb- i?2`2 Bb � `2/m+iBQM BM *QmHQK# 2H2+i`Qbi�iB+ BMi2`�+iBQM

bi`2M;i?- BKTHvBM; i?�i i?2 ;2H T`2bbm`2 /QKBM�i2b �M/ /2br2HHBM; Bb bmTT`2bb2/X

eXRXjX *vHBM/`B+�H AQMB+ JB+`Q;2Hb

�b K2MiBQM2/ BM b2+iBQM jXj- +vHBM/`B+�H KB+`Q;2Hb +�M br2HH BM #Qi? �tB�H �M/ `�/B�H /B`2+@

iBQMbX h?2`27Q`2- i?`22 +�b2b Q7 i?2 br2HHBM; Q7 +vHBM/`B+�H ;2Hb �`2 +QMbB/2`2/ BM i?Bb rQ`FX h?2 }`bi

+�b2 Bb � +vHBM/`B+�H KB+`Q;2H rBi? irQ 2M/b +QMbi`�BM2/ i?�i br2HHb QMHv BM i?2 `�/B�H /B`2+iBQMX h?2

b2+QM/ +�b2 Bb � +vHBM/`B+�H KB+`Q;2H rBi? � }t2/ rB/i? i?�i br2HHb QMHv BM i?2 �tB�H /B`2+iBQMX h?2

i?B`/ +�b2 Bb � 7`22 br2HHBM; KB+`Q;2H- r?2`2 MQ +QMbi`�BMi Bb �TTHB2/ Qp2` i?2 +vHBM/2`Ƕb rB/i? �M/

H2M;i?c i?2 KB+`Q;2H ?�b i?2 7`22/QK iQ br2HH BM #Qi? i?2 �tB�H �M/ `�/B�H /B`2+iBQMbX Ai Bb BKTQ`i�Mi

iQ F22T BM KBM/ i?�i i?2 QbKQiB+ T`2bbm`2 i2MbQ` Bb �MBbQi`QTB+X h?2 +Q``2bTQM/BM; `�/B�H QbKQiB+

T`2bbm`2 U2H2+i`Qbi�iB+ �M/ ;2HV +�M #2 bim/B2/ #v }tBM; i?2 �tB�H br2HHBM; `�iBQ αa- �M/ p�`vBM; QMHv

i?2 `�/B�H br2HHBM; `�iBQ αrX *QMp2`b2Hv- i?2 +Q``2bTQM/BM; �tB�H QbKQiB+ T`2bbm`2 +�M #2 bim/B2/
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#v }tBM; i?2 `�/B�H br2HHBM; `�iBQ αr- �M/ p�`vBM; QMHv i?2 �tB�H br2HHBM; `�iBQ αaX >Qr2p2`- r2

BM72` 7`QK i?2 T`2b2Mi bim/v i?�i BM Q`/2` iQ `2�+? Qm` 2[mBHB#`BmK +QM/BiBQMb- πe,r + πg,r = 0

Q` πe,a + πg,a = 0 `2�HBbiB+- p�Hm2b Q7 αa �M/ αa Kmbi #2 +?Qb2MX h?2 `�/B�Hf�tB�H 2H2+i`Qbi�iB+

QbKQiB+ T`2bbm`2b /m2 iQ i?2 }t2/ +?�`;2b QM i?2 KB+`Q;2H �M/ i?2 +QmMi2`BQM /Bbi`B#miBQM �`2

Q#i�BM2/ 7`QK i?2 T�`iB�H /2`Bp�iBp2 Q7 i?2 7`22 2M2`;v rBi? `2bT2+i iQ i?2 pQHmK2 Q7 i?2 KB+`Q;2H

Ub22 b2+iBQM 9XRXjV- r?BH2 i?2 `�/B�Hf�tB�H ;2H T`2bbm`2b �`2 +QKTmi2/ pB� i?2 6HQ`v@_2?M2` i?2Q`v

Ub22 b2+iBQM 9XkVX Ai Bb BKTQ`i�Mi iQ 2KT?�bBx2 i?�i Qm` i?2Q`2iB+�H +�H+mH�iBQMb �`2 r2HH #2HQr

i?2 i?`2b?QH/ 7Q` +QmMi2`BQM +QM/2Mb�iBQM QMiQ TQHv2H2+i`QHvi2 +?�BMb λB/l < 1 Ub22 b2+iBQM 9XjVX

6BM�HHv- iQ Qm` FMQrH2/;2- MQ QM2 ?�b bim/B2/ i?2 �MBbQi`QTB+ br2HHBM; Q7 BQMB+ +vHBM/`B+�H KB+`Q;2HbX

AM/22/- bvbi2K�iB+ bim/B2b QM +QMi`QH Qp2` i?2 QbKQiB+ T`2bbm`2 �M/ i?2`KQ/vM�KB+ br2HHBM; Q7

BQMB+ +vHBM/`B+�H KB+`Q;2Hb ?�p2 MQi #22M `2TQ`i2/X

"2HQr- i?2 `2bmHib Q7 2�+? br2HHBM; +�b2 Q7 bm`7�+2@+?�`;2/ +vHBM/`B+�H KB+`Q;2Hb �M/ pQHmK2@

+?�`;2/ +vHBM/`B+�H KB+`Q;2Hb �`2 T`2b2Mi2/X

eXRXjXRX *QMbi`�BM2/ ar2HHBM;

6B;m`2 eX3 b?Qrb i?2 i?2Q`2iB+�H �M/ bBKmH�iBQM `2bmHib 7Q` i?2 +QmMi2`BQM MmK#2` /2MbBiv

T`Q}H2 n+(r) 7Q` � bm`7�+2@+?�`;2/ +vHBM/`B+�H KB+`Q;2H �i pQHmK2 7`�+iBQM φ = 0.156X aBKBH�` iQ �

bm`7�+2@+?�`;2/ bT?2`B+�H KB+`Q;2H- #Qi? i?2 i?2Q`2iB+�H �M/ bBKmH�iBQM +QmMi2`BQM /Bbi`B#miBQMb �`2

`2H�iBp2Hv ~�i M2�` i?2 KB+`Q;2H +2Mi2` �M/ +2HH 2/;2- r?2`2�b i?2 /Bbi`B#miBQMb T2�F �i i?2 bm`7�+2

Q7 i?2 +vHBM/2`X �b b22M BM 6B;m`2 eX3- i?2`2 Bb 2t+2HH2Mi �;`22K2Mi #2ir22M i?2 S" MmK2`B+�H

+�H+mH�iBQMb �M/ bBKmH�iBQMbX h?Bb r�b BMBiB�HHv bm`T`BbBM; bBM+2 BK�;2 +?�`;2b K�v �z2+i BQM

/Bbi`B#miBQMbX >Qr2p2`- Bi �TT2�`b i?�i i?Bb 2z2+i Bb H2bb bB;MB}+�Mi BM Qm` J. bBKmH�iBQMb- �M/ S"

i?2Q`v Bb � 7�B`Hv ;QQ/ /2b+`BTiBQM Q7 r2�FHv +Q``2H�i2/ +vHBM/`B+�H KB+`Q;2H bvbi2KbX

3d



0 0.2 0.4 0.6 0.8 1
distance from center  r / R

0

100

200

300

400

co
un

te
rio

n 
de

ns
ity

 n
+
(r

)R
3

PB 
MD 

a0=10 nm
q = 0.156

h = 200

6B;m`2 eX3X *QmMi2`BQM /2MbBiv n+(r) pb `�/B�H /Bbi�M+2 r 7`QK i?2 +2Mi2` Q7 � +vHBM/`B+�H +2HH UBM
mMBib Q7 +2HH `�/Bmb RV 7Q` bm`7�+2@+?�`;2/ +vHBM/`B+�H KB+`Q;2HX

6B;m`2 eXN b?Qrb +QKTmi2/ `2bmHib 7Q` i?2 `�/B�H 2H2+i`Qbi�iB+ QbKQiB+ T`2bbm`2 πe,r �M/

`�/B�H ;2H QbKQiB+ T`2bbm`2 πg,r 7Q` b�Hi +QM+2Mi`�iBQMb cs = 0.0 − 2 (KJ) �M/ HBM2�` +?�`;2 /2MbBiv

λ = 100 − 500 7Q` bm`7�+2@+?�`;2/ +vHBM/`B+�H KB+`Q;2HbX h?2b2 `2bmHib r2`2 Q#i�BM2/ 7`QK Qm`

i?2Q`2iB+�H �TT`Q�+? �7i2` #2BM; p�HB/�i2/ #v J. bBKmH�iBQMbX �b K2MiBQM2/ T`2pBQmbHv- �M QTiBK�H

p�Hm2 7Q` i?2 �tB�H br2HHBM; `�iBQ Bb `2[mB`2/ iQ Q#i�BM i?2 2[mBHB#`BmK br2HHBM; Q7 i?2 T�`iB+H2c

i?2`27Q`2- αa Bb }t2/ �i i?2 p�Hm2 Q7 αa = 2X �b i?2 +QmMi2`BQMb �`2 Km+? KQ`2 KQ#BH2 i?�M

i?2 +vHBM/`B+�H KB+`Q;2H T�`iB+H2b- i?2 +QmMi2`BQMb `2�+? i?2B` 2[mBHB#`BmK /Bbi`B#miBQM #27Q`2 i?2

KB+`Q;2HbX h?2`27Q`2- i?2 �+im�H +?�`;2/ BQMb QM i?2 KB+`Q;2H bm`7�+2 �`2 �bbmK2/ iQ #2 }t2/- �M/

QMHv i?2 `2/m+2/ HBM2�` +?�`;2 /2MbBiv λ = Z
h0

a0 Bb p�`B2/ BM Qm` S" +�H+mH�iBQMbX
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6B;m`2 eXNX U�V *QMi`B#miBQMb iQ BMi2`M�H QbKQiB+ T`2bbm`2 BMbB/2 � +vHBM/`B+�H bm`7�+2@+?�`;2/
KB+`Q;2H pbX `�/B�H br2HHBM; `�iBQ 7Q` b�Hi +QM+2Mi`�iBQM cs = 0.0 − 2 KJ UiQT iQ #QiiQKV �M/
HBM2�` +?�`;2 /2MbBiv λ = 500X U#V *QMi`B#miBQMb iQ BMi2`M�H QbKQiB+ T`2bbm`2 BMbB/2 � +vHBM/`B+�H
bm`7�+2@+?�`;2/ KB+`Q;2H pbX `�/B�H br2HHBM; `�iBQ 7Q` HBM2�` +?�`;2 /2MbBiv λ = 100 − 500 UiQT iQ
#QiiQKV �M/ cs = 0X 1H2+i`Qbi�iB+ T`2bbm`2 πe,r 7`QK S" i?2Q`v UbQHB/ +m`p2bVX _�/B�H ;2H T`2bbm`2
πg,r U/�b?2/ +m`p2V 7`QK i?2 6HQ`v@_2?M2` i?2Q`vX �i 2[mBHB#`BmK br2HHBM;- i?2 iQi�H BMi2`M�H
QbKQiB+ T`2bbm`2 p�MBb?2b, πe,r + πg,r = 0 U}HH2/ bvK#QHbVX

�b b22M BM #Qi? 6B;m`2b eXN U�V �M/ eXN U#V- i?2 `�/B�H QbKQiB+ T`2bbm`2 BM+`2�b2b ;`�/m�HHv �b

� 7mM+iBQM Q7 br2HHBM; `�iBQ αrX h?Bb Bb �M mMmbm�H Q#b2`p�iBQM- �b BM i?2 bT?2`B+�H �M/ KB+`Q+�TbmH2

BQMB+ KB+`Q;2Hb- i?2 2H2+i`Qbi�iB+ QbKQiB+ T`2bbm`2 /2+`2�b2b �b i?2 br2HHBM; `�iBQ α BM+`2�b2b Ub22

6B;m`2b eXk U�V �M/ eXe U�VVX Ai r�b �M mM2tT2+i2/ `2bmHi- #2+�mb2 i?2 MmK#2` Q7 +QmMi2`BQMb BMbB/2

� bT?2`B+�H Q` +�TbmH2 KB+`Q;2H T�`iB+H2 BM+`2�b2b HBM2�`Hv r?2M i?2 pQHmK2 7`�+iBQM Q7 i?2 KB+`Q;2H

BM+`2�b2bX h?2`27Q`2- i?2 2H2+i`Qbi�iB+ QbKQiB+ T`2bbm`2 πe- r?B+? Bb b2i #v i?2 7`�+iBQM Q7 +QmMi2`BQMb

i?�i �`2 BMbB/2 i?2 T�`iB+H2 �M/ �HbQ #v i?Qb2 i?�i �`2 �#H2 iQ 2b+�T2 i?2 �ii`�+iBQM- b?QmH/ /2+`2�b2X

h?2 #2?�pBQ` Q#b2`p2/ BM 6B;m`2b eXN +�M #2 `�iBQM�HBx2/ �b 7QHHQrbX *QmMi2`BQMb �`2 KQ`2 bT`2�/

Qmi BM i?2 +�b2 Q7 � +vHBM/`B+�H KB+`Q;2H- i?2`27Q`2- 2M?�M+BM; i?2 b2H7@2M2`;v +QMi`B#miBQM iQ i?2

`�/B�H 2H2+i`Qbi�iB+ QbKQiB+ T`2bbm`2X �b � `2bmHi- πe,a BM+`2�b2bX

Ai Bb BMi2`2biBM; iQ MQi2 i?�i i?2 `�/B�H 2H2+i`Qbi�iB+ T`2bbm`2 +m`p2 /Q2b mHiBK�i2Hv im`M

/QrM �i � p2`v ?B;? br2HHBM; `�iBQ αr- r?2`2 i?2 b2H7@2M2`;v i2`K #2+QK2b bm{+B2MiHv r2�FX aBM+2

i?2 T`2b2Mi bim/v 7Q+mb2/ QM 2[mBHB#`BmK br2HHBM;- i?2 T`2b2Mi /�i� �`2 QMHv /BbTH�v2/ r?2`2 i?2

2[mBHB#`BmK br2HHBM; Uπe,r + πg,r = 0V Q++m`b- �b `2T`2b2Mi2/ #v i?2 `2/ }HH2/ +B`+H2b BM 6B;m`2b eXN

U�V �M/ eXN U#VX
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Ai +�M #2 b22M i?�i i?2 K�;MBim/2 Q7 πe,r Bb `2H�iBp2Hv bK�HH �i HQr2` αr- #mi BM+`2�b2b �b αr

BM+`2�b2b- BM/B+�iBM; i?�i b�Hi +QM+2Mi`�iBQM �M/ +?�`;2 T2` mMBi H2M;i? λ ?�p2 H2bb 2z2+i �i HQr2`

br2HHBM; `�iBQb i?�M �i ?B;?2` br2HHBM; `�iBQbX h?2 b�Hi +QM+2Mi`�iBQM r�b BM+Hm/2/ pB� i?2 .2#v2

b+`22MBM; +QMbi�Mi �M/ �HbQ BM i?2 2H2+i`Qbi�iB+ +QMi`B#miBQM iQ i?2 `�/B�H QbKQiB+ T`2bbm`2 (1[m�iBQM

U9Xj8V)X aBM+2 i?2 +vHBM/`B+�H KB+`Q;2Hb �`2 T2`K2�#H2 iQ KB+`QBQMb- b�Hi BQMb �`2 7`22 iQ 2tTHQ`2 i?2

QmibB/2 �M/ BMbB/2 `2;BQM Q7 i?2 KB+`Q;2HX h?mb- i?2 T`2b2M+2 Q7 b�Hi �i � +QM+2Mi`�iBQM ?B;?2` i?�M

i?2 K2�M +QM+2Mi`�iBQM Q7 +QmMi2`BQMb Bb 2tT2+i2/ iQ `2/m+2 i?2 K�;MBim/2 Q7 2H2+i`Qbi�iB+ QbKQiB+

T`2bbm`2X AM +QMi`�bi- i?2 K�;MBim/2 Q7 πe,r BM+`2�b2b �b i?2 +?�`;2 Q7 i?2 +vHBM/2` BM+`2�b2b- �b

/BbTH�v2/ BM 6B;m`2 eXN U#VX h?Bb Bb HBF2Hv #2+�mb2 i?2`2 Bb � bB;MB}+�Mi 2M?�M+2K2Mi BM i?2 b2H7@

2M2`;v rBi? �M BM+`2�b2 BM λX �b � `2bmHi- i?2 +vHBM/`B+�H ;2H `�/Bmb BM+`2�b2bX

�/�TiBM; i?2 6HQ`v@_2?M2` i?2Q`v (1[m�iBQM U9X8NV) Ub22 b2+iBQM 9XkV 2M�#H2b mb iQ +QKTmi2

i?2 `�/B�H ;2H T`2bbm`2 πg,rX h?2Q`2iB+�HHv- B7 πe,r Q7 Qm` bvbi2K `�TB/Hv BM+`2�b2b- i?2M πg,r b?QmH/

`�TB/Hv /2+`2�b2b bBM+2 i?2 ;2H i2M/b iQ `2bi`�BM i?2 br2HHBM; Q7 i?2 T�`iB+H2X h?Bb Bb b?QrM ;`�T?B+�HHv

BM 6B;m`2b eXN U�V �M/ U#V #v i?2 /�b?2/ #H�+F HBM2bX A7 i?2 KB+`Q;2H Bb MQi +?�`;2/- i?2 KB+`Q;2H

�TT`Q�+?2b Bib 2[mBHB#`BmK bi�i2 r?2M i?2 /`BpBM; 7Q`+2 7Q` i?2 KBtBM; #2ir22M TQHvK2` �M/ bQHp2Mi

KQH2+mH2b Bb #�H�M+2/ #v i?2 2H�biB+ `2biQ`BM; 7Q`+2 Q7 i?2 +?�BMb BM i?2 M2irQ`F /m2 iQ i?2 2H�biB+Biv

Q7 i?2 TQHvK2` M2irQ`FX AM 6B;m`2b eXN U�V �M/ U#V- i?2 2[mBHB#`BmK `�/B�H br2HHBM; `�iBQ 7Q` MQM@BQMB+

+vHBM/`B+�H KB+`Q;2Hb rQmH/ #2 �i αr = 2.4- r?2`2 i?2 ;2H T`2bbm`2 Bb x2`QX
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6B;m`2 eXRyX U�V 1[mBHB#`BmK `�/B�H br2HHBM; `�iBQ αr pbX b�Hi +QM+2Mi`�iBQM 7Q` bm`7�+2@+?�`;2/
+vHBM/`B+�H KB+`Q;2H +QKTmi2/ pB� MQMHBM2�` S" i?2Q`vX U#V 1[mBHB#`BmK `�/B�H br2HHBM; `�iBQ αr

pbX HBM2�` +?�`;2 /2MbBiv 7Q` bm`7�+2@+?�`;2/ +vHBM/`B+�H KB+`Q;2H 7Q` cs = 0X

Ny
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h?2 BKTQ`i�M+2 Q7 i?2 +QmMi2`BQMb BM Qm` KQ/2H 7Q` 2[mBHB#`BmK br2HHBM; bm;;2bib i?�i i?2

�//BiBQM Q7 b�Hi BQMb +QmH/ ?�p2 � bi`QM; BM~m2M+2X �b MQi2/ �#Qp2- i?2 br2HHBM; Q7 � KB+`Q;2H

Bb ;Bp2M #v i?2 #�H�M+2 Q7 i?2 T`2bbm`2b BMbB/2 �M/ QmibB/2 i?2 T�`iB+H2X h?2 2[mBHB#`BmK `�/B�H

br2HHBM; `�iBQ αr r�b +QKTmi2/ #v }M/BM; i?2 `QQi Q7 i?2 2[m�iBQM πe,r + πg,r = 0 Qp2` `�M;2b Q7

b�Hi +QM+2Mi`�iBQM �M/ HBM2�` +?�`;2 /2MbBiv �b b?QrM BM 6B;m`2 eXRyX �b b?QrM BM 6B;m`2 eXRy U�V-

i?2 +vHBM/2` `�/Bmb /2+`2�b2b �b i?2 b�Hi +QM+2Mi`�iBQM BM+`2�b2bX Pm` /�i� BKTHv i?�i ?B;? b�Hi

+QM+2Mi`�iBQMb KB;?i `2/m+2 +QmMi2`BQM@BM/m+2/ 2z2+ibX 6B;m`2 eXRy U#V b?Qrb i?2 /2T2M/2M+2 Q7

αr QM λ- r?Qb2 i`2M/ +�M #2 2tTH�BM2/ #v i?2 b2H7@2M2`;v +QMi`B#miBQM iQ i?2 2H2+i`Qbi�iB+ QbKQiB+

T`2bbm`2 �M/ i?2 +QmMi2`BQM /2MbBivX

6B;m`2 eXRR b?Qrb i?2 2H2+i`Qbi�iB+ �M/ ;2H +QMi`B#miBQMb iQ i?2 �tB�H QbKQiB+ T`2bbm`2- πe,a

�M/ πg,a- r?2M i?2 `�/Bmb Q7 i?2 +vHBM/2` Bb }t2/- �M/ QMHv i?2 H2M;i? Q7 i?2 +vHBM/`B+�H KB+`Q;2H

p�`B2bX Ai +�M #2 b22M i?�i Qp2` i?Bb `�M;2 Q7 b�Hi +QM+2Mi`�iBQM Ucs = 0.0 − 2 KJV �M/ HBM2�`

+?�`;2 /2MbBiv Uλ = 100 − 500V- i?2 �tB�H 2H2+i`Qbi�iB+ QbKQiB+ T`2bbm`2 /2+`2�b2b KQMQiQMB+�HHv

�M/ `Qm;?Hv HBM2�`HvX 6m`i?2`KQ`2- Bi Bb b?QrM i?�i i?2 p�`B�iBQMb Q7 i?2 K�;MBim/2 Q7 πe,a �b �

7mM+iBQM Q7 b�Hi +QM+2Mi`�iBQM �`2 r2�F2` +QKT�`2/ iQ i?Qb2 7Q` `�/B�H br2HHBM; (6B;m`2 eXN U�V)X

>Qr2p2`- �b λ BM+`2�b2b- �b BM 6B;m`2 eXRR U#V- i?2 K�;MBim/2 Q7 πe,a Bb p2`v H�`;2 +QKT�`2/ iQ i?2

+Q``2bTQM/BM; p�Hm2 7Q` `�/B�H br2HHBM; (6B;m`2 eXN U#V)X 6Q` �tB�H br2HHBM;- i?2 �tB�H ;2H +QMi`B#miBQM

iQ i?2 iQi�H QbKQiB+ T`2bbm`2 /2+`2�b2b KQ`2 ;`�/m�HHv i?�M 7Q` `�/B�H br2HHBM;- BM/B+�iBM; i?�i i?2

+vHBM/`B+�H KB+`Q;2H i2M/b iQ /2br2HH H2bb BM i?2 �tB�H /B`2+iBQMX

h?2 2[mBHB#`BmK �tB�H br2HHBM; `�iBQ αa Bb b?QrM BM 6B;m`2 eXRk Qp2` � `�M;2 Q7 b�Hi +QM@

+2Mi`�iBQM �M/ +?�`;2 /2MbBivX �b i?2 b�Hi +QM+2Mi`�iBQM Bb BM+`2�b2/- i?2 +?�M;2 BM αa Bb KQ`2

bB;MB}+�Mi i?�M i?�i BM i?2 `�/B�H /B`2+iBQMX 6B;m`2 eXRk U#V b?Qrb αa �b � 7mM+iBQM Q7 HBM2�` +?�`;2

/2MbBiv λX 6Q` bBKBH�` `2�bQMb iQ i?Qb2 ;Bp2M 7Q` 6B;m`2 eXRy U�V- Bi r�b 2tT2+i2/ i?�i αa rQmH/

BM+`2�b2 r?2M λ Q7 i?2 +vHB/`B+�H KB+`Q;2H BM+`2�b2bX 6BM�HHv- 6B;m`2b eXRy U#V �M/ eXRk U#V BM/B+�i2

i?�i i?2 bm`7�+2@+?�`;2/ +vHBM/`B+�H KB+`Q;2H br2HHb KQ`2 BM i?2 �tB�H /B`2+iBQMX

NR
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(b)

6B;m`2 eXRRX *QMi`B#miBQMb iQ BMi2`M�H QbKQiB+ T`2bbm`2 BMbB/2 � +vHBM/`B+�H bm`7�+2@+?�`;2/
KB+`Q;2H pbX �tB�H br2HHBM; `�iBQ 7Q` U�V HBM2�` +?�`;2 /2MbBiv λ = 500 �M/ b�Hi +QM+2Mi`�iBQM
cs = 0.0 − 2 KJ UiQT iQ #QiiQKV- �M/ U#V λ = 100 − 500 U#QiiQK iQ iQTV �M/ cs = 0X
1H2+i`Qbi�iB+ �tB�H T`2bbm`2 πe,a 7`QK S" i?2Q`v UbQHB/ +m`p2bV �M/ �tB�H ;2H T`2bbm`2 πg,a U/�b?2/
+m`p2V 7`QK i?2 6HQ`v@_2?M2` i?2Q`vX �i 2[mBHB#`BmK br2HHBM;- i?2 iQi�H BMi2`M�H QbKQiB+ T`2bbm`2
p�MBb?2b, πe,a + πg,a = 0 U}HH2/ bvK#QHbVX
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6B;m`2 eXRkX 1[mBHB#`BmK �tB�H br2HHBM; `�iBQ αa pbX U�V b�Hi +QM+2Mi`�iBQM �M/ U#V HBM2�` +?�`;2
/2MbBiv Ucs = 0V 7Q` � bm`7�+2@+?�`;2/ +vHBM/`B+�H KB+`Q;2H- +QKTmi2/ pB� MQMHBM2�` S" i?2Q`vX

� ivTB+�H MmK2`B+�H �M/ bBKmH�iBQM `2bmHi 7Q` i?2 `�/B�H /2MbBiv /Bbi`B#miBQM Q7 +QmMi2`BQMb

n+(r) 7Q` � pQHmK2@+?�`;2/ +vHBM/`B+�H KB+`Q;2H Bb b?QrM BM 6B;m`2 eXRjX Ai +�M #2 b22M i?�i i?2

S" i?2Q`v ?�b � `2K�`F�#H2 �;`22K2Mi iQ i?2 KQH2+mH�` /vM�KB+b bBKmH�iBQM /�i�X h?Bb +HQb2

�;`22K2Mi #2ir22M J. bBKmH�iBQM �M/ i?2Q`v p�HB/�i2b i?2 S" �TT`QtBK�iBQMX h?2 +QmMi2`BQM

/2MbBiv T`Q}H2b �`2 `2H�iBp2Hv ~�i M2�` i?2 +vHBM/2` +2Mi2`- r?2`2 i?2 2H2+i`B+ }2H/ Bb r2�F- �M/

7�HH Qz iQr�`/ i?2 2/;2 Qp2` � /Bbi�M+2 +QKT�`�#H2 iQ i?2 b+`22MBM; H2M;i? Ub22 b2+iBQM U9VVX h?2

bHB;?i /2pB�iBQMb M2�` i?2 +2Mi2` Q7 i?2 KB+`Q;2H �`2 HBF2Hv /m2 iQ TQQ` bi�iBbiB+bX LQi2 i?�i i?2

Nk
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+QmMi2`BQM /2MbBiv ?�b Bib K�tBKmK �i r = 0- r?2`2 i?2 2H2+i`Qbi�iB+ 7Q`+2 QM � +QmMi2`BQM Bb

KBMBK�HX "v BMi2;`�iBM; i?2 `�/B�H /2MbBiv T`Q}H2- i?2 �p2`�;2 MmK#2` Q7 +QmMi2`BQMb BMbB/2 i?2

+vHBM/`B+�H KB+`Q;2H Bb +QKTmi2/- 7`QK r?B+? i?2 2H2+i`Qbi�iB+ QbKQiB+ T`2bbm`2 Bb +�H+mH�i2/X
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6B;m`2 eXRjX *QmMi2`BQM /2MbBiv n+(r) pb `�/B�H /Bbi�M+2 r 7`QK i?2 +2Mi2` Q7 � +vHBM/`B+�H +2HH 7Q`
� pQHmK2@+?�`;2/ +vHBM/`B+�H KB+`Q;2H Q7 /`v `�/Bmb a0 = 10 MK- `2/m+2/ p�H2M+2 T2` mMBi H2M;i?
λ = 200- /`v pQHmK2 7`�+iBQM φ0 = 0.01- �M/ �+im�H pQHmK2 7`�+iBQM φ = 0.156X

6B;m`2 eXR9 /BbTH�vb `2bmHib 7Q` i?2 2H2+i`Qbi�iB+ �M/ ;2H +QMi`B#miBQMb iQ i?2 BMi2`M�H QbKQiB+

T`2bbm`2 7Q` pQHmK2@+?�`;2/ +vHBM/`B+�H KB+`Q;2Hb +QM}M2/ BM � +vHBM/`B+�H +2HH Qp2` � `�M;2 Q7

`2/m+2/ p�H2M+2 T2` mMBi H2M;i? λ = 100 − 500X 6B;m`2 eXR9 U�V b?Qrb i?2 i?2Q`2iB+�H `2bmHib 7Q`

`�/B�H QbKQiB+ T`2bbm`2 +QKTmi2/ 7`QK S" i?2Q`vX aBKBH�` iQ � bm`7�+2@+?�`;2/ +vHBM/`B+�H KB+`Q;2H

U6B;m`2 eXN U#VV- i?2 2H2+i`Qbi�iB+ T`2bbm`2 BM+`2�b2b rBi? BM+`2�bBM; αrX h?2 /2T2M/2M+2 QM λ Q7 i?2

K�;MBim/2 Q7 i?2 2H2+i`Qbi�iB+ T`2bbm`2 Bb `2H�iBp2Hv bK�HH +QKT�`2/ iQ i?�i b22M BM 6B;m`2 eXN U#VX

PM+2 �;�BM- i?Bb /Bz2`2M+2 K�v #2 �ii`B#mi2/ iQ i?2 KQ/B}2/ +QmMi2`BQM /Bbi`B#miBQMX 6B;m`2 eXR9

U#V b?Qrb i?�i i?2 �tB�H 2H2+i`Qbi�iB+ QbKQiB+ T`2bbm`2 πe,a 7Q` pQHmK2@+?�`;2/ +vHBM/`B+�H KB+`Q;2Hb

/2+`2�b2b �b i?2 �tB�H br2HHBM; `�iBQ αa BM+`2�b2bX h?Bb /2+`2�b2 BM Qmir�`/ U2H2+i`Qbi�iB+V T`2bbm`2

�;�BM �`Bb2b 7`QK � `2/Bbi`B#miBQM Q7 +QmMi2`BQMbX h?2 BM+`2�b2 BM i?2 2H2+i`Qbi�iB+ QbKQiB+ T`2bbm`2

7`QK αa = 1.2 to 1.6 7Q` λ = 400 �M/ 7`QK αa = 1.2 to 2.1 7Q` λ = 500 Bb MQi bm`T`BbBM; bBM+2-

BM ;2M2`�H- i?2 2H2+i`Qbi�iB+ T`2bbm`2 BM T`BM+BTH2 #2+QK2 M2;�iBp2 �i bm{+B2MiHv HQr br2HHBM; `�iBQX

h?Bb K2�Mb i?�i i?2 ;2H +QMi`B#miBQM Bb Km+? H�`;2` i?�M i?2 2H2+i`Qbi�iB+ +QMi`B#miBQM 7Q` i?2b2

Nj



+?Qb2M bvbi2K T�`�K2i2`bX >Qr2p2`- rBi? BM+`2�bBM; T�`iB+H2 bBx2- i?2 b2H7@2M2`;v +QMi`B#miBQM

/2+`2�b2b- �M/ 2p2Mim�HHv- i?2 2H2+i`Qbi�iB+ QbKQiB+ T`2bbm`2 /`QTbX

6B;m`2 eXR9 b?Qrb i?2 ;2H +QMi`B#miBQM 7Q` i?2 pQHmK2@+?�`;2/ +vHBM/`B+�H KB+`Q;2Hb- r?B+?

r�b +QKTmi2/ 7`QK i?2 6HQ`v@_2?M2` i?2Q`v (1[m�iBQM U9XeyV)X AM #Qi? i?2 `�/B�H �M/ i?2 �tB�H

/B`2+iBQM- i?2 ;2H T`2bbm`2 #2+QK2b M2;�iBp2 �M/ KQMQiQMB+�HHv BM+`2�b2b BM K�;MBim/2 �b i?2

T�`iB+H2 br2HHbX h?Bb #2?�pBQ` Bb 2tT2+i2/- �b i?2 2H�biB+ 7Q`+2 Q7 i?2 ;2H i2M/b iQ `2bi`�BM i?2

br2HHBM; Q7 i?2 T�`iB+H2X h?2 +?�M;2 BM ;2H T`2bbm`2 Bb HQr2` 7Q` `�/B�H br2HHBM; i?�M 7Q` �tB�H

br2HHBM;- r?B+? Bb +H2�` #v +QKT�`BM; i?2 b+�H2b Q7 i?2 ;2H T`2bbm`2bX AM i2`Kb Q7 Qm` KQ/2H- bmBi�#H2

p�Hm2b Q7 αr �M/ αa b?QmH/ #2 +?Qb2M iQ 7mH}HH i?2 2[mBHB#`BmK br2HHBM; +QM/BiBQM- πe + πg = 0X

h?2`27Q`2- BM i?2 +�b2 Q7 `�/B�H br2HHBM;- i?2 �tB�H br2HHBM; `�iBQ Bb }t2/ �i αa = 4- r?BH2 BM i?2 +�b2

Q7 �tB�H br2HHBM;- i?2 `�/B�H br2HHBM; `�iBQ Bb }t2/ �i αr = 4X 6BM�HHv- i?2 bK�HH `2/ bT?2`2b BM/B+�i2

r?2`2 i?2 bmK Q7 2H2+i`Qbi�iB+ �M/ ;2H +QMi`B#miBQMb iQ i?2 BMi2`M�H QbKQiB+ T`2bbm`2 Bb x2`QX
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(b)

6B;m`2 eXR9X *QMi`B#miBQMb iQ T`2bbm`2 BMbB/2 BQMB+ +vHBM/`B+�H KB+`Q;2Hb pbX i?2 T�`iB+H2 br2HHBM;
`�iBQ 7Q` `2/m+2/ p�H2M+2 T2` mMBi H2M;i? λ = 100 − 500 U#QiiQK iQ iQTVX U�V _�/B�H 2H2+i`Qbi�iB+
T`2bbm`2 πe,r 7`QK S" i?2Q`v UbQHB/ +m`p2bV BM i?2 +2HH KQ/2H- �M/ `�/B�H ;2H T`2bbm`2 πg,r 7`QK
6HQ`v@_2?M2` i?2Q`v U/�b?2/ +m`p2VX U#V �tB�H 2H2+i`Qbi�iB+ T`2bbm`2 πe,a 7`QK S" i?2Q`v UbQHB/
+m`p2bV BM i?2 +2HH KQ/2H �M/ �tB�H ;2H T`2bbm`2 πg,a 7`QK 6HQ`v@_2?M2` i?2Q`v U/�b?2/ +m`p2VX �i
2[mBHB#`BmK br2HHBM;- i?2 iQi�H `�/B�H BMi2`M�H QbKQiB+ T`2bbm`2 p�MBb?2b- πe,r + πg,r = 0 U}HH2/
bvK#QHbV �M/ i?2 iQi�H �tB�H BMi2`M�H QbKQiB+ T`2bbm`2 p�MBb?2b- πe,a + πg,a = 0X

h?2 2[mBHB#`BmK `�/B�Hf�tB�H br2HHBM; `�iBQb pbX HBM2�` +?�`;2 /2MbBiv λ = 100 − 500 7Q` �

pQHmK2@+?�`;2/ +vHBM/`B+�H KB+`Q;2H �`2 /BbTH�v2/ BM 6B;m`2 eXR8X 6Q` bBKBH�` `2�bQMb iQ i?Qb2 ;Bp2M

7Q` 6B;m`2 eXRy U�V- Bi r�b 2tT2+i2/ i?�i 2[mBHB#`BmK `�/B�Hf�tB�H br2HHBM; rQmH/ BM+`2�b2 r?2M i?2

p�H2M+2 Q7 i?2 +vHB/`B+�H KB+`Q;2H BM+`2�b2bX 6Q` i?2b2 T�`�K2i2`b- i?2 �tB�H 2[mBHB#`BmK br2HHBM;

N9



`�iBQ αa `Bb2b #v KQ`2 i?�M RyW 7`QK λ = 100 − 500 +QKT�`2/ iQ αrX h?Bb BM/B+�i2b i?�i i?2

+vHBM/`B+�H KB+`Q;2H br2HHb KQ`2 BM i?2 �tB�H /B`2+iBQMX
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6B;m`2 eXR8X 1[mBHB#`BmK `�/B�H br2HHBM; `�iBQ αr U�V �M/ 2[mBHB#`BmK �tB�H br2HHBM; `�iBQ αa U#V
pbX `2/m+2/ HBM2�` +?�`;2 /2MbBiv 7Q` � pQHmK2@+?�`;2/ +vHBM/`B+�H KB+`Q;2H +QKTmi2/ pB�
MQMHBM2�` S" i?2Q`vX

PM2 TQbbB#H2 2tTH�M�iBQM 7Q` r?v i?2 +vHBM/`B+�H KB+`Q;2H br2HHBM; #2?�pBQ` `2bmHib 7Q` i?2

`�/B�H br2HHBM; /Bz2` 7`QK i?2 �tB�H br2HHBM; Bb i?�i i?2 pQHmK2 QmibB/2 Q7 i?2 KB+`Q;2H 7Q` `�/B�H

br2HHBM; /2+`2�b2b �b i?2 T�`iB+H2 bBx2 BM+`2�b2b r?BH2 Bi `2K�BMb mM+?�M;2/ BM i?2 +�b2 Q7 �tB�H

br2HHBM;- H2�pBM; i?2 +QmMi2`BQMb rBi? H2bb 7`22 bT�+2 #2ir22M i?2 KB+`Q;2H �M/ i?2 +2HHǶb 2/;2 BM

i?2 +�b2 `�/B�H br2HHBM; i?�M BM i?2 +�b2 Q7 �tB�H br2HHBM;- r?B+? rQmH/ �z2+i i?2 /Bbi`B#miBQM

Q7 +QmMi2`BQMbX �Hi?Qm;?- i?2b2 7`22 +QmMi2`BQMb BM~m2M+2 i?2 2[mBHB#`BmK br2HHBM; Q7 i?2 BQMB+

+vHBM/`B+�H KB+`Q;2H- KQbi +QmMi2`BQMb �`2 #QmM/ iQ i?2 KB+`Q;2H /m2 iQ i?2 2H2+i`Qbi�iB+ �ii`�+iBQM

rBi? Bib }t2/ +?�`;2bX >Qr2p2`- i?2 2[mBHB#`BmK br2HHBM; T`QT2`iB2b Q7 i?2 +vHBM/`B+�H BQMB+ KB+`Q;2Hb

�`2 H2bb r2HH mM/2`biQQ/ i?�M i?Qb2 Q7 bT?2`B+�H BQMB+ KB+`Q;2HbX

eXRXjXkX 6`22 ar2HHBM;

G2i mb MQr +QMbB/2` i?2 +�b2 Q7 7`22 br2HHBM;X AM i?Bb +�b2- i?2 `�/B�H QbKQiB+ T`2bbm`2-

πr(αr,αa) = πe,r(αr,αa) + πg,r(αr,αa), UeXRV

r?B+? Bb i?2 bmK Q7 i?2 `�/B�H 2H2+i`Qbi�iB+ QbKQiB+ T`2bbm`2 (1[m�iBQM U9Xj8V) �M/ `�/B�H ;2H QbKQiB+

T`2bbm`2 (1[m�iBQM U9XeyV)- r�b +QKTmi2/ pB� S" i?2Q`v �M/ 6HQ`v@_2?M2` i?2Q`vX aBKBH�`Hv- i?2

N8
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�tB�H QbKQiB+ T`2bbm`2-

πa(αr,αa) = πe,a(αr,αa) + πg,a(αr,αa), UeXkV

r?B+? Bb i?2 bmK Q7 �tB�H 2H2+i`Qbi�iB+ QbKQiB+ T`2bbm`2 (1[m�iBQM U9XjdV) �M/ �tB�H ;2H QbKQiB+

T`2bbm`2 (1[m�iBQM U9XeRV)- r�b +QKTmi2/ pB� S" �M/ 6HQ`v@_2?M2` i?2Q`B2b �b r2HHX LQi2 i?�i

1[m�iBQMb UeXRV �M/ UeXkV BMpQHp2 7mM+iBQMb Q7 #Qi? αr �M/ αaX AM +QMi`�bi iQ i?2 +QMbi`�BM2/

br2HHBM;- ?2`2- #Qi? αr �M/ αa p�`v /m`BM; i?2 S" +�H+mH�iBQMbX h?2b2 2[m�iBQMb ;2M2`�i2 irQ

+m`p2b- QM2 7Q` i?2 `�/B�H T`2bbm`2 �M/ �MQi?2` 7Q` i?2 �tB�H T`2bbm`2- �b b?QrM BM 6B;m`2 eXRe-

r?B+? `2T`2b2Mib i?2 2[mBHB#`BmK 7`22 br2HHBM; `�iBQb αr �M/ αa 7Q` � MQMBQMB+ +vHBM/`B+�H KB+`Q;2H

�M/ � bm`7�+2@+?�`;2/ +vHB/`B+�H KB+`Q;2HX h?2b2 `2bmHib r2`2 Q#i�BM2/ #v +QKTmiBM; i?2 `QQib

Q7 πr(αr,αa) + πa(αr,αa) = 0 pB� i?2 *QMiQm`SHQi �M/ 6BM/_QQi K2i?Q/b- r?B+? �`2 #mBHi@BM

7mM+iBQMb BM J�i?2K�iB+�X h?2 /�b?2/ +m`p2b `2T`2b2Mi i?2 `QQi Q7 i?2 �tB�H QbKQiB+ T`2bbm`2

πa(αr,αa) �M/ i?2 bQHB/ ;`22M +m`p2b `2T`2b2Mi i?2 `QQi Q7 i?2 `�/B�H QbKQiB+ T`2bbm`2 πr(αr,αa)X

Ai Bb BKTQ`i�Mi iQ MQi2 i?�i πa(αr,αa) �M/ πr(αr,αa) �`2 2[m�H iQ x2`Q �HQM; i?2B` `2bT2+iBp2 +m`p2bX

h?2 BMi2`b2+iBQM Q7 i?2 +m`p2b Bb � mMB[m2 TQBMi r?2`2 i?2 iQi�H QbKQiB+ T`2bbm`2 Q7 i?2 bvbi2K Bb

2[m�H iQ x2`Q- BM/B+�iBM; i?�i i?2 +vHBM/`B+�H KB+`Q;2H Bb �i 2[mBHB#`BmK rBi? i?2 bm``QmM/BM; bQHp2MiX
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6B;m`2 eXReX 6`22 2[mBHB#`BmK `�/B�H br2HHBM; `�iBQ αr pbX �tB�H br2HHBM; `�iBQ αa 7Q` +vHBM/`B+�H
MQM@BQMB+ Uλ = 0V �M/ bm`7�+2@+?�`;2/ Uλ = 200V KB+`Q;2HbX

Ne



hQ �M�Hvx2 i?2 br2HHBM; T`QT2`iB2b BM i?2 +�b2 Q7 7`22 br2HHBM; 7Q` +vHBM/`B+�H KB+`Q;2Hb rBi?

}t2/ +?�`;2b mMB7Q`KHv bT`2�/ Qp2` i?2 T�`iB+H2 bm`7�+2- 6B;m`2 eXRd b?Qrb i?2 7`22 2[mBHB#`BmK

�tB�H br2HHBM; `�iBQ αa pbX i?2 `�/B�H br2HHBM; `�iBQ αr Qp2` � `�M;2 Q7 `2/m+2/ HBM2�` +?�`;2 /2MbBiv

λ = 0 − 300X lTQM BM+`2�bBM; λ- i?2 2[mBHB#`BmK `�/B�H br2HHBM; `�iBQ /Q2b MQi BM+`2�b2 �b Km+? �b

i?2 2[mBHB#`BmK �tB�H br2HHBM; `�iBQ /Q2b 7Q` �HH b�Hi +QM+2Mi`�iBQM csX AM �//BiBQM- i?2`2 Bb � p2`v

bHB;?i /2+`2�b2 Q7 αr �b λ BM+`2�b2b 7`QK 0 iQ 100X >Qr2p2`- Bi b22Kb i?�i i?2 +vHBM/2` i2M/b iQ

br2HH KQ`2 BM i?2 �tB�H /B`2+iBQM i?�M BM i?2 `�/B�H /B`2+iBQMX PM2 TQbbB#H2 2tTH�M�iBQM 7Q` i?Bb

}M/BM; Bb i?�i i?2 �tB�H QbKQiB+ T`2bbm`2 πe,a(αr,αa) Bb ?B;?2` i?�M i?2 `�/B�H QbKQiB+ T`2bbm`2

πe,r(αr,αa)- �b b?QrM BM 6B;m`2 eXRd U#V- r?B+? Bb /m2 iQ i?2 b2H7@2M2`;v +QMi`B#miBQM #2BM; ?B;?2`

7Q` �tB�H T`2bbm`2 i?�M `�/B�H T`2bbm`2X h?2`27Q`2- i?2 +vHBM/`B+�H BQMB+ KB+`Q;2H br2HHb KQ`2 BM i?2

�tB�H /B`2+iBQMX
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radial swelling ratio _r
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 cs = 0 mM

 cs = 0 mM

 cs = 1 mM

 cs = 1 mM
a0 = 10 nm

q0 = 0.01  axial pressure

 radial pressure

(b)

6B;m`2 eXRdX U�V 6`22 2[mBHB#`BmK br2HHBM; `�iBQb 7Q` bm`7�+2@+?�`;2/ +vHBM/`B+�H KB+`Q;2Hb Qp2`
`�M;2b Q7 `2/m+2/ HBM2�` +?�`;2 /2MbBiv �M/ b�Hi +QM+2Mi`�iBQMX U#V _�/B�H QbKQiB+ T`2bbm`2
πe,r(αr,αa) �M/ �tB�H QbKQiB+ T`2bbm`2 πe,a(αr,αa) pbX λ 7Q` irQ b�Hi +QM+2Mi`�iBQMbX

6Q` � pQHmK2@+?�`;2/ +vHBM/`B+�H KB+`Q;2H- i?2 /�i� BM 6B;m`2 eXR3 U�V b?Qr i?�i rBi?

BM+`2�bBM; λ- i?2 2[mBHB#`BmK `�/B�H br2HHBM; `�iBQ BM+`2�b2b p2`v bHQrHv +QKT�`2/ iQ i?2 2[mBHB#`BmK

�tB�H br2HHBM; `�iBQX �b i?2 `2/m+2/ HBM2�` +?�`;2 /2MbBiv BM+`2�b2b #2vQM/ λ = 200- ?Qr2p2`- αr

BM+`2�b2b Km+? KQ`2 i?�M αaX hQ mM/2`bi�M/ i?Bb #2?�pBQ`- H2iǶb HQQF �i i?2 2H2+i`Qbi�iB+ T`2bbm`2

�b � 7mM+iBQM Q7 +?�`;2 /2MbBiv- r?B+? Bb b?QrM BM 6B;m`2 eXR3 U#VX AMBiB�HHv- πe,a(αr,αa) BM+`2�b2b

mT iQ λ 4 kyy �M/ i?2M /2+`2�b2b- r?BH2 πe,r(αr,αa) BM+`2�b2b KQMQiQMB+�HHv �b λ BM+`2�b2bX q2

i`B2/ iQ 2tTHQ`2 i?2 7`22 br2HHBM; #2?�pBQ` 7Q` � ?B;?2` p�Hm2 Q7 λ- #mi /B/ MQi bm++22/- #2+�mb2 i?2

Nd



MQMHBM2�` SQBbbQM@"QHixK�MM 2[m�iBQM #2+QK2b bQ MmK2`B+�HHv biBz i?�i Qm` +QKTmi�iBQM�H K2i?Q/

7�BHb iQ +QMp2`;2 iQ � bQHmiBQMX >Qr2p2`- i?2 `2bmHib Q7 6B;m`2 eXR3 bm;;2bi i?�i i?2 +vHBM/`B+�H ;2H

i2M/b iQ br2HH KQ`2 BM i?2 �tB�H /B`2+iBQM i?�M BM i?2 `�/B�H /B`2+iBQMX

6B;m`2 eXRN /BbTH�vb i?2 pQHmK2 br2HHBM; `�iBQ V/V0 �b � 7mM+iBQM Q7 λ 7Q` +vHBM/`B+�H bm`7�+2@

+?�`;2/ �M/ pQHmK2@+?�`;2/ KB+`Q;2HbX AM i?2 bm`7�+2@+?�`;2/ +�b2- i?2 KB+`Q;2H pQHmK2 br2HHBM;

`�iBQ BM+`2�b2b �b i?2 +?�`;2 /2MbBiv BM+`2�b2b- r?BH2 BM i?2 pQHmK2@+?�`;2/ +�b2- V/V0 BM+`2�b2b

mT iQ λ = 250- i?2M /2+`2�b2bX PM+2 �;�BM- i?Bb /Bz2`2M+2 +�M #2 �ii`B#mi2/ iQ i?2 /Bz2`BM; /Bb@

i`B#miBQMb Q7 +QmMi2`BQMb BMbB/2 �M/ QmibB/2 i?2 T�`iB+H2 7Q` i?2 /Bz2`2Mi }t2/ +?�`;2 /Bbi`B#miBQMb-

r?B+? rQmH/ �z2+i i?2 2H2+i`Qbi�iB+ QbKQiB+ T`2bbm`2bX 6BM�HHv- /m2 iQ i?2 S" 2[m�iBQMǶb 7�BHBM; iQ

+QMp2`;2 iQ � bQHmiBQM- r2 +�MMQi 2tTHQ`2 i?2 BM~m2M+2 Q7 b�Hi QM i?2 br2HHBM; Q7 pQHmK2@+?�`;2/

+vHBM/`B+�H KB+`Q;2HbX

AM bmKK�`v- i?2 `2bmHib 7`QK i?2 S" +QKTmi�iBQM�H K2i?Q/ b22K iQ bm;;2bi i?�i i?2

/Bbi`B#miBQM Q7 +QmMi2`BQMb ?�b � bB;MB}+�Mi BM~m2M+2 QM i?2 br2HHBM;f/2br2HHBM; Q7 BQMB+ +vHBM/`B+�H

KB+`Q;2HbX AM i?Bb /Bbb2`i�iBQM- Qm` Tm`TQb2 Bb iQ i2bi i?2 �++m`�+v Q7 i?2 i?2Q`v �;�BMbi J.

bBKmH�iBQMb- �M/ iQ /2KQMbi`�i2 i?2 �#BHBiv Q7 Qm` i?2Q`v iQ 2tTH�BM �M/ BMi2`T`2i Q#b2`p�iBQMb Q7

T�`iB+H2 br2HHBM;X JQ`2Qp2`- r2 b?Qr2/ i?2 b2MbBiBpBiv Q7 br2HHBM; iQ p�`B�iBQMb BM b�Hi +QM+2Mi`�iBQMX

Pp2`�HH- ?Qr2p2`- i?2`2 �`2 biBHH K�Mv bBKmH�iBQMb- MmK2`B+�H +�H+mH�iBQMb- �M/ �M�Hvb2b i?�i M22/

iQ #2 +QKTH2i2/ BM Q`/2` iQ 7mHHv mM/2`bi�M/ i?2 br2HHBM; Q7 +vHBM/`B+�H BQMB+ KB+`Q;2HbX
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 axial pressure

 radial pressure  no salt

(b)

6B;m`2 eXR3X U�V 1[mBHB#`BmK `�/B�H br2HHBM; `�iBQ αr pb 2[mBHB#`BmK �tB�H br2HHBM; `�iBQ αa �M/ U#V
2[mBHB#`BmK br2HHBM; `�iBQb- αr �M/ αa- �b 7mM+iBQMb Q7 λ 7Q` pQHmK2@+?�`;2/ +vHBM/`B+�H KB+`Q;2Hb
rBi? /`v pQHmK2 7`�+iBQM φ0 = 0.01 �M/ /`v `�/Bmb a0 = 10 MKX

N3

(a)
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6B;m`2 eXRNX oQHmK2 br2HHBM; `�iBQ V/V0 �b � 7mM+iBQM Q7 λ 7Q` U�V pQHmK2@+?�`;2/ �M/ U#V
bm`7�+2@+?�`;2/ +vHBM/`B+�H KB+`Q;2Hb 7Q` /`v pQHmK2 7`�+iBQM φ0 = 0.01 �M/ /`v `�/Bmb a0 = 10 MKX

eXkX PM2@*QKTQM2Mi JQ/2H _2bmHib

eXkXRX JQMQ/BbT2`b2 ambT2MbBQM Q7 AQMB+ JB+`Q;2Hb

6B;m`2 eXky b?Qrb `2bmHib 7Q` i?2 #mHF QbKQiB+ T`2bbm`2 Q7 bmbT2MbBQMb Q7 bT?2`B+�H bm`7�+2@

+?�`;2/ KB+`Q;2Hb Q7 i?2 b�K2 /`v bBx2X h?2 /�i� `2T`2b2Mi2/ #v `2/ +B`+H2b r2`2 +QKTmi2/ 7`QK J*

bBKmH�iBQM rBi?BM i?2 QM2@+QKTQM2Mi KQ/2H 7`�K2rQ`F Ub22 b2+iBQM 9X9XkV- �M/ i?2 /�i� `2T`2b2Mi2/

#v #H�+F b[m�`2b r2`2 +QKTmi2/ 7`QK S" i?2Q`v rBi?BM i?2 +2HH KQ/2H 7`�K2rQ`F Ub22 1[m�iBQM

UjX3VVX �i HQr +QM+2Mi`�iBQMb- r2 }M/ 2t+2HH2Mi �;`22K2Mi #2ir22M i?2 J* /�i� �M/ i?2 S"

T`2/B+iBQMb �b 2tT2+i2/- bBM+2 i?2 S" i?2Q`v Bb FMQrM iQ ;Bp2 � 7�B`Hv ;QQ/ /2b+`BTiBQM Q7 /BHmi2

bmbT2MbBQMb Q7 r2�FHv +?�`;2/ T�`iB+H2bX �b i?2 T�`iB+H2 +QM+2Mi`�iBQM BM+`2�b2b- ?Qr2p2`- BQM

+Q``2H�iBQMb- r?B+? �`2 M2;H2+i2/ rBi?BM i?2 S" i?2Q`v- bi�`i iQ K�MB72bi �M/ /2pB�iBQMb #2ir22M

J* �M/ S"J* 2K2`;2X

�`QmM/ φ0 = 0.08- � /BT BM i?2 J* /�i� Bb b22M /m2 iQ /27Q`K�iBQMb Q7 i?2 T�`iB+H2X

qBi? BM+`2�bBM; i?2 T�`iB+H2 /2MbBiv UpQHmK2 7`�+iBQM φV Q7 � bmbT2MbBQM Q7 KB+`Q;2Hb- i?2 /Bbi�M+2

#2ir22M T�`iB+H2b /2+`2�b2b �M/- 2p2Mim�HHv- �#Qp2 i?2 +HQb2 T�+FBM; Q7 ?�`/ bT?2`2b Uφ ∼= yXd9V- i?2

KB+`Q;2Hb /27Q`K Q` BMi2`T2M2i`�i2 iQ �++QKKQ/�i2 i?2 BM+`2�b2 BM pQHmK2 7`�+iBQMX JB+`Q;2Hb +�M

/27Q`K #v 7Q`KBM; 7�+2ib �i i?2 +QMi�+i �`2� Ub22 6B;m`2 eXkRV Q` +�M /2br2HH #v 2tT2HHBM; bQHp2MiX

�b � `2bmHi- i?2 KB+`Q;2Hb mMB7Q`KHv /2br2HH- �M/ i?2 �p�BH�#H2 pQHmK2 /2+`2�b2bX

NN

(a) (b)
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6B;m`2 eXkyX "mHF QbKQiB+ T`2bbm`2 pbX /`v pQHmK2 7`�+iBQM φ0 Q7 /2BQMBx2/ bmbT2MbBQMb Q7
bT?2`B+�H bm`7�+2@+?�`;2/ KB+`Q;2HbX J* bBKmH�iBQM /�i� U`2/ +B`+H2bV �`2 +QKT�`2/ rBi?
T`2/B+iBQMb Q7 SQBbbQMĜ"QHixK�MM +2HH KQ/2H +�H+mH�iBQMb U#H�+F b[m�`2bVX

6B;m`2 eXkRX S�`iB+H2 /27Q`K�iBQM BM i?2 7Q`K Q7 +QMi�+i 7�+2ibX

6B;m`2 eXkk U�V /BbTH�vb i?2 p�`B�iBQM Q7 �+im�H pQHmK2 7`�+iBQM rBi? /`v pQHmK2 7`�+iBQM

Q#i�BM2/ 7`QK Qm` J* bBKmH�iBQMbX �b i?2 /`v pQHmK2 7`�+iBQM BM+`2�b2b- i?2 �+im�H pQHmK2 7`�+iBQM

BM+`2�b2b mMiBH KB+`Q;2Hb bi�`i iQ /27Q`K �M/ b?`BMF iQ }i BMiQ i?2 �p�BH�#H2 bT�+2- r?B+? Q++m`b �i

Ryy



�#Qmi φ0 = 0.08X �i i?Bb +QMi�+i TQBMi- i?2 2z2+i Q7 2H�biB+ U>2`ixV BMi2`�+iBQMb #2+QK2 bB;MB}+�Mi-

�M/ K�v BKTHv � b?B7i BM KB+`Q;2H `2bTQMb2 7`QK /2br2HHBM; iQ 7�+2iBM; �b i?2 KB+`Q;2Hb ;2i b[m22x2/

iQ;2i?2`- �b BHHmbi`�i2/ BM 6B;m`2 eXkRX h?Bb b2MbBiBp2 /2T2M/2M+2 Q7 KB+`Q;2H bBx2 �M/ b?�T2 QM

T�`iB+H2 +QM+2Mi`�iBQM `2bmHib 7`QK � +QKTH2t BMi2`TH�v #2ir22M bBM;H2@T�`iB+H2 7`22 2M2`;v �M/

2z2+iBp2 2H2+i`Qbi�iB+ �M/ 2H�biB+ BMi2`�+iBQMbX

6B;m`2 eXkk U#V b?Qrb i?2 +2HH KQ/2H `2bmHi 7Q` i?2 br2HHBM; `�iBQ Q7 BQMB+ KB+`Q;2Hb +QK@

T�`2/ rBi? i?2 JQMiQ *�`HQ bBKmH�iBQM `2bmHi Qp2` � `�M;2 Q7 T�`iB+H2 +QM+2Mi`�iBQMbX h?2 �p2`�;2

2[mBHB#`BmK � BM+`2�b2b rBi? /2+`2�bBM; φ0X h?2 ;QQ/ �;`22K2Mi #2ir22M Qm` bBKmH�iBQM �M/ i?2

MQMHBM2�` S" i?2Q`v BKTH2K2Mi�iBQM Q7 i?2 +2HH KQ/2H T`QpB/2b �M BKTQ`i�Mi p�HB/�iBQM Q7 i?2

QbKQiB+ T`2bbm`2 i?2Q`2K- /2b+`B#2/ BM b2+iBQM 9X h?2 bK�HH /2pB�iBQMb �i i?2 HQr2bi �M/ ?B;?2bi

/2MbBiv +�M #2 �ii`B#mi2/ iQ /Bz2`2M+2b #2ir22M i?2 +2HH KQ/2H �M/ i?2 QM2@+QKTQM2Mi KQ/2H �M/

r2�F MQMHBM2�` b+`22MBM; 2z2+ibX
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(b)

6B;m`2 eXkkX J* bBKmH�iBQM /�i� 7Q` U�V 2[mBHB#`BmK pQHmK2 7`�+iBQM φ �M/ U#V 2[mBHB#`BmK
br2HHBM; `�iBQ α pbX /`v pQHmK2 7`�+iBQM φ0 BM /2BQMBx2/ bmbT2MbBQMb Q7 bT?2`B+�H bm`7�+2@+?�`;2/
KB+`Q;2HbX

6B;m`2 eXkj U�V b?Qrb 7Qm` `�/B�H /Bbi`B#miBQM 7mM+iBQMb i?�i r2 Q#i�BM2/ 7`QK Qm` J*

bBKmH�iBQMb r?2M i?2 p�H2M+2 r�b }t2/ �i Z = 1000 �M/ i?2 MmK#2` Q7 KB+`Q;2Hb r�b Nm = 108

7Q` � b2`B2b Q7 /`v pQHmK2 7`�+iBQMb Uφ0 = 0.002, 0.004, 0.01, �M/ 0.02VX 6B;m`2 eXkj U#V b?Qrb i?2

+Q``2bTQM/BM; bi�iB+ bi`m+im`2 7�+iQ`bX �i HQr2` T�`iB+H2 +QM+2Mi`�iBQMb- i?2 bi`m+im`2 Bb biBHH BM

�M 6** +`vbi�H T?�b2- �b `2~2+i2/ #v `2H�iBp2Hv bi`QM; Qb+BHH�iBQMb BM g(r) �M/ S(q)X AM i?Bb +�b2-

i?2 bT?2`B+�H KB+`Q;2Hb �`2 MQi bB;MB}+�MiHv +QKT`2bb2/X �i ?B;?2` T�`iB+H2 +QM+2Mi`�iBQMb- i?2

RyR



bi`m+m`2 Bb �HbQ BM � bQHB/ T?�b2 rBi? +`vbi�HHBM2 Q`/2`- �b bB;M�H2/ #v /BbiBM+i T2�Fb BM g(r) �M/ S(q)-

BM/B+�iBM; i?�i i?2 bvbi2K Bib `2i�BM2/ 6** bi`m+im`2X AM i?Bb bi�i2- KB+`Q;2Hb �`2 iB;?iHv +QM}M2/

�M/ +QKT`2bb2/ #v i?2B` KB+`Q;2H M2B;?#Q`bX �b b22M BM 6B;m`2 eXkj U#V- i?2 K�BM T2�F ;`Qrb

bi2�/BHv BM ?2B;?i �M/ #2+QK2b KQ`2 /BbiBM+i rBi? BM+`2�bBM; +QM+2Mi`�iBQM- `2~2+iBM; bi`2M;i?2MBM;

+Q``2H�iBQMb #2ir22M KB+`Q;2HbX
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6B;m`2 eXkjX U�V _�/B�H /Bbi`B#miBQM 7mM+iBQM g(r) pbX `�/B�H /Bbi�M+2 r- BM mMBib Q7
M2�`2bi@M2B;?#Q` /Bbi�M+2 dnn BM 6** H�iiB+2- BM bmbT2MbBQMb Q7 BQMB+- +QKT`2bbB#H2 KB+`Q;2HbX
_2bmHib �`2 b?QrM 7Q` /`v pQHmK2 7`�+iBQM φ0 4 yXyyk@yXykX h?2b2 bvbi2Kb �`2 �HH BM �M 6**
+`vbi�H T?�b2- �b `2p2�H2/ #v i?2 TQbBiBQMb Q7 i?2 T2�FbX U#V ai�iB+ bi`m+im`2 7�+iQ` S(q) pbX
b+�ii2`2/ r�p2 p2+iQ` K�;MBim/2 q- BM mMBib Q7 BMp2`b2 M2�`2bi@M2B;?#Q` /Bbi�M+2 BM 6** H�iiB+2X
_2bmHib �`2 b?QrM 7Q` /`v pQHmK2 7`�+iBQMb +Q``2bTQM/BM; iQ `�/B�H /Bbi`B#miBQM 7mM+iBQMb BM
6B;m`2 eXkj U�VX h?2b2 bmbT2MbBQMb �`2 �HH BM �M 6** +`vbi�H T?�b2- �b `2~2+i2/ #v i?2 ?2B;?i Q7
i?2 K�BM T2�F Q7 S(q)

P#b2`pBM; � +`vbi�H T?�b2 7Q` bm+? HQr +QM+2Mi�iBQMb KB;?i #2 /m2 iQ }MBi2 bBx2 2z2+ib-

bBM+2 Qm` bvbi2K +QMi�BMb QMHv Nm = 108 T�`iB+H2bX h?2`27Q`2- r2 BM+`2�b2/ i?2 MmK#2` Q7 T�`iB+H2b

iQ Nm = 500 iQ 2Mbm`2 i?�i κrc 1 1- bm+? i?�i }MBi2@bBx2 2z2+ib �`2 M2;HB;B#H2X >2`2 rc Bb 2[m�H

iQ ?�H7 i?2 #Qt H2M;i?X AMi2`2biBM;Hv- Qm` `2bmHib bm;;2bi i?�i i?2 bmbT2MbBQMb Q7 bm`7�+2@+?�`;2/

KB+`Q;2Hb rBi? /`v pQHmK2 7`�+iBQMb φ0 4 yXyyk- yXyyj �`2 BM � bi�#H2 Q`/2`2/ +`vbi�H T?�b2 �b

`2p2�H2/ #v i?2 TQbBiBQMb Q7 i?2 T2�Fb BM 6B;m`2b eXk9- BM/B+�iBM; i?�i i?2 2H2+i`Qbi�iB+ `2TmHbBp2

BMi2`�+iBQMb �`2 bi`QM; 2p2M �i bm+? HQr pQHmK2 7`�+iBQMbX LQi2 i?�i Qm` bBKmH�iBQM K2i?Q/ +�MMQi

/BbiBM;mBb? #2ir22M bi�#H2 �M/ K2i�bi�#H2 bQHB/ bi�i2bX �b b22M BM 6B;m`2 eXk8- i?2 bvbi2Kb rBi?

/`v pQHmK2 7`�+iBQMb φ0 4 yXyR- yXyk- �M/ yXyj �`2 �HH BM � bQHB/ T?�b2 rBi? +`vbi�HHBM2 Q`/2`- �M/

�b φ0 BM+`2�b2b- i?2 T2�Fb Q7 g(r) �M/ S(q) ;`Qr i�HH2` �M/ KQ`2 /BbiBM+i- `2~2+iBM; bi`2M;i?2MBM;

Ryk



+Q``2H�iBQMb #2ir22M bm`7�+2@+?�`;2/ KB+`Q;2HbX 6BM�HHv- Qm` `2bmHib +QM}`K i?�i i?2 }MBi2@bBx2

2z2+ib �`2 p2`v bK�HHX
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6B;m`2 eXk9X U�V _�/B�H /Bbi`B#miBQM 7mM+iBQM g(r) BM mMBib Q7 M2�`2bi@M2B;?#Q` /Bbi�M+2 dnn 7Q`
bmbT2MbBQMb Q7 bm`7�+2@+?�`;2/ KB+`Q;2Hb 7Q` /`v pQHmK2 7`�+iBQMb φ0 4 yXyyk U/�b?2/ #Hm2 +m`p2V
�M/ yXyyj U/�b?2/ ;`22M +m`p2V rBi? bvbi2K T�`�K2i2`b Z = 1000- a0 = 10 MK- �M/ Nm = 500X
U#V ai�iB+ bi`m+im`2 7�+iQ` S(q) pbX b+�ii2`2/ r�p2 p2+iQ` K�;MBim/2 q- BM mMBib Q7 BMp2`b2
M2�`2bi@M2B;?#Q` /Bbi�M+2 dnn BM 6** H�iiB+2- +Q``2bTQM/BM; iQ `�/B�H /Bbi`B#miBQM 7mM+iBQMb BM
6B;m`2 eXk9 U�VX
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6B;m`2 eXk8X a�K2 �b 6B;m`2 eXk9- #mi 7Q` /`v pQHmK2 7`�+iBQMb φ0 4 yXyR UbQHB/ #H�+F +m`p2V- yXyk
U/�b?2/ #Hm2 +m`p2V- �M/ yXyj U/�b?2/ ;`22M +m`p2VX
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dX alJJ�_u �L. PlhGPPE

dXRX amKK�`v

JB+`Q;2Hb �`2 +`Qbb@HBMF2/ KB+`Q;2H T�`iB+H2b BM i?2 M�MQK2i2` iQ KB+`QK2i2` bBx2 `�M;2

rBi? � +�T�+Biv iQ /`�biB+�HHv +?�M;2 i?2B` bBx2 BM `2bTQMb2 iQ +?�M;2b BM i?2 2ti2`M�H 2MpB`QMK2MiX

JB+`Q;2Hb ?�p2 �M �#BHBiv iQ biQ`2 bm#bi�M+2b bm+? �b KQH2+mH�` /`m;b- �M/ `2H2�b2 i?2K mTQM

biBKmH�iBQM- K�FBM; i?2K TQi2MiB�H +�M/B/�i2b �b /`m; /2HBp2`v +�``B2b �M/ 7mM+iBQM�H #BQK�i2`B�HbX

lbBM; i?2 SQBbbQM@"QHixK�MM i?2Q`v Q7 BQMB+ bQHmiBQMb- i?2 6HQ`v@_2?M2` i?2Q`v Q7 +`Qbb@

HBMF2/ TQHvK2` ;2Hb- �M/ KQH2+mH�` /vM�KB+ bBKmH�iBQM i2+?MB[m2b- r2 BMp2biB;�i2/ i?2 br2HHBM;

#2?�pBQ` Q7 � bBM;H2 +?�`;2/ KB+`Q;2H �M/ i?2 +QMM2+iBQM #2ir22M +QmMi2`BQM /Bbi`B#miBQM �M/ BM@

i2`M�H QbKQiB+ T`2bbm`2 7Q` BQMB+ KB+`Q;2Hb Q7 p�`BQmb b?�T2b �M/ +?�`;2 /Bbi`B#miBQMbX h?2 SQBbbQM@

"QHixK�MM i?2Q`v r�b BKTH2K2Mi2/ rBi?BM � +2HH KQ/2H iQ 7�+BHBi�i2 MmK2`B+�H bQHmiBQM- �HHQrBM;

mb iQ BbQH�i2 i?2 2H2+i`Qbi�iB+ 72�im`2b Q7 � bBM;H2 BQMB+ KB+`Q;2HX h?2 SQBbbQM@"QHixK�MM �TT`Q�+?

r�b p�HB/�i2/ #v T2`7Q`KBM; J. bBKmH�iBQMb pB� G�JJSaX h?2 6HQ`v@_2?M2` i?2Q`v r�b mb2/ iQ

+QKTmi2 i?2 ;2H +QMi`B#miBQM iQ i?2 QbKQiB+ T`2bbm`2X

L2ti- r2 /2p2HQT2/ � JQMi2 *�`HQ bBKmH�iBQM �H;Q`Bi?K 7Q` � +Q�`b2@;`�BM2/ KQ/2H Q7 BQMB+

KB+`Q;2H bmbT2MbBQMbX ai�`iBM; 7`QK i?2 QM2@+QKTQM2Mi KQ/2H �M/ HBM2�` `2bTQMb2 �TT`QtBK�iBQM-

r2 /2`Bp2/ 2tTHB+Bi 2tT`2bbBQMb 7Q` URV �M 2z2+iBp2 2H2+i`Qbi�iB+ T�B` BMi2`�+iBQM TQi2MiB�H #2ir22M

Tb2m/Q@KB+`Q;2Hb �M/ UkV �M �bbQ+B�i2/ QM2@#Q/v pQHmK2 2M2`;v i?�i +QMi`B#mi2b iQ i?2 iQi�H 7`22

2M2`;vX "v BMTmiiBM; i?2 2z2+iBp2 BMi2`�+iBQMb BMiQ J* bBKmH�iBQMb Q7 i?2 QM2@+QKTQM2Mi KQ/2H- r2

+QKTmi2/ i?2`KQ/vM�KB+ �M/ bi`m+im`�H T`QT2`iB2b- BM+Hm/BM; i?2 2[mBHB#`BmK br2HHBM; `�iBQ- #mHF

QbKQiB+ T`2bbm`2- i?2 `�/B�H /Bbi`B#miBQM 7mM+iBQM- �M/ i?2 bi�iB+ bi`m+im`2 7�+iQ` Q7 BQMB+ KB+`Q;2H

bmbT2MbBQMbX

dXkX *QM+HmbBQMb

AM ;2M2`�H- BQMB+ KB+`Q;2Hb br2HH BM+`2�bBM;Hv BM bBx2 �b i?2 }t2/ +?�`;2 QM i?2 KB+`Q;2Hb

BM+`2�b2bX h?Bb #2?�pBQ` +�M #2 mM/2`biQQ/ #�b2/ QM i?2 +QmMi2`BQM /Bbi`B#miBQM �M/ i?2 2H2+i`Q@

bi�iB+ QbKQiB+ T`2bbm`2X �b i?2 p�H2M+2 BM+`2�b2b- i?2 b2H7@2M2`;v +QMi`B#miBQM iQ i?2 2H2+i`Qbi�iB+

T`2bbm`2 Bb bi`QM;Hv 2M?�M+2/X AM +QMi`�bi- KB+`Q;2Hb /2br2HH rBi? BM+`2�bBM; +QM+2Mi`�iBQM Q7 b�Hi

BQMbX AM+`2�bBM; i?2 BQMB+ bi`2M;i? Q7 i?2 bQHp2Mi- BM/m+2b b+`22MBM; Q7 i?2 KB+`Q;2H +?�`;2X AMi2`@
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2biBM;Hv- i?2 KB+`Q;2HǶb b?�T2 �z2+ib i?2 2[mBHB#`BmK br2HHBM; `�iBQc 7Q` 2t�KTH2- bT?2`B+�H KB+`Q;2H

T�`iB+H2b r2`2 7QmM/ iQ br2HH H2bb i?�M KB+`Q+�TbmH2 T�`iB+H2bX AM +vHBM/`B+�H ;2QK2i`v- i?2 BMi2`M�H

QbKQiB+ T`2bbm`2 BM i?2 7`22 br2HHBM; +�b2 b?Qr2/ i?�i +?�`;2/ +vHBM/`B+�H KB+`Q;2Hb br2HH KQ`2 BM

i?2 �tB�H /B`2+iBQM i?�M BM i?2 `�/B�H /B`2+iBQMX

_2bmHib 7`QK KQH2+mH�` /vM�KB+b bBKmH�iBQMb r2`2 +QKT�`2/ rBi? S" i?2Q`2iB+�H T`2/B+@

iBQMb �M/ 7QmM/ iQ #2 BM [m�MiBi�iBp2 �;`22K2MiX h?2 �;`22K2Mi #2ir22M bBKmH�iBQM �M/ i?2Q`v

+QM}`Kb i?�i i?2 S" i?2Q`v Bb �#H2 iQ /2b+`B#2 i?2 2[mBHB#`BmK br2HHBM; Q7 BQMB+ KB+`Q;2Hb BM i?2

`�M;2 Q7 BMp2biB;�i2/ pQHmK2 7`�+iBQMbX _2bmHib �HbQ BM/B+�i2 i?�i BQMB+ KB+`Q;2Hb /2br2HH rBi? BM@

+`2�bBM; pQHmK2 7`�+iBQMX �b 2tT2+i2/- i?2 }t2/ +?�`;2 /Bbi`B#miBQM �z2+ib i?2 2H2+i`Qbi�iB+ QbKQiB+

T`2bbm`2 �M/ 2[mBHB#`BmK br2HHBM; Q7 BQMB+ KB+`Q;2HbX q?2M +QMbB/2`BM; � KB+`Q;2H rBi? � +?�`;2/

bm`7�+2- i?2 2H2+i`Qbi�iB+ QbKQiB+ T`2bbm`2 Bb HQr2` �M/ i?2 KB+`Q;2H /2br2HHb KQ`2 +QKT�`2/ iQ �

KB+`Q;2H rBi? � pQHmK2 +?�`;2X �b b?QrM- i?2 ;2M2`�H br2HHBM; #2?�pBQ` Q7 BQMB+ KB+`Q;2Hb +�M #2

mM/2`biQQ/ #�b2/ QM i?2 /Bbi`B#miBQM Q7 +QmMi2`BQMb �M/ QbKQiB+ T`2bbm`2 BM~m2M+2bX

AM i?2 +�b2 Q7 � bmbT2MbBQM Q7 bm`7�+2@+?�`;2/ BQMB+ KB+`Q;2Hb- i?2 `2bmHib 7Q` i?2 2[mHB#@

`BmK br2HHBM; `�iBQ �M/ #mHF QbKQiB+ T`2bbm`2 +QKTmi2/ 7`QK Qm` JQMiQ *�`HQ bBKmH�iBQMb Q7 i?2

HBM2�`Bx2/ QM2@+QKTQM2Mi KQ/2H [m�MiBiBp2Hv K�i+?2/ i?2Q`2iB+�H T`2/B+iBQMb Q7 i?2 MQMHBM2�` S"

+2HH KQ/2H Qp2` � +QMbB/2`�#H2 `�M;2 Q7 T�`iB+H2 +QM+2Mi`�iBQMbX qBi? BM+`2�bBM; +QM+2Mi`�iBQM- i?2

bm`7�+2@+?�`;2/ KB+`Q;2Hb mMB7Q`KHv /2br2HH- r?BH2 i?2 �+im�H pQHmK2 7`�+iBQM BM+`2�b2 KQMQiQMB@

+�HHv mMiBH M2B;?#Q`BM; KB+`Q;2Hb bi�`i iQ iQm+? 2�+? Qi?2`X

dXjX 6mim`2 qQ`F

�Hi?Qm;? i?2 i?2Q`2iB+�H KQ/2Hb �M/ bBKmH�iBQM K2i?Q/b /2p2HQT2/ ?2`2 ;Bp2 � #2ii2` mM@

/2`bi�M/BM; Q7 i?2 br2HHBM; #2?�pBQ` Q7 BQMB+ KB+`Q;2Hb- i?2`2 Bb bB;MB}+�Mi `QQK 7Q` BKT`Qp2K2MiX

� }`bi bi2T iQr�`/ 7m`i?2` /2p2HQTBM; i?2 KQ/2H rQmH/ #2 iQ �++QmMi 7Q` i?2 +QmMi2`BQM +Q``2H�iBQMb

�M/ i?2 2z2+i Q7 KmHiBp�H2Mi +QmMi2`BQMb �M/ bQHp2MiX �HbQ- QM2 Q7 i?2 K�DQ` �bbmKTiBQMb K�/2 BM

i?2 i?2Q`2iB+�H KQ/2H /2p2HQT2/ ?2`2 Bb i?�i �HH KQMQK2`b K�FBM; mT � KB+`Q;2H �`2 BKTHB+BiX h?Bb

�bbmKTiBQM +QmH/ #2 �pQB/2/ #v `mMMBM; J. bBKmH�iBQMb mbBM; � KQ`2 2tTHB+Bi #2�/@bT`BM; TQHvK2`

KQ/2HX J. bBKmH�iBQMb +QmH/ �HbQ #2 mb2/ iQ T`Q#2 i?2 /vM�KB+�H T`QT2`iB2b Q7 BQMB+ KB+`Q;2Hb

mM/2` bBKBH�` +QM/BiBQMb- bQK2i?BM; i?2 K2i?Q/b mb2/ BM i?Bb bim/v +�MMQi /QX h?2 KQ/2Hb mb2/ BM

i?Bb bim/v +�M #2 KQ/B}2/ BM Q`/2` iQ 2tTHQ`2 i?2 br2HHBM; #2?�pBQ` Q7 BQMB+ KB+`Q;2Hb �b � 7mM+iBQM

Q7 pHX h?2 KQ/2Hb +QmH/ �HbQ #2 mb2/ iQ BMp2biB;�i2 i?2 br2HHBM;- BQM /Bbi`B#miBQMb- �M/ QbKQiB+

Ry8



T`2bbm`2 Q7 BQMB+ ?QHHQr +vHBM/`B+�H KB+`Q;2Hb Q` KB+`Q+�TbmH2b rBi? � HQ�/2/ M�MQ@/`m;X aQ 7�`- MQ

2tT2`BK2Mi�H bim/v ?�b #22M `2TQ`i2/ 7Q` BMp2biB;�iBM; i?2 br2HHBM; �M/ QbKQiB+ T`2bbm`2 Q7 BQMB+

+vHBM/`B+�H KB+`Q;2HbX h?2`27Q`2- QM2 Q7 i?2 K�DQ` �`2�b Q7 7mim`2 `2b2�`+? rQmH/ #2 bvMi?2bBxBM;

�M/ +?�`�+i2`BxBM; br2HHBM; �M/ QbKQiB+ T`2bbm`2 Q7 BQMB+ +vHBM/`B+�H KB+`Q;2HbX

Rye
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(R) _ > S2HiQM �M/ S *?B#�Mi2X S`2T�`�iBQM Q7 �[m2Qmb H�iB+2b rBi? M@BbQT`QTvH�+`vH�KB/2X

*QHHQB/b �M/ am`7�+2b- kyUjV,k9dĜk8e- RN3eX

(k) �H#2`iQ 62`M�M/2x@LB2p2b- >�Mb qvbb- CQ?�M J�iibbQM- �M/ .�pB/ � q2BixX JB+`Q;2H amb@

T2MbBQMb, 6mM/�K2Mi�Hb �M/ �TTHB+�iBQMbX CQ?M qBH2v � aQMb- kyRRX

(j) q P "�F2`X JB+`Q;2H- � L2r J�+`QKQH2+mH2X AM/mbi`B�H � 1M;BM22`BM; *?2KBbi`v- 9RUjV,8RRĜ

8ky- RN9NX

(9) � 62`M�M/2x@LB2p2b- � 62`M�M/2x@"�`#2`Q- " oBM+2Mi- �M/ 6C .2 G�b LB2p2bX *?�`;2 +QM@

i`QHH2/ br2HHBM; Q7 KB+`Q;2H T�`iB+H2bX J�+`QKQH2+mH2b- jjUeV,kRR9ĜkRR3- kyyyX

(8) sB�Q?m sB� �M/ w?B#BM; >mX avMi?2bBb �M/ HB;?i b+�ii2`BM; bim/v Q7 KB+`Q;2Hb rBi? BMi2`T2M@

2i`�iBM; TQHvK2` M2irQ`FbX G�M;KmB`- kyUeV,kyN9ĜkyN3- kyy9X

(e) a?m7�M *?2M- GQM; CB�M;- �M/ uB .�MX S`2T�`�iBQM �M/ i?2`K�H `2bTQMb2 #2?�pBQ` Q7 TQHv UM@

BbQT`QTvH�+`vH�KB/2@+Q@� +`vHB+ �+B/V KB+`Q;2Hb pB� bQ�T@7`22 2KmHbBQM TQHvK2`Bx�iBQM #�b2/

QM �B#M BMBiB�iQ`X CQm`M�H Q7 �TTHB2/ SQHvK2` a+B2M+2- RkRUeV,jjkkĜjjjR- kyRRX

(d) Lm`2iiBM a�?BM2`- qh :Q/#2v- :�`v G J+S?2`bQM- �M/ oBD�v h CQ?MX JB+`Q;2H- M�MQ;2H

�M/ ?v/`Q;2HĜ?v/`Q;2H b2KB@BTM +QKTQbBi2b 7Q` #BQK2/B+�H �TTHB+�iBQMb, avMi?2bBb �M/ +?�`@

�+i2`Bx�iBQMX *QHHQB/ �M/ SQHvK2` a+B2M+2- k39URyV,RRkRĜRRkN- kyyeX

(3) C�MBM2 .m##2`i- E�iD� LQi?/m`7i- J�ii?B�b E�`;- �M/ q�Hi2` _B+?i2`BM;X *Q`2Ĝb?2HHĜb?2HH

�M/ ?QHHQr /Qm#H2@b?2HH KB+`Q;2Hb rBi? �/p�M+2/ i2KT2`�im`2 `2bTQMbBp2M2bbX J�+`QKQH2+mH�`

_�TB/ *QKKmMB+�iBQMb- jeUkV,R8NĜRe9- kyR8X

(N) AM;Q "2`M/i- C�M aFQp S2/2`b2M- �M/ q�Hi2` _B+?i2`BM;X h2KT2`�im`2@b2MbBiBp2 +Q`2Ĝb?2HH

KB+`Q;2H T�`iB+H2b rBi? /2Mb2 b?2HHX �M;2r�M/i2 *?2KB2- RR3URRV,RdeNĜRddj- kyyeX

(Ry) J�ii?B�b "�HH�mzX L�MQb+QTB+ TQHvK2` T�`iB+H2b rBi? � r2HH@/2}M2/ bm`7�+2, avMi?2bBb- +?�`@

�+i2`Bx�iBQM- �M/ T`QT2`iB2bX J�+`QKQH2+mH�` *?2KBbi`v �M/ S?vbB+b- ky9UkV,kkyĜkj9- kyyjX
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(RR) C�MBM2 .m##2`i- hQ#B�b >QMQH/- C�M aFQp S2/2`b2M- �m`2H _�/mH2b+m- J�`Fmb .`2+?bH2`-

J�ii?B�b E�`;- �M/ q�Hi2` _B+?i2`BM;X >Qr ?QHHQr �`2 i?2`KQ`2bTQMbBp2 ?QHHQr M�MQ;2Hb\

J�+`QKQH2+mH2b- 9dUk9V,3dyyĜ3dy3- kyR9X

(Rk) a�`�? E qvTvb2F- �M/`2� a+QiiB- JQ?�KK2/ P �HxBv�/B- A;Q` A SQi2KFBM- �H�M _ .2MiQM-

�M/ q�Hi2` _B+?i2`BM;X h�BHQ`BM; i?2 +�pBiv Q7 ?QHHQr TQHv2H2+i`QHvi2 KB+`Q;2HbX J�+`QKQH2+@

mH�` _�TB/ *QKKmMB+�iBQMb- 9RURV,RNyy9kk- kykyX

(Rj) �M/`BD SB+?- �`TBi� E�`�F- u�M Gm- �`MmT E :?Qb?- �M/ >�Mb@Cm2`;2M S �/H2`X S`2T�`�iBQM

Q7 ?v#`B/ KB+`Q;2Hb 7mM+iBQM�HBx2/ #v bBHp2` M�MQT�`iB+H2bX J�+`QKQH2+mH�` _�TB/ *QKKmMB@

+�iBQMb- kdU8V,j99Ĝj8y- kyyeX

(R9) um2 *mB- *?2M; h�Q- amTBM; w?2M;- ZB�M; >2- am72M �B- �M/ CmM#�B GBX avMi?2bBb Q7 i?2`@

KQb2MbBiBp2 TMBT�K@+Q@K#�� M�MQim#2b #v �iQK i`�Mb72` `�/B+�H TQHvK2`Bx�iBQM rBi?BM �

TQ`Qmb K2K#`�M2X J�+`QKQH2+mH�` _�TB/ *QKKmMB+�iBQMb- keURNV,R88kĜR88e- kyy8X

(R8) a`BMBp�b� _�;?�p�M- L2pBHH2 62`M�M/2b- �M/ "�MB *BT`B�MQX a?�T2@+?�M;BM; im#mH�` ?v/`Q@

;2HbX :2Hb- 9,R3- yk kyR3X

(Re) E�`;- Ab�#2H S�biQ`Bx�@a�MiQb- "2MBiQ _Q/`B;m2x@:QMx�H2x- _2;BM2 pQM EHBixBM;- ai27�M

q2HH2`i- �M/ h?QK�b >2HHr2;X h2KT2`�im`2- pH- �M/ BQMB+ bi`2M;i? BM/m+2/ +?�M;2b Q7

i?2 br2HHBM; #2?�pBQ` Q7 SLAS�J@TQHv U�HHvH�+2iB+ �+B/V +QTQHvK2` KB+`Q;2HbX G�M;KmB`-

k9URkV,ejyyĜejye- kyy3X

(Rd) *HBMiQM . CQM2b �M/ G �M/`2r GvQMX avMi?2bBb �M/ +?�`�+i2`Bx�iBQM Q7 KmHiB`2bTQMbBp2 +Q`2@

b?2HH KB+`Q;2HbX J�+`QKQH2+mH2b- jjUkkV,3jyRĜ3jye- kyyyX

(R3) ZB�M; w?�M;- Cm�M *QH�xQ- .�``2M "2`;- a�Km2H J Jm;Q- �M/ JB+?�2H C a2`T2X JmHiB`2bTQM@

bBp2 M�MQ;2Hb 7Q` i�`;2i2/ �MiB+�M+2` /`m; /2HBp2`vX JQH2+mH�` S?�`K�+2miB+b- R9U3V,kek9Ĝ

kek3- kyRdX

(RN) Jm`�HB JQ?�M u�HH�Tm- J22M� C�;;B- �M/ am#?�b? * *?�m?�MX .2bB;M �M/ 2M;BM22`BM; Q7

M�MQ;2Hb 7Q` +�M+2` i`2�iK2MiX .`m; .Bb+Qp2`v hQ/�v- ReUN@RyV,98dĜ9ej- kyRRX

(ky) :�`BK� �;`�r�H �M/ _�?mH �;`�r�HX 6mM+iBQM�H KB+`Q;2Hb, _2+2Mi �/p�M+2b BM i?2B` #BQK2/@

B+�H �TTHB+�iBQMbX aK�HH- R9UjNV,R3yRdk9- kyR3X

Ry3



(kR) *H�m/B� P#2bQ@o2`�- CQb2 J *Q`M2DQ@"`�pQ- �`�+2Hv a2``�MQ@J2/BM�- �M/ �M;2H GB+2�@

*H�p2`B2X 1z2+i Q7 +`QbbHBMF2`b QM bBx2 �M/ i2KT2`�im`2 b2MbBiBpBiv Q7 TQHv UM@

BbQT`QTvH�+`vH�KB/2V KB+`Q;2HbX SQHvK2` "mHH2iBM- dyUkV,e8jĜee9- kyRjX

(kk) JB+?�2H >2bFBMb �M/ C�K2b 1 :mBHH2iX aQHmiBQM T`QT2`iB2b Q7 TQHv UM@BbQT`QTvH�+`vH�KB/2VX

CQm`M�H Q7 J�+`QKQH2+mH�` a+B2M+2ě*?2KBbi`v- kU3V,R99RĜR988- RNe3X

(kj) uBM; :m�M �M/ uQM;DmM w?�M;X SLAS�J KB+`Q;2Hb 7Q` #BQK2/B+�H �TTHB+�iBQMb, 6`QK /Bb@

T2`b2/ T�`iB+H2b iQ j/ �bb2K#HB2bX aQ7i J�ii2`- dUR9V,ejd8Ĝej39- kyRRX

(k9) C�+Q#mb >2M`B+mb o�MǶi >QzX h?2 `QH2 Q7 QbKQiB+ T`2bbm`2 BM i?2 �M�HQ;v #2ir22M bQHmiBQMb

�M/ ;�b2bX CQm`M�H Q7 J2K#`�M2 a+B2M+2- RyyURV,jNĜ99- RNN8X

(k8) _Q# S?BHHBTb- C�M2 EQM/2p- CmHB2 h?2`BQi- �M/ >2`M�M :�`+B�X S?vbB+�H "BQHQ;v Q7 i?2 *2HHX

:�`H�M/ a+B2M+2- kyRkX

(ke) a >B`QibmX ai�iB+ �M/ iBK2@/2T2M/2Mi T`QT2`iB2b Q7 TQHvK2` ;2Hb �`QmM/ i?2 pQHmK2 T?�b2

i`�MbBiBQMX S?�b2 h`�MbBiBQMb, � JmHiBM�iBQM�H CQm`M�H- 9dUj@9V,R3jĜk9y- RNN9X

(kd) hQ// >Q�`2 �M/ _Q#2`i S2HiQMX hBi`�K2i`B+ +?�`�+i2`Bx�iBQM Q7 pH@BM/m+2/ T?�b2 i`�MbBiBQMb

BM 7mM+iBQM�HBx2/ KB+`Q;2HbX G�M;KmB`- kkURdV,dj9kĜdj8y- kyyeX

(k3) � 62`M�M/2x@LB2p2b- � 62`M�M/2x@"�`#2`Q- " oBM+2Mi- �M/ 6C .2 H�b LB2p2bX PbKQiB+ /2@

br2HHBM; Q7 BQMB+ KB+`Q;2H T�`iB+H2bX h?2 CQm`M�H Q7 *?2KB+�H S?vbB+b- RRNURNV,Ryj3jĜRyj33-

kyyjX

(kN) JB+?�H AH�pbFvX S?�b2 i`�MbBiBQM BM brQHH2M ;2HbX kX 1z2+i Q7 +?�`;2 +QM+2Mi`�iBQM QM i?2

+QHH�Tb2 �M/ K2+?�MB+�H #2?�pBQ` Q7 TQHv�+`vH�KB/2 M2irQ`FbX J�+`QKQH2+mH2b- R8UjV,d3kĜ

d33- RN3kX

(jy) ZBvmM h�M; �M/ �H�M _X .2MiQMX AQM /2MbBiv /2pB�iBQMb BM b2KBT2`K2�#H2 BQMB+ KB+`Q+�T@

bmH2bX S?vbB+�H *?2KBbi`v *?2KB+�H S?vbB+b- RdUReV,RRydyĜRRyde- kyR8X

(jR) J C Jm``�v �M/ J C aMQr/2MX h?2 T`2T�`�iBQM- +?�`�+i2`Bb�iBQM �M/ �TTHB+�iBQMb Q7 +QHHQB/�H

KB+`Q;2HbX �/p�M+2b BM *QHHQB/ �M/ AMi2`7�+2 a+B2M+2- 89,djĜNR- RNN8X

RyN



(jk) EQFF�`�+?2/m o�`�T`�b�/- _QiBKB a�/BFm- EQ/m`B _�K�K- C�`�;mH� C�v�`�Km/m- �M/

aBp� JQ?�M _2//vX *?�Ti2` 3 @ aB;MB}+�M+2b Q7 L�MQbi`m+im`2/ >v/`Q;2Hb 7Q` o�Hm�#H2

�TTHB+�iBQMb- T�;2b kdj Ĝ kN3X Rk kyR9X

(jj) JB+?�2H * qBHFBMbQM- CQ?M >2�`M- �M/ S�mH � ai2r�`/X h?2 +H2�MBM; Q7 TQHvK2` +QHHQB/bX

�/p�M+2b BM *QHHQB/ �M/ AMi2`7�+2 a+B2M+2- 3RUkV,ddĜRe8- RNNNX

(j9) hQvQB+?B h�M�F�X *QHH�Tb2 Q7 ;2Hb �M/ i?2 +`BiB+�H 2M/TQBMiX S?vbB+�H _2pB2r G2ii2`b-

9yURkV,3ky- RNd3X

(j8) E .mȒ2F �M/ .QM�H/ S�ii2`bQMX h`�MbBiBQM BM brQHH2M TQHvK2` M2irQ`Fb BM/m+2/ #v BM@

i`�KQH2+mH�` +QM/2Mb�iBQMX CQm`M�H Q7 SQHvK2` a+B2M+2 S�`i �@k, SQHvK2` S?vbB+b-

eUdV,RkyNĜRkRe- RNe3X

(je) �M/`2� a+QiiB- �H�M _ .2MiQM- JQMB� "`m;MQMB- Cm/Bi? 1 >QmbiQM- _�H7 a+?r2BMb- A;Q` A

SQi2KFBM- �M/ q�Hi2` _B+?i2`BM;X .2br2HHBM; Q7 KB+`Q;2Hb BM +`Qr/2/ bmbT2MbBQMb /2T2M/b

QM +`Qbb@HBMF /2MbBiv �M/ �`+?Bi2+im`2X J�+`QKQH2+mH2b- 8kURRV,jNN8Ĝ9yyd- kyRNX

(jd) �M/`BD SB+? �M/ q�Hi2` _B+?i2`BM;X JB+`Q;2Hb #v T`2+BTBi�iBQM TQHvK2`Bx�iBQM, avMi?2bBb-

+?�`�+i2`Bx�iBQM- �M/ 7mM+iBQM�HBx�iBQMX AM *?2KB+�H .2bB;M Q7 _2bTQMbBp2 JB+`Q;2Hb- T�;2b

RĜjdX aT`BM;2`- kyRyX

(j3) aQ} LƺD/- S2i2` >QHK[pBbi- LB2Hb "QQM- J�`+ P#BQHb@_�#�b�- S`BiB a JQ?�Miv- _�H7 a+?r2BMb-

�M/ S2i2` a+?m`i2M#2`;2`X .2br2HHBM; #2?�pBQm` Q7 BQMB+ KB+`Q;2H T�`iB+H2b 7`QK HQr iQ mHi`�@

?B;? /2MbBiB2bX aQ7i J�ii2`- R9UkyV,9R8yĜ9R8N- kyR3X

(jN) �H�M _ .2MiQM �M/ ZBvmM h�M;X *QmMi2`BQM@BM/m+2/ br2HHBM; Q7 BQMB+ KB+`Q;2HbX h?2 CQm`M�H

Q7 *?2KB+�H S?vbB+b- R98UReV,Re9NyR- kyReX

(9y) :BH * *H�m/BQ- Em`i E`2K2`- �M/ *?`BbiB�M >QHKX *QKT�`BbQM Q7 � ?v/`Q;2H KQ/2H iQ i?2

SQBbbQMĜ"QHixK�MM +2HH KQ/2HX h?2 CQm`M�H Q7 *?2KB+�H S?vbB+b- RjRUNV,yN9Nyj- kyyNX

(9R) �H�M _ .2MiQMX 1z2+iBp2 BMi2`�+iBQMb �M/ pQHmK2 2M2`;B2b BM +?�`;2/ +QHHQB/b, GBM2�` `2@

bTQMb2 i?2Q`vX S?vbB+�H _2pB2r 1- ekUjV,j388- kyyyX

RRy



(9k) �H�M _ .2MiQMX *QmMi2`BQM T2M2i`�iBQM �M/ 2z2+iBp2 2H2+i`Qbi�iB+ BMi2`�+iBQMb BM bQHmiBQMb

Q7 TQHv2H2+i`QHvi2 bi�`b �M/ KB+`Q;2HbX S?vbB+�H _2pB2r 1- edURV,yRR3y9- kyyjX

(9j) S�mH C 6HQ`vX S`BM+BTH2b Q7 SQHvK2` *?2KBbi`vX *Q`M2HH lMBp2`bBiv S`2bb- RN8jX

(99) J�Mm2H Zm2b�/�@Sû`2x- CQbû �H#2`iQ J�`QiQ@*2Mi2MQ- C�+[m2HBM2 6Q`+�/�- �M/ _Q[m2

>B/�H;Q@�Hp�`2xX :2H br2HHBM; i?2Q`B2b, i?2 +H�bbB+�H 7Q`K�HBbK �M/ `2+2Mi �TT`Q�+?2bX aQ7i

J�ii2`- dUkkV,Ry8jeĜRy89d- kyRRX

(98) sB�Mvm aQM;- "Q "�Q- CB�#Q h�Q- a?m�M;HB�M; w?�Q- sB� >�M- �M/ >QM;H�B GBmX .2br2HHBM;

/vM�KB+b Q7 i?2`KQ`2bTQMbBp2 KB+`Q;2H +�TbmH2b �M/ i?2B` mHi`�b2MbBiBp2 b2MbBM; �TTHB+�iBQMb,

� K2bQb+QTB+ bBKmH�iBQM bim/vX h?2 CQm`M�H Q7 S?vbB+�H *?2KBbi`v *- RkjUjV,R3k3ĜR3j3- kyR3X

(9e) � JQM+?Q@CQ`/�X 1z2+iBp2 +?�`;2 Q7 BQMB+ KB+`Q;2H T�`iB+H2b BM i?2 brQHH2M �M/ +QHH�Tb2/

bi�i2b, h?2 `QH2 Q7 i?2 bi2`B+ KB+`Q;2H@BQM `2TmHbBQMX h?2 CQm`M�H Q7 *?2KB+�H S?vbB+b-

RjNUeV,ye9Nye- kyRjX

(9d) aBHpB� *Q`2xxB- Gm+B� *QK2x- �M/ J�`+Q w�M�ii�X � bBKTH2 �M�HvbBb Q7 "`BHHQmBM bT2+i`�

7`QK QT�[m2 HB[mB/b �M/ Bib �TTHB+�iBQM iQ �[m2Qmb bmbT2MbBQMb Q7 TQHv@M@BbQT`QTvH�+`vH�KB/2

KB+`Q;2H T�`iB+H2bX CQm`M�H Q7 JQH2+mH�` GB[mB/b- kee,9eyĜ9ee- kyR3X

(93) E�`H E`�ix- h?QK�b >2HHr2;- �M/ qQH7;�M; 1BK2`X AM~m2M+2 Q7 +?�`;2 /2MbBiv QM i?2 br2HHBM;

Q7 +QHHQB/�H TQHv UM@BbQT`QTvH�+`vH�KB/2@+Q@�+`vHB+ �+B/V KB+`Q;2HbX *QHHQB/b �M/ am`7�+2b �,

S?vbB+Q+?2KB+�H �M/ 1M;BM22`BM; �bT2+ib- RdyUk@jV,RjdĜR9N- kyyyX

(9N) *?�`HQii2 S2HH2i �M/ JB+?2H *HQBi`2X h?2 ;H�bb �M/ D�KKBM; i`�MbBiBQMb Q7 bQ7i TQHv2H2+i`QHvi2

KB+`Q;2H bmbT2MbBQMbX aQ7i J�ii2`- RkUReV,jdRyĜjdky- kyReX

(8y) _ "Q``2;�- J *HQBi`2- A "2i`2KB2mt- " 1`Mbi- �M/ G G2B#H2`X *QM+2Mi`�iBQM /2T2M/2M+2 Q7 i?2

HQr@b?2�` pBb+QbBiv Q7 TQHv2H2+i`QHvi2 KB+`Q@M2irQ`Fb, 6`QK ?�`/ bT?2`2b iQ bQ7i KB+`Q;2HbX

1SG U1m`QT?vbB+b G2ii2`bV- 9dUeV,dkN- RNNNX

(8R) .BKBi`Bb oH�bbQTQmHQb �M/ JB+?2H *HQBi`2X hmM�#H2 `?2QHQ;v Q7 /2Mb2 bQ7i /27Q`K�#H2 +QHHQB/bX

*m``2Mi PTBMBQM BM *QHHQB/ � AMi2`7�+2 a+B2M+2- RNUeV,8eRĜ8d9- kyR9X

RRR



(8k) JB+?2H *HQBi`2- _û;Bb "Q``2;�- 6�#`B+2 JQMiB- �M/ Gm/rBF G2B#H2`X ai`m+im`2 �M/ ~Qr Q7

TQHv2H2+i`QHvi2 KB+`Q;2Hb, 7`QK bmbT2MbBQMb iQ ;H�bb2bX *QKTi2b _2M/mb S?vbB[m2- 9UkV,kkRĜ

kjy- kyyjX

(8j) J S2H�2x@62`M�M/2x- �MiQM aQmbHQp- G� GvQM- S�mH J :QH/#�`i- �M/ � 62`M�M/2x@LB2p2bX

AKT�+i Q7 bBM;H2@T�`iB+H2 +QKT`2bbB#BHBiv QM i?2 ~mB/@bQHB/ T?�b2 i`�MbBiBQM 7Q` BQMB+ KB+`Q;2H

bmbT2MbBQMbX S?vbB+�H _2pB2r G2ii2`b- RR9UNV,yN3jyj- kyR8X

(89) JBibm?B`Q 1#�`�- uQ?2B EQibm+?B#�b?B- EQB+?B`Q liQ- h�F�Q �Qv�;B- uQmM;@CBM EBK- _�pBM

L�`�BM- L�QF�xm A/Qi�- �M/ CQ?M J >QzK�MX aK�`i >v/`Q;2HbX AM aK�`i "BQK�i2`B�Hb-

T�;2b NĜe8X aT`BM;2`- kyR9X

(88) AH�`B� a�Mx�`B- 1H2M� "m`�iiB- _mQK2M; >m�M;- *�K2HB� : hmb�M- 6`�M+Q .BM2HHB- LB+?QH�b .

1p�Mb- h?2KBbiQFHBb S`Q/`QK�FBb- �M/ JQMB+� "2`iQH/QX SQHv UM@BbQT`QTvH�+`vH�KB/2V #�b2/

i?BM KB+`Q;2H }HKb 7Q` mb2 BM +2HH +mHim`2 �TTHB+�iBQMbX a+B2MiB}+ _2TQ`ib- RyURV,RĜR9- kykyX

(8e) a2`;m2B o oBMQ;`�/QpX *QHHQB/�H KB+`Q;2Hb BM /`m; /2HBp2`v �TTHB+�iBQMbX *m``2Mi S?�`K�@

+2miB+�H .2bB;M- RkUjeV,9dyjĜ9dRk- kyyeX

(8d) J�tBK .B`Fb2M- *�`BM� .�`;2H- GmF�b J2B2`- hBKQ "` M/2H- �M/ h?QK�b >2HHr2;X aK�`i KB@

+`Q;2Hb �b /`m; /2HBp2`v p2?B+H2b 7Q` i?2 M�im`�H /`m; �2b+BM, lTi�F2- `2H2�b2 �M/ BMi2`�+iBQMbX

*QHHQB/ �M/ SQHvK2` a+B2M+2- T�;2b RĜR9- kykyX

(83) :m�Mvm >�Q- w?B SBM; sm- �M/ GB GBX J�MBTmH�iBM; 2ti`�+2HHmH�` imKQm` pH, �M 2z2+iBp2

i�`;2i 7Q` +�M+2` i?2`�TvX _a* �/p�M+2b- 3UjNV,kkR3kĜkkRNk- kyR3X

(8N) "BM;vm�M Gm- J�`F . h�`M- LB+QH2 S�KK2- �M/ h?2QMB E :2Q`;BQmX 6�#`B+�iBQM Q7 i�BHQ`�#H2

T? `2bTQMbBp2 +�iBQMB+ �KT?BT?BHB+ KB+`Q;2Hb QM � KB+`Q~mB/B+ /2pB+2 7Q` /`m; `2H2�b2X CQm`M�H

Q7 SQHvK2` a+B2M+2 S�`i �, SQHvK2` *?2KBbi`v- 8eURV,8NĜee- kyR3X

(ey) >Qbb2BM E >2`Bb- C�K�H .�Qm/- a�`� a?2B#�MB- >QD�iQHH�? o�HB- J�`v�K h�#`BxB�M- �M/ Gm+

JQM;2�mX oQ+�H 7QH/ iBbbm2 `2;2M2`�iBQM, AMp2biB;�iBQM Q7 i?2 pB�#BHBiv- �/?2bBQM- �M/ KB;`�@

iBQM Q7 ?mK�M }#`Q#H�bib BM � ?v�Hm`QMB+ �+B/f;2H�iBM KB+`Q;2H@`2BM7Q`+2/ +QKTQbBi2 ?v/`Q;2H

7Q` pQ+�H 7QH/ iBbbm2 `2;2M2`�iBQMX �/p�M+2/ >2�Hi?+�`2 J�i2`B�Hb- 8UkV,R33ĜR33- kyReX

RRk



(eR) .�HQM; LB- q2M#Q "m- 1KBHv " 1?H2`/BM;- q2B#Q *�B- �M/ CB�MHBM a?BX 1M;BM22`BM; Q7

BMQ`;�MB+ M�MQT�`iB+H2b �b K�;M2iB+ `2bQM�M+2 BK�;BM; +QMi`�bi �;2MibX *?2KB+�H aQ+B2iv

_2pB2rb- 9eUkjV,d9j3Ĝd9e3- kyRdX

(ek) �H�M _ .2MiQMX *QmMi2`BQM T2M2i`�iBQM �M/ 2z2+iBp2 2H2+i`Qbi�iB+ BMi2`�+iBQMb BM bQHmiBQMb

Q7 TQHv2H2+i`QHvi2 bi�`b �M/ KB+`Q;2HbX S?vbX _2pX 1- ed,yRR3y9- kyyjX

(ej) �H�M _ .2MiQM �M/ JQ?�KK2/ P �HxBv�/BX PbKQiB+ T`2bbm`2 Q7 T2`K2�#H2 BQMB+ KB+`Q;2Hb,

SQBbbQM@"QHixK�MM i?2Q`v �M/ 2t�+i bi�iBbiB+�H K2+?�MB+�H `2H�iBQMb BM i?2 +2HH KQ/2HX h?2

CQm`M�H Q7 *?2KB+�H S?vbB+b- R8RUdV,yd9Nyj- kyRNX

(e9) C�K2b J :`B{M- A�M _Q##- �M/ �H2t�M/2` "BbK�`+FX S`2T�`�iBQM �M/ +?�`�+i2`Bx�iBQM Q7

bm`7�+i�Mi@7`22 biBKmHB@b2MbBiBp2 KB+`Q;2H /BbT2`bBQMbX CQm`M�H Q7 �TTHB2/ SQHvK2` a+B2M+2-

Ry9UjV,RNRkĜRNRN- kyydX

(e8) �M/`BD SB+? �M/ q�Hi2` _B+?i2`BM;X *?2KB+�H .2bB;M Q7 _2bTQMbBp2 JB+`Q;2Hb- pQHmK2 kj9X

aT`BM;2`- kyRyX

(ee) oB`i�M2M P G C- "`m;MQMB J- E�i?2` J- SB+? �- �M/ _B+?i2`BM; qX h?2 M2ti bi2T BM

T`2+BTBi�iBQM TQHvK2`Bx�iBQM Q7 M@BbQT`QTvH�+`vH�KB/2, S�`iB+H2 MmK#2` /2MbBiv +QMi`QH #v

KQMQ+?�BM ;HQ#mH2 bm`7�+2 +?�`;2 KQ/mH�iBQMX SQHvK2` *?2KBbi`v- dUjkV,8RkjĜ8RjR- kyReX

(ed) wQm .J- J� a- _ :m�M- J S�`F- G amM- C C �FHQMBb- �M/ _ a�HQp2vX JQ/2H }HH2/ TQHvK2`bX oX

avMi?2bBb Q7 +`QbbHBMF2/ KQMQ/BbT2`b2 TQHvK2i?�+`vH�i2 #2�/bX CQm`M�H Q7 SQHvK2` a+B2M+2

S�`i �, SQHvK2` *?2KBbi`v- jyURV,RjdĜR99- RNNkX

(e3) _Q#2`i S2HiQMX h2KT2`�im`2@b2MbBiBp2 �[m2Qmb KB+`Q;2HbX �/p�M+2b BM *QHHQB/ �M/ AMi2`7�+2

a+B2M+2- 38URV,RĜjj- kyyyX

(eN) s qm- _ > S2HiQM- � 1 >�KB2H2+- . _ qQQ/b- �M/ q J+S?22X h?2 FBM2iB+b Q7 TQHv UM@

BbQT`QTvH�+`vH�KB/2V KB+`Q;2H H�i2t 7Q`K�iBQMX *QHHQB/ �M/ SQHvK2` a+B2M+2- kdkU9V,9edĜ9dd-

RNN9X

(dy) hQ// >Q�`2 �M/ _Q#2`i S2HiQMX 6mM+iBQM�H ;`QmT /Bbi`B#miBQMb BM +�`#QtvHB+ �+B/ +QMi�BMBM;

TQHv UM@BbQT`QTvH�+`vH�KB/2V KB+`Q;2HbX G�M;KmB`- kyUeV,kRkjĜkRjj- kyy9X

RRj



(dR) AM;Q "2`M/i- C�M aFQp S2/2`b2M- S2i2` GBM/M2`- �M/ q�Hi2` _B+?i2`BM;X AM~m2M+2 Q7

b?2HH i?B+FM2bb �M/ +`Qbb@HBMF /2MbBiv QM i?2 bi`m+im`2 Q7 i2KT2`�im`2@b2MbBiBp2 TQHv@M@

BbQT`QTvH�+`vH�KB/2@ TQHv@M@BbQT`QTvHK2i?�+`vH�KB/2 +Q`2@ b?2HH KB+`Q;2Hb BMp2biB;�i2/ #v

bK�HH@�M;H2 M2mi`QM b+�ii2`BM;X G�M;KmB`- kkURV,98NĜ9e3- kyyeX

(dk) S >�xQi- C S *?�T2H- * SB+?Qi- � 1H�Bbb�`B- �M/ h .2H�B`X S`2T�`�iBQM Q7 TQHv UM@2i?vH

K2i?�+`vH�KB/2V T�`iB+H2b pB� �M 2KmHbBQMfT`2+BTBi�iBQM T`Q+2bb, h?2 `QH2 Q7 i?2 +`QbbHBMF2`X

CQm`M�H Q7 SQHvK2` a+B2M+2 S�`i �, SQHvK2` *?2KBbi`v- 9yURRV,R3y3ĜR3Rd- kyykX

(dj) .�pB/ .m`�+?2`- �#/2H?�KB/ 1H�śbb�`B- �M/ *?`BbiB�M SB+?QiX S`2T�`�iBQM Q7 TQHv UM@

BbQT`QTvHK2i?�+`vH�KB/2V H�i2t2b FBM2iB+ bim/B2b �M/ +?�`�+i2`Bx�iBQMX CQm`M�H Q7 SQHvK2`

a+B2M+2 S�`i �, SQHvK2` *?2KBbi`v- jdURkV,R3kjĜR3jd- RNNNX

(d9) h�2 :r�M S�`F �M/ �HH�M a >QzK�MX avMi?2bBb �M/ +?�`�+i2`Bx�iBQM Q7 pH@�M/fQ`

i2KT2`�im`2@b2MbBiBp2 ?v/`Q;2HbX CQm`M�H Q7 �TTHB2/ SQHvK2` a+B2M+2- 9eU9V,e8NĜedR- RNNkX

(d8) ZmM?mB amM �M/ umHBM .2M;X AM bBim bvMi?2bBb Q7 i2KT2`�im`2@b2MbBiBp2 ?QHHQr KB+`QbT?2`2b

pB� BMi2`7�+B�H TQHvK2`Bx�iBQMX CQm`M�H Q7 i?2 �K2`B+�M *?2KB+�H aQ+B2iv- RkdUkjV,3kd9Ĝ3kd8-

kyy8X

(de) C�MBM2 .m##2`i- E�iD� LQi?/m`7i- J�ii?B�b E�`;- �M/ q�Hi2` _B+?i2`BM;X *Q`2Ĝb?2HHĜb?2HH

�M/ ?QHHQr /Qm#H2@b?2HH KB+`Q;2Hb rBi? �/p�M+2/ i2KT2`�im`2 `2bTQMbBp2M2bbX J�+`QKQH2+mH�`

_�TB/ *QKKmMB+�iBQMb- jeUkV,R8NĜRe9- kyR8X

(dd) C�MBM2 .m##2`i- hQ#B�b >QMQH/- C�M aFQp S2/2`b2M- �m`2H _�/mH2b+m- J�`Fmb .`2+?bH2`-

J�ii?B�b E�`;- �M/ q�Hi2` _B+?i2`BM;X >Qr ?QHHQr �`2 i?2`KQ`2bTQMbBp2 ?QHHQr M�MQ;2Hb\

J�+`QKQH2+mH2b- 9dUk9V,3dyyĜ3dy3- kyR9X

(d3) a?2M;[BM; sm- w?B?QM; LB2- JBMb2QF a2Q- S�i`B+F G2rBb- 1m;2MB� EmK�+?2p�- >Qr�`/ �

aiQM2- SBQi` :�`bi2+FB- .Qm;H�b " q2B#2H- A`BM� :BiHBM- �M/ :2Q`;2 J q?Bi2bB/2bX :2M2`�iBQM

Q7 KQMQ/BbT2`b2 T�`iB+H2b #v mbBM; KB+`Q~mB/B+b, +QMi`QH Qp2` bBx2- b?�T2- �M/ +QKTQbBiBQMX

�M;2r�M/i2 *?2KB2- RRdU8V,dj9Ĝdj3- kyy8X

(dN) _ > S2HiQM- > J S2HiQM- � JQ`T?2bBb- �M/ _ G _Qr2HHX S�`iB+H2 bBx2b �M/ 2H2+i`QT?Q`2iB+

KQ#BHBiB2b Q7 TQHv UM@BbQT`QTvH�+`vH�KB/2V H�i2tX G�M;KmB`- 8UjV,3ReĜ3R3- RN3NX

RR9



(3y) >2MF : J2`FmbX S�`iB+H2 aBx2 J2�bm`2K2Mib, 6mM/�K2Mi�Hb- S`�+iB+2- Zm�HBiv- pQHmK2 RdX

aT`BM;2` a+B2M+2 � "mbBM2bb J2/B�- kyyNX

(3R) >B`QMQ`B amxmFB- "2MHB�M q�M;- _vQ uQb?B/�- �M/ 1ibmQ EQFm7mi�X SQi2MiBQK2i`B+ iBi`�iBQM

#2?�pBQ`b Q7 � TQHvK2` �M/ ;2H +QMbBbiBM; Q7 M@BbQT`QTvH�+`vH�KB/2 �M/ �+`vHB+ �+B/X G�M;KmB`-

R8URkV,9k3jĜ9k33- RNNNX

(3k) �BM�`� AK�x �M/ C�+[m2HBM2 6Q`+�/�X avMi?2bBb bi`�i2;B2b iQ BM+Q`TQ`�i2 �+`vHB+ �+B/ BMiQ M@

pBMvH+�T`QH�+i�K@#�b2/ KB+`Q;2HbX CQm`M�H Q7 SQHvK2` a+B2M+2 S�`i �, SQHvK2` *?2KBbi`v-

9NUR9V,jkR3Ĝjkkd- kyRRX

(3j) LB`2M Jm`i?v- JBM;+?2M; sm- ai2T?�Mv a+?m+F- CmM EmMBb�r�- LBH�#? a?�bi`B- �M/ C2�M

J C 6`û+?2iX � K�+`QKQH2+mH�` /2HBp2`v p2?B+H2 7Q` T`Qi2BM@#�b2/ p�++BM2b, �+B/@/2;`�/�#H2

T`Qi2BM@HQ�/2/ KB+`Q;2HbX S`Q+22/BM;b Q7 i?2 L�iBQM�H �+�/2Kv Q7 a+B2M+2b- RyyUNV,9NN8Ĝ8yyy-

kyyjX

(39) s * sB�QX 1z2+i Q7 i?2 BMBiB�iQ` QM i?2`KQb2MbBiBp2 `�i2 Q7 TQHv UM@BbQT`QTvH�+`vH�KB/2V

?v/`Q;2HbX 1sS_1aa SQHvK2` G2ii2`b- RU9V,kjkĜkj8- kyydX

(38) sB�M@w?2M; w?�M;- uB@u�M u�M;- 6�M@CBM; q�M;- �M/ h�B@a?mM; *?mM;X h?2`KQb2MbBiBp2

TQHvUM@BbQT`QTvH�+`vH�KB/2@+Q@�+`vHB+ �+B/V ?v/`Q;2Hb rBi? 2tT�M/2/ M2irQ`F bi`m+im`2b �M/

BKT`Qp2/ Qb+BHH�iBM; br2HHBM;Ɛ/2br2HHBM; T`QT2`iB2bX G�M;KmB`- R3UeV,kyRjĜkyR3- kyykX

(3e) hQ// >Q�`2 �M/ _Q#2`i S2HiQMX >B;?Hv pH �M/ i2KT2`�im`2 `2bTQMbBp2 KB+`Q;2Hb 7mM+iBQM@

�HBx2/ rBi? pBMvH�+2iB+ �+B/X J�+`QKQH2+mH2b- jdUdV,k899Ĝk88y- kyy9X

(3d) J�`B�MQ 1 "`BiQ- �H�M _ .2MiQM- �M/ :2`?�`/ L ;2H2X JQ/2HBM; /2br2HHBM;- i?2`KQ/vM�K@

B+b- bi`m+im`2- �M/ /vM�KB+b BM BQMB+ KB+`Q;2H bmbT2MbBQMbX h?2 CQm`M�H Q7 *?2KB+�H S?vbB+b-

R8RUkkV,kk9NyR- kyRNX

(33) �H�M _ .2MiQMX *Q�`b2@;`�BM2/ KQ/2HBM; Q7 +?�`;2/ +QHHQB/�H bmbT2MbBQMb, 6`QK SQBbbQM@

"QHixK�MM i?2Q`v iQ 2z2+iBp2 BMi2`�+iBQMbX 1H2+i`Qbi�iB+b Q7 aQ7i �M/ .BbQ`/2`2/ J�ii2`- T�;2

kyR- kyR9X

RR8



(3N) �M/`2� LBM�`2HHQ- Cû`ƬK2 C *`�bbQmb- .Bpv� S�HQHB- 6�#`BxBQ *�K2`BM- LB+QH2ii� :M�M-

GQ`2MxQ _QpB;�iiB- S2i2` a+?m`i2M#2`;2`- �M/ 1K�Mm2H� w�++�`2HHBX �/p�M+2/ KQ/2HHBM;

Q7 KB+`Q;2H bi`m+im`2 �+`Qbb i?2 pQHmK2 T?�b2 i`�MbBiBQMX �`sBp T`2T`BMi,RNyRXRR9N8- kyRNX

(Ny) J�ii?2r l`B+? �M/ �H�M _ .2MiQMX ar2HHBM;- bi`m+im`2- �M/ T?�b2 bi�#BHBiv Q7 +QKT`2bbB#H2

KB+`Q;2HbX aQ7i J�ii2`- RkU99V,Ny3eĜNyN9- kyReX

(NR) LQ`K�M >QzK�MM- *?`BbiQb L GBFQb- �M/ >�`iKmi Gƺr2MX ai`m+im`2 �M/ T?�b2 #2?�pBQ` Q7

TQHv2H2+i`QHvi2 bi�` bQHmiBQMbX h?2 CQm`M�H Q7 *?2KB+�H S?vbB+b- RkRUR9V,dyyNĜdykR- kyy9X

(Nk) JQMB� "`m;MQMB- �MM2 * LB+F2H- G2B7 * E`ƺ;2`- �M/`2� a+QiiB- �M/`BD SB+?- E�B G2QM?�`/-

�M/ q�Hi2` _B+?i2`BM;X avMi?2bBb �M/ bi`m+im`2 Q7 /2mi2`�i2/ mHi`�@HQr +`Qbb@HBMF2/ TQHv

UM@BbQT`QTvH�+`vH�KB/2V KB+`Q;2HbX SQHvK2` *?2KBbi`v- RyURNV,kjNdĜk9y8- kyRNX

(Nj) J�`v J >2/`B+F- CmM EvmM; *?mM;- �M/ �H�M _ .2MiQMX ai`m+im`2 �M/ QbKQiB+ T`2bbm`2 Q7

BQMB+ KB+`Q;2H /BbT2`bBQMbX h?2 CQm`M�H Q7 *?2KB+�H S?vbB+b- R9kUjV,yj9Ny9- kyR8X

(N9) >B/2FB EQ#�v�b?B �M/ _QH�M/ : qBMFH2`X ai`m+im`2 Q7 KB+`Q;2Hb rBi? .2#v2Ĝ>Ƀ+F2H BMi2`@

�+iBQMbX SQHvK2`b- eU8V,ReykĜReRd- kyR9X

(N8) >B/2FB EQ#�v�b?B �M/ _QH�M/ : qBMFH2`X lMBp2`b�H +QM7Q`K�iBQM�H T`QT2`iB2b Q7 TQHvK2`b

BM BQMB+ M�MQ;2HbX a+B2MiB}+ _2TQ`ib- eURV,RĜ3- kyReX

(Ne) l :�bb2`- � a+QiiB- �M/ � 62`M�M/2x@LB2p2bX aTQMi�M2Qmb /2br2HHBM; Q7 KB+`Q;2Hb +QMi`QHH2/

#v +QmMi2`BQM +HQm/bX S?vbB+�H _2pB2r 1- NNU9V,y9keyk- kyRNX

(Nd) A`2M2 �/`Q?2`@"2Mői2x- �H#2`iQ J�`iőM@JQHBM�- aBHpB� �?m�HHB- J�Mm2H Zm2b�/�@Sû`2x- :2`@

�`/Q P/`BQxQH�- �M/ �`im`Q JQM+?Q@CQ`/�X *QKT2iBiBQM #2ir22M 2t+Hm/2/@pQHmK2 �M/ 2H2+@

i`Qbi�iB+ BMi2`�+iBQMb 7Q` M�MQ;2H br2HHBM;, 1z2+ib Q7 i?2 +QmMi2`BQM p�H2M+2 �M/ M�MQ;2H

+?�`;2X S?vbB+�H *?2KBbi`v *?2KB+�H S?vbB+b- RNUNV,e3j3Ĝe393- kyRdX

(N3) A`2M2 �/`Q?2`@"2Mői2x- aBHpB� �?m�HHB- �H#2`iQ J�`iBM@JQHBM�- J�Mm2H Zm2b�/�@Sû`2x- �M/

�`im`Q JQM+?Q@CQ`/�X _QH2 Q7 bi2`B+ BMi2`�+iBQMb QM i?2 BQMB+ T2`K2�iBQM BMbB/2 +?�`;2/

KB+`Q;2Hb, h?2Q`v �M/ bBKmH�iBQMbX J�+`QKQH2+mH2b- 93URjV,9e98Ĝ9e8e- kyR8X

RRe



(NN) .�pB/ >�HQʈ�M- *?`BbiQT?2 .ûDm;M�i- JBH�M "`mK2M- �M/ :H2# " amF?Q`mFQpX 1Mi`�TK2Mi

Q7 � r2�F TQHv�MBQM �M/ ?YfM�Y 2t+?�M;2 BM +QM}M2/ TQHv2H2+i`QHvi2 KB+`Q+�TbmH2bX CQm`M�H

Q7 *?2KB+�H AM7Q`K�iBQM �M/ JQ/2HBM;- 98UeV,R83NĜR8Nk- kyy8X

(Ryy) q2BDmM hQM;- q2M72B .QM;- *?�M;vQm :�Q- �M/ >2HKmi? Jƺ?r�H/X *?�`;2@+QMi`QHH2/

T2`K2�#BHBiv Q7 TQHv2H2+i`QHvi2 KB+`Q+�TbmH2bX h?2 CQm`M�H Q7 S?vbB+�H *?2KBbi`v "-

RyNUkdV,RjR8NĜRjRe8- kyy8X

(RyR) CmM EvmM; *?mM; �M/ �H�M _ .2MiQMX 1z2+iBp2 2H2+i`Qbi�iB+ BMi2`�+iBQMb BM KBtim`2b Q7

+?�`;2/ +QHHQB/bX S?vbX _2pX 1- 33,ykkjye- kyRjX

(Ryk) S :QMx�H2x@JQxm2HQbX 1z2+iBp2 2H2+i`Qbi�iB+ BMi2`�+iBQMb �KQM; +?�`;2/ i?2`KQ@`2bTQMbBp2

KB+`Q;2Hb BKK2`b2/ BM � bBKTH2 2H2+i`QHvi2X h?2 CQm`M�H Q7 *?2KB+�H S?vbB+b- R99U8V,y89Nyk-

kyReX

(Ryj) CQM�b _B2bi- S`BiB JQ?�Miv- S2i2` a+?m`i2M#2`;2`- �M/ *?`BbiQb L GBFQbX *Q�`b2@;`�BMBM; Q7

BQMB+ KB+`Q;2Hb, h?2Q`v �M/ 2tT2`BK2MiX w2Bib+?`B7i 7Ƀ` S?vbBF�HBb+?2 *?2KB2- kkeUd@3V,dRRĜ

dj8- kyRkX

(Ry9) hvH2` C q2v2` �M/ �H�M _ .2MiQMX *QM+2Mi`�iBQM@/2T2M/2Mi br2HHBM; �M/ bi`m+im`2 Q7 BQMB+

KB+`Q;2Hb, aBKmH�iBQM �M/ i?2Q`v Q7 � +Q�`b2@;`�BM2/ KQ/2HX aQ7i J�ii2`- R9UkkV,98jyĜ989y-

kyR3X

(Ry8) a 6ƺ`bi2` �M/ J�M7`2/ a+?KB/iX SQHv2H2+i`QHvi2b BM bQHmiBQMX AM S?vbB+�H S`QT2`iB2b Q7

SQHvK2`b- T�;2b 8RĜRjjX aT`BM;2`- RNN8X

(Rye) >´F�M q2MM2`bi`ƺK �M/ "Dƺ`M GBM/K�MX JB+2HH2bX T?vbB+�H +?2KBbi`v Q7 bm`7�+i�Mi �bbQ+B�@

iBQMX S?vbB+b _2TQ`ib- 8kURV,RĜ3e- RNdNX

(Ryd) sB�Q@GBM q�M;- hQb?BMQ`B hbm`m- a?BM@B+?B L�F�Q- �M/ a?QDB EBKm`�X h?2 2H2+i`Qbi�iB+ �M/

bi2`B+@?BM/`�M+2 KQ/2H 7Q` i?2 i`�MbTQ`i Q7 +?�`;2/ bQHmi2b i?`Qm;? M�MQ}Hi`�iBQM K2K#`�M2bX

CQm`M�H Q7 J2K#`�M2 a+B2M+2- Rj8URV,RNĜjk- RNNdX

(Ry3) _ � J�`+mbX *�H+mH�iBQM Q7 i?2`KQ/vM�KB+ T`QT2`iB2b Q7 TQHv2H2+i`QHvi2bX h?2 CQm`M�H Q7

*?2KB+�H S?vbB+b- kjUeV,Ry8dĜRye3- RN88X

RRd



(RyN) *?�`H2b EBii2H �M/ S�mH J+1m2MX AMi`Q/m+iBQM iQ aQHB/ ai�i2 S?vbB+b- pQHmK2 3X qBH2v L2r

uQ`F- RNdeX

(RRy) >B/2FB EQ#�v�b?B- _2M2 >�Hp2`- :Q/2?�`/ amiK�MM- �M/ _QH�M/ : qBMFH2`X SQHvK2` +QM@

7Q`K�iBQMb BM BQMB+ KB+`Q;2Hb BM i?2 T`2b2M+2 Q7 b�Hi, h?2Q`2iB+�H �M/ K2bQb+�H2 bBKmH�iBQM

`2bmHibX SQHvK2`b- NURV,R8- kyRdX

(RRR) CQM�b G�M/b;2b2HH �M/ *?`BbiB�M >QHKX *2HH KQ/2H �TT`Q�+?2b 7Q` T`2/B+iBM; i?2 br2HHBM; �M/

K2+?�MB+�H T`QT2`iB2b Q7 TQHv2H2+i`QHvi2 ;2HbX J�+`QKQH2+mH2b- 8kUkjV,Nj9RĜNj8j- kyRNX

(RRk) �H#2`iQ J�`iőM@JQHBM� �M/ J�Mm2H Zm2b�/�@Sû`2xX � `2pB2r Q7 +Q�`b2@;`�BM2/ bBKmH�iBQMb

Q7 M�MQ;2H �M/ KB+`Q;2H T�`iB+H2bX CQm`M�H Q7 JQH2+mH�` GB[mB/b- k3y,jd9Ĝj3R- kyRNX

(RRj) u�MMB+F >�HH2x- CQb2T? .B�ii�- �M/ J�`iBM2 J2B`2H2bX Zm�MiBi�iBp2 �bb2bbK2Mi Q7 i?2 �++m`�+v

Q7 i?2 SQBbbQMĜ"QHixK�MM +2HH KQ/2H 7Q` b�Hiv bmbT2MbBQMbX G�M;KmB`- jyUkjV,edkRĜedkN- kyR9X

(RR9) >´F�M q2MM2`bi`ƺK- "Q CƺMbbQM- �M/ S2` GBMb2X h?2 +2HH KQ/2H 7Q` TQHv2H2+i`QHvi2 bvbi2KbX

2t�+i bi�iBbiB+�H K2+?�MB+�H `2H�iBQMb- JQMi2 *�`HQ bBKmH�iBQMb- �M/ i?2 SQBbbQMĜ"QHixK�MM

�TT`QtBK�iBQMX h?2 CQm`M�H Q7 *?2KB+�H S?vbB+b- deUNV,9ee8Ĝ9edy- RN3kX

(RR8) C�K2b 1 J�`F 2i �HX S?vbB+�H S`QT2`iB2b Q7 SQHvK2`b >�M/#QQF- pQHmK2 RydeX aT`BM;2`- kyydX

(RRe) S�mH C 6HQ`v �M/ CQ?M _2?M2` C`X ai�iBbiB+�H K2+?�MB+b Q7 +`Qbb@HBMF2/ TQHvK2` M2irQ`Fb BX

_m##2`HBF2 2H�biB+BivX h?2 CQm`M�H Q7 *?2KB+�H S?vbB+b- RRURRV,8RkĜ8ky- RN9jX

(RRd) S�mH C 6HQ`vX JQH2+mH�` i?2Q`v Q7 `m##2` 2H�biB+BivX SQHvK2` CQm`M�H- RdURV,RĜRk- RN38X

(RR3) *�`HQb : GQT2x �M/ q�Hi2` _B+?i2`BM;X .Q2b 6HQ`vĜ_2?M2` i?2Q`v [m�MiBi�iBp2Hv /2b+`B#2

i?2 br2HHBM; Q7 i?2`KQ`2bTQMbBp2 KB+`Q;2Hb\ aQ7i J�ii2`- RjU99V,3kdRĜ3k3y- kyRdX

(RRN) J�`Fmb .2b2`MQ �M/ *?`BbiB�M >QHKX *2HH KQ/2H �M/ SQBbbQM@"QHixK�MM i?2Q`v, � #`B27

BMi`Q/m+iBQMX AM 1H2+i`Qbi�iB+ 1z2+ib BM aQ7i J�ii2` �M/ "BQT?vbB+b- T�;2b kdĜ8kX aT`BM;2`-

kyyRX

(Rky) hQK2` J�`FQpB+?- .�pB/ �M/2HK�M- �M/ _m/B SQ/;Q`MBFX *?�`;2/ J2K#`�M2b, SQBbbQM@

"QHixK�MM i?2Q`v- .GoP T�`�/B;K �M/ #2vQM/X �`sBp T`2T`BMi,ReyjXyN98R- kyReX

RR3



(RkR) �H�M _ .2MiQMX SQBbbQMĜ"QHixK�MM i?2Q`v Q7 +?�`;2/ +QHHQB/b, GBKBib Q7 i?2 +2HH KQ/2H 7Q`

b�Hiv bmbT2MbBQMbX CQm`M�H Q7 S?vbB+b, *QM/2Mb2/ J�ii2`- kkUjeV,je9Ry3- kyRyX

(Rkk) a�?BM "mvmF/�;HB �M/ _�H7 "HQbb2vX "2vQM/ SQBbbQMĜ"QHixK�MM, 6Hm+im�iBQMb �M/ ~mB/

bi`m+im`2 BM � b2H7@+QMbBbi2Mi i?2Q`vX CQm`M�H Q7 S?vbB+b, *QM/2Mb2/ J�ii2`- k3Uj9V,j9jyyR-

kyReX

(Rkj) * L GBFQb �M/ L q �b?+`Q7iX a2H7@+QMbBbi2Mi i?2Q`v Q7 7`22xBM; Q7 i?2 +H�bbB+�H QM2@+QKTQM2Mi

TH�bK�X S?vbB+�H _2pB2r G2ii2`b- eNUkV,jRe- RNNkX

(Rk9) J�`+ "�mb �M/ C2�M@SB2``2 >�Mb2MX ai�iBbiB+�H K2+?�MB+b Q7 bBKTH2 *QmHQK# bvbi2KbX S?vbB+b

_2TQ`ib- 8NURV,RĜN9- RN3yX

(Rk8) a2ibmQ A+?BK�`m- >B`Qb?B Av2iQKB- �M/ a?B;2MQ`B h�M�F�X ai�iBbiB+�H T?vbB+b Q7 /2Mb2 TH�bK�b,

h?2`KQ/vM�KB+b- i`�MbTQ`i +Q2{+B2Mib �M/ /vM�KB+ +Q``2H�iBQMbX S?vbB+b _2TQ`ib- R9NUk@

jV,NRĜky8- RN3dX

(Rke) J C :`BKbQM �M/ J aBH#2`iX � b2H7@+QMbBbi2Mi i?2Q`v Q7 i?2 2z2+iBp2 BMi2`�+iBQMb BM +?�`;2@

bi�#BHBx2/ +QHHQB/�H /BbT2`bBQMbX JQH2+mH�` S?vbB+b- d9UkV,jNdĜ9y9- RNNRX

(Rkd) C >�7M2`X 6`QK >�KBHiQMB�Mb iQ S?�b2 .B�;`�KbX aT`BM;2`- RN3dX

(Rk3) _2Mû p�M _QBD- J�`DQH2BM .BDFbi`�- �M/ C2�M@SB2``2 >�Mb2MX S?�b2 /B�;`�K Q7 +?�`;2@

bi�#BHBx2/ +QHHQB/�H bmbT2MbBQMb, p�M /2` q��Hb BMbi�#BHBiv rBi?Qmi �ii`�+iBp2 7Q`+2bX S?vbB+�H

_2pB2r 1- 8NUkV,kyRy- RNNNX

(RkN) >�Q q�M; �M/ �H�M _ .2MiQMX 1z2+iBp2 2H2+i`Qbi�iB+ BMi2`�+iBQMb BM bQHmiBQMb Q7 TQHv2H2+@

i`QHvi2 bi�`b rBi? `B;B/ `Q/HBF2 �`KbX h?2 CQm`M�H Q7 *?2KB+�H S?vbB+b- RkjUk9V,k99NyR- kyy8X

(Rjy) �H�M _ .2MiQMX S?�b2 b2T�`�iBQM BM +?�`;2@bi�#BHBx2/ +QHHQB/�H bmbT2MbBQMb, AM~m2M+2 Q7

MQMHBM2�` b+`22MBM;X S?vbB+�H _2pB2r 1- djU9V,y9R9yd- kyyeX

(RjR) _Q#2`i C >mMi2`X 6QmM/�iBQMb Q7 *QHHQB/ a+B2M+2X Pt7Q`/ lMBp2`bBiv S`2bb- kyyRX

(Rjk) .2MMBb * _�T�TQ`i �M/ .2MMBb * _�T�TQ`i _�T�TQ`iX h?2 �`i Q7 JQH2+mH�` .vM�KB+b

aBKmH�iBQMX *�K#`B/;2 lMBp2`bBiv S`2bb- kyy9X

RRN



(Rjj) aX SHBKTiQMX 6�bi T�`�HH2H �H;Q`Bi?Kb 7Q` b?Q`i@`�M;2 KQH2+mH�` /vM�KB+bX CQm`M�H Q7 S?vbB+b,

*QM/2Mb2/ J�ii2`- RRd,RĜRN- RNN8X

(Rj9) Em`i "BM/2`- .B2i2` >22`K�MM- GvH2 _Q2HQ7b- � CQ?M J�HHBM+F`Q/i- �M/ amb�M J+E�vX JQMi2

*�`HQ bBKmH�iBQM BM bi�iBbiB+�H T?vbB+bX *QKTmi2`b BM S?vbB+b- dUkV,R8eĜR8d- RNNjX

(Rj8) >�`p2v :QmH/- C�M hQ#Q+?MBF- �M/ qQH7;�M; *?`BbiB�MX �M AMi`Q/m+iBQM iQ *QKTmi2` aBK@

mH�iBQM J2i?Q/b- pQHmK2 RX �//BbQM@q2bH2v L2r uQ`F- RN33X

(Rje) _�D EmK�` S�i?`B�X ai�iBbiB+�H J2+?�MB+b- pQHmK2 98X S2`;�KQM- RNdkX

(Rjd) _B+?�`/ � G CQM2bX aQ7i *QM/2Mb2/ J�ii2`- pQHmK2 eX Pt7Q`/ lMBp2`bBiv S`2bb- kyykX

Rky



�SS1L.As

h?Bb �TT2M/Bt +QMi�BMb J�i?2K�iB+� MQi2#QQFb- C�p� +H�bb2b- �M/ G�JJSa b+`BTib i?�i

r2 /2p2HQT2/ 7Q` Qm` SQBbbQM@"QHixK�MM +2HH KQ/2H +�H+mH�iBQMb- JQMi2 *�`HQ bBKmH�iBQMb- �M/

KQH2+mH�` /vM�KB+b bBKmH�iBQMbX

h?2 #2HQr MQi2#QQF r�b mb2/ iQ bQHp2 i?2 SQBbbQM@"QHixK�MM 2[m�iBQM 7Q` � bm`7�+2@+?�`;2/

KB+`Q;2H BM � bT?2`B+�H +2HH rBi? +QmMi2`BQMb �M/ b�Hi BQMbX h?2 KB+`Q;2H r�b KQ/2H2/ �b � bm`7�+2@

+?�`;2/ bT?2`2X "QmM/�`v +QM/BiBQMb, i?2 2H2+i`B+ }2H/ Bb x2`Q �i i?2 +2Mi2` �M/ 2/;2 Q7 i?2 +2HHX

h?2 2H2+i`Qbi�iB+ TQi2MiB�H Bb +QMiBMmQmb �i i?2 KB+`Q;2H bm`7�+2X

RkR



Rkk



h?2 #2HQr MQi2#QQF r�b mb2/ iQ bQHp2 i?2 SQBbbQM@"QHixK�MM 2[m�iBQM 7Q` +vHBM/`B+�H KB@

+`Q;2Hb BM � +vHBM/`B+�H +2HH rBi? +QmMi2`BQMb �M/ b�Hi BQMbX h?2 KB+`Q;2H r�b KQ/2H2/ �b �M BM}MBi2Hv

HQM; +vHBM/2` rBi? mMB7Q`K bm`7�+2 +?�`;2X

Rkj



h?2 G�JJSa +Q/2 #2HQr BMBiB�HBx2b i?2 KB+`QBQMb QM � 6�+2@+2Mi2`2/ +m#B+ U6**V H�iiB+2X

h?2 b+`BTi #2HQr Bb � b�KTH2 G�JJSa BMTmi b+`BTi- mb2/ iQ `mM i?2 J. bBKmH�iBQMX

R

k O aT?2`B+�H +2HH KQ/2H Q7 � bm`7�+2 +?�`;2/ KB+`Q;2H /BbT2`bBQM rBi? 2tTHB+Bi

+QmMi2`BQMb �L. MQ b�HiX

j O *2Mi2`2/ bT?2`2b- 7Bt2/ #QmM/�`v +QM/BiBQMb - �M/ /Qm#H2/ *QmHQK# +miQ775

9 O avbi2K T�`�K2i2`b, KB+`Q;2H �M/ KB+`QBQM p�H2M+2b- KB+`Q;2H �M/ +2HH `�/BB

8 mMBib `2�H

e iBK2bi2T R

d �iQKnbivH2 +?�`;2

3 /BK2MbBQM j

N

Ry O JB+`Q;2H p�H2M+2 ULPh1, 2H2+i`QM2mi`�HBiv `2[mB`2b wf[ 4 +QmMi2`BQM MmK#2`V

RR p�`B�#H2 w 2[m�H Ryyy

Rk

Rj O *QmMi2`BQM p�H2M+2,

R9 p�`B�#H2 [ 2[m�H R

R8

Re O JB+`Q;2H `�/Bmb U`2�H mMBibV,

Rd p�`B�#H2 � 2[m�H k8y

R3

RN

ky O JB+`Q;2H pQHmK2 7`�+iBQM,

kR Op�`B�#H2 T?B 2[m�H U0�f0_V�j Q` UT?ByVU�HT?�V�j

kk p�`B�#H2 T?B 2[m�H yXjRk8

kj

k9 O *2HH `�/Bmb U`2�H mMBibV,

k8 Op�`B�#H2 _ 2[m�H 8yy

ke p�`B�#H2 _ 2[m�H 0�f0&T?B'�URXfjXV

kd

k3 O JB+`Q;2H pQHmK2 7`�+iBQM,

kN Op�`B�#H2 T?B 2[m�H U0�f0_V�j

jy

jR O G�iiB+2 +QMbi�Mi U`2�H mMBibV,

jk p�`B�#H2 G 2[m�H 88

jj

Rk9



j9 O *2HH `�/Bmb UH�iiB+2 mMBibV,

j8 p�`B�#H2 _+ 2[m�H 0_f0G

je

jd O AMBiB�H `�/Bmb UH�iiB+2 mMBibV,

j3 p�`B�#H2 _B 2[m�H yXeR 0&_+'

jN

9y O JB+`Q;2H `�/Bmb UH�iiB+2 mMBibV,

9R p�`B�#H2 _K 2[m�H 0�f0G

9k O S�B` TQi2MiB�H +miQ77 `�/Bmb U`2�H mMBibV,

9j p�`B�#H2 _+mi 2[m�H k 0_

99

98 O 6Q`+2 mMBi +QMp2`bBQM,

9e O 2TbBHQM43y,

9d p�`B�#H2 * 2[m�H 9XR8y3

93 O 2TbBHQM4d3,

9N Op�`B�#H2 * 2[m�H 9Xk8d

8y

8R H�iiB+2 7++ 0G

8k OH�iiB+2 #++ 0G

8j

89 O 6Bt2/ #QmM/�`v +QM/BiBQMb QM +m#B+ bBKmH�iBQM +2HH

88 #QmM/�`v 7 7 7

8e

8d O`2;BQM A. bivH2 �`;bc bivH2 4 bT?2`2c �`;b 4 t v x `�/Bmb

83 `2;BQM bT?2`2RBM bT?2`2 0&_+' 0&_+' 0&_+' 0&_K' bB/2 BM

8N `2;BQM bT?2`2RQmi bT?2`2 0&_+' 0&_+' 0&_+' 0&_K' bB/2 Qmi

ey `2;BQM bT?2`2k bT?2`2 0&_+' 0&_+' 0&_+' 0&_B' bB/2 BM

eR `2;BQM bT?2`2j bT?2`2 0&_+' 0&_+' 0&_+' 0&_+' bB/2 BM

ek

ej O+`2�i2n#Qt L `2;BQM@A.c L 4 O Q7 �iQK ivT2b

e9 +`2�i2n#Qt k bT?2`2j

e8

ee O+`2�i2n�iQKb ivT2 bivH2c ivT2 4 �iQK ivT2c bivH2 4 `2;BQM �`;b 4 `2;BQM@A.

ed O7++ H�iiB+2,

e3 +`2�i2n�iQKb R `2;BQM bT?2`2k #�bBb R R #�bBb k R #�bBb j R #�bBb 9 R

eN O#++ H�iiB+2,

Rk8



dy O+`2�i2n�iQKb R `2;BQM bT?2`2k #�bBb R R #�bBb k k

dR

dk Ob2i +QmMi2`BQMb MmK#2`

dj b2i �iQK R Ryyy ivT2 R

d9 b2i �iQK RyyR 8yyy ivT2 k

d8

de ;`QmT +QmMi2`BQM ivT2 R

dd ;`QmT 2ti`� ivT2 k

d3 /2H2i2n�iQKb ;`QmT 2ti`�

dN

3y O b2i K�bb Q7 �iQKb 7Q` �iQKnbivH2 +?�`;2

3R K�bb R RXy

3k K�bb k RXy

3j Ob2i ivT2 R K�bb R

39

38 O b2i +?�`;2 Q7 �iQKb 7Q` �iQKnbivH2 +?�`;2

3e b2i ivT2 R +?�`;2 0[

3d b2i ivT2 k +?�`;2 0[

33

3N

Ny

NR

Nk p2HQ+Biv �HH +`2�i2 kNjXy 3dk3d

Nj

N9 O >v#`B/ T�B` TQi2MiB�H, `2TmHbBp2 GC TQi2MiB�H - +mi Q77 �i KBMBKmK (`+mi4bB;K�

 k�URfeV)

N8 O �M/ *QmHQK# TQi2MiB�H +mi Q77 �i irB+2 i?2 +2HH `�/Bmb,

Ne OT�B`nbivH2 ?v#`B/fQp2`H�v HDf+mi RXRkk9eky93 +QmHf+mi 0&_+mi'

Nd OT�B`nbivH2 ?v#`B/fQp2`H�v HDf+mi kXk99Nk9yNe +QmHf+mi 0&_+mi'

N3 T�B`nbivH2 ?v#`B/fQp2`H�v HDf+mi jXjedj3eR98 +QmHf+mi 0&_+mi'

NN O T�`�K2i2`b, 2TbBHQM- bB;K�4`+mifk�URfeV

Ryy OT�B`n+Q277   HDf+mi jyX RX

RyR OT�B`n+Q277   HDf+mi jyX kX

Ryk T�B`n+Q277   HDf+mi jyX jX

Ryj T�B`nKQ/B7v b?B7i v2b

Ry9 T�B`n+Q277   +QmHf+mi 0&_+mi'

Rke



Ry8 /B2H2+i`B+ 3yX

Rye O/B2H2+i`B+ d3X

Ryd

Ry3 M2B;?#Q` yXj #BM

RyN M2B;?nKQ/B7v 2p2`v ky QM2 8yyyy /2H�v y +?2+F MQ T�;2 Ryyyyyy

RRy

RRR Op�`B�#H2 7tRBM �iQK @U0* 0w 0[f0��jV Ut@0_V

RRk Op�`B�#H2 7vRBM �iQK @U0* 0w 0[f0��jV Uv@0_V

RRj Op�`B�#H2 7xRBM �iQK @U0* 0w 0[f0��jV Ux@0_V

RR9 Op�`B�#H2 7tkBM �iQK U0* 0w 0[f0��jV Ut@0_V

RR8 Op�`B�#H2 7vkBM �iQK U0* 0w 0[f0��jV Uv@0_V

RRe Op�`B�#H2 7xkBM �iQK U0* 0w 0[f0��jV Ux@0_V

RRd

RR3 p�`B�#H2 `j �iQK UUt@0_V�kYUv@0_V�kYUx@0_V�kV�RX8YRX2@ky

RRN

Rky p�`B�#H2 7tRQmi �iQK @U0* 0w 0[fpn`jV Ut@0_V

RkR p�`B�#H2 7vRQmi �iQK @U0* 0w 0[fpn`jV Uv@0_V

Rkk p�`B�#H2 7xRQmi �iQK @U0* 0w 0[fpn`jV Ux@0_V

Rkj Op�`B�#H2 7tkQmi �iQK U0* 0w 0[fpn`jV Ut@0_V

Rk9 Op�`B�#H2 7vkQmi �iQK U0* 0w 0[fpn`jV Uv@0_V

Rk8 Op�`B�#H2 7xkQmi �iQK U0* 0w 0[fpn`jV Ux@0_V

Rke

Rkd O7Bt R +QmMi2`BQM �//7Q`+2 pn7tRBM pn7vRBM pn7xRBM `2;BQM bT?2`2RBM

Rk3 O7Bt k +QBQM �//7Q`+2 pn7tkBM pn7vkBM pn7xkBM `2;BQM bT?2`2RBM

RkN 7Bt j +QmMi2`BQM �//7Q`+2 pn7tRQmi pn7vRQmi pn7xRQmi `2;BQM

bT?2`2RQmi

Rjy O7Bt 9 +QBQM �//7Q`+2 pn7tkQmi pn7vkQmi pn7xkQmi `2;BQM bT?2`2RQmi

RjR

Rjk 7Bt 8 �HH Mpi i2KT kNjXy kNjXy RyyXy

Rjj 7Bt e �HH r�HHf`2;BQM bT?2`2j HDRke jy R RXRkk9eky93

Rj9

Rj8 /mKT R �HH �iQK Ryyy /mKTXbm`7�+2n+?�`;2/nKB+`Q;2HnQTnyXyk

nRyyyn�HT?�nkX8

Rje i?2`KQ Ryyy

Rjd `mM Ryyyyyyy

Rkd



h?2 C�p� +Q/2 #2HQr r�b mb2/ iQ +QKTmi2 i?2 #mHF QbKQiB+ T`2bbm`2 �M/ br2HHBM; `�iBQ Q7

bm`7�+2@+?�`;2/ KB+`Q;2H bmbT2MbBQMb BM Qm` JQMi2 *�`HQ bBKmH�iBQMbX

R +�H+mH�i2hQi�H1M2`;vUVc ff BMBiB�H 2M2`;v

k '

j

9 f  

8  SH�+2 T�`iB+H2b QM bBi2b Q7 �M 7++ H�iiB+2X

e  f

d Tm#HB+ pQB/ b2i6**SQbBiBQMbUV &

3 BMi Bt- Bv- Bxc

N /Qm#H2 /Mt 4 J�i?X+#`iULf9XVc

Ry / 4 bB/2 f /Mtc ff H�iiB+2 +QMbi�Mi

RR Mt 4 UBMiV /Mtc

Rk B7 U/Mt @ Mt = yXyyyyRV &

Rj MtYYc ff Lf9 Bb MQi � T2`72+i +m#2

R9 '

R8

Re BMi B 4 yc

Rd 7Q` UBt 4 yc Bt I k Mtc BtYYV & ff HQQT i?`Qm;? T�`iB+H2b BM � `Qr

R3 7Q` UBv 4 yc Bv I k Mtc BvYYV & ff HQQT i?`Qm;? T�`iB+H2b BM � +QHmKM

RN 7Q` UBx 4 yc Bx I k Mtc BxYYV & ff HQQT i?`Qm;? T�`iB+H2b BM � H�v2`

ky B7 UB I LV & ff +?2+F 7Q` `2K�BMBM; T�`iB+H2b

kR B7 UUBtYBvYBxVWk 44 yV & ff +?2+F 7Q` `2K�BMBM; T�`iB+H2b

kk t(B) 4 Bt  /fkXc

kj v(B) 4 Bv  /fkXc

k9 x(B) 4 Bx  /fkXc

k8 BYYc

ke '

kd '

k3 '

kN '

jy '

jR +�H+mH�i2hQi�H1M2`;vUVc ff BMBiB�H 2M2`;v

jk '

jj

j9 f  

Rk3



j8  .Q � JQMi2 *�`HQ bBKmH�iBQM bi2TX

je  f

jd Tm#HB+ pQB/ bi2TUV &

j3 bi2TbYYc

jN /Qm#H2 /ti`B�H- /vi`B�H- /xi`B�H- �i`B�Hc

9y /Qm#H2 M2r1M2`;v - >2`ix1M2`;vc

9R /Qm#H2 /t- /v- /x- /2- `- `k- bB;K�- �J2�M- _c

9k /Qm#H2 p#�`2- pBM/- pQp2`H�T - �- umF�r�1M2`;vc

9j /Qm#H2 �j- KBt6- 2H�biB+6 - 2H2+6- iQi�H6- b2H7l- pQHl- E- F�c

99

98 ff i`B�H KQp2

9e 7Q` UBMi B 4 yc B I Lc YYBV &

9d

93 /ti`B�H 4 iQH2`�M+2 kX UJ�i?X`�M/QKUV@yX8Vc

9N /vi`B�H 4 iQH2`�M+2 kX UJ�i?X`�M/QKUV@yX8Vc

8y /xi`B�H 4 iQH2`�M+2 kX UJ�i?X`�M/QKUV@yX8Vc

8R �i`B�H 4 �iQH2`�M+2 kX UJ�i?X`�M/QKUV@yX8Vc

8k

8j t(B) 4 S"*XTQbBiBQMUt(B)Y/ti`B�H- bB/2Vc ff i`B�H /BbTH�+2K2Mi

89 v(B) 4 S"*XTQbBiBQMUv(B)Y/vi`B�H- bB/2Vc

88 x(B) 4 S"*XTQbBiBQMUx(B)Y/xi`B�H- bB/2Vc

8e �(B) Y4 �i`B�Hc ff i`B�H `�/Bmb +?�M;2

8d

83 M2r1M2`;v 4 yc

8N

ey 7Q` UBMi D 4 yc D I Lc YYDV &

eR B7UD 54 BV &

ek /t 4 S"*Xb2T�`�iBQMUt(B)@t(D)- bB/2Vc

ej /v 4 S"*Xb2T�`�iBQMUv(B)@v(D)- bB/2Vc

e9 /x 4 S"*Xb2T�`�iBQMUx(B)@x(D)- bB/2Vc

e8 `k 4 /t /tY/v /vY/x /xc

ee ` 4 J�i?Xb[`iU`kVc

ed bB;K� 4 �(B) Y �(D)c

e3 �J2�M 4 yX8 bB;K�c

eN _ 4 `f�J2�Mc

dy F� 4 F �J2�Mc

RkN



dR B7 U` I bB;K�V&

dk

dj ff *>�L:1 p#�`2 �M/ pBM/, (JQ?�KK2/ �HxBv�/B)

d9 ff 6Q` bm`7�+2@+?�`;2/ KB+`Q;2H

d8 pQp2`H�T 4 w w ;�KK� UR@J�i?X2tTU@F `V@J�i?X2tTU@k F�V J�i?XbBM?UF `VVfUk 

F� F� `Vc

de

dd >2`ix1M2`;v 4 " J�i?XTQrUR@`fbB;K� -kX8Vc

d3 M2r1M2`;v Y4 pQp2`H�T Y >2`ix1M2`;vc ff T�B` 2M2`;v

dN M2rS�B`1M2`;v(B)(D) 4 pQp2`H�T Y >2`ix1M2`;vc

3y '

3R 2Hb2 &

3k ff *>�L:1 �, (JQ?�KK2/ �HxBv�/B)

3j ff � 4 ;�KK� J�i?XTQrUw J�i?XbBM?UF �(B)VfUF �(B)V-kVc

39 � 4 ;�KK� Uw J�i?XbBM?UF �(B)VfUF �(B)VV Uw J�i?XbBM?UF �(D)VfUF �(D)VVc

38 umF�r�1M2`;v 4 � J�i?X2tTU@F `Vf`c

3e M2r1M2`;v Y4 umF�r�1M2`;vc ff T�B` 2M2`;v

3d M2rS�B`1M2`;v(B)(D) 4 umF�r�1M2`;vc

33 '

3N '

Ny '

NR �j 4 J�i?XTQrU�(B)-jVc

Nk KBt6 4 MJQM UU�j@RV J�i?XHQ;UR@Rf�jVY+?B UR@Rf�jVVc

Nj 2H�biB+6 4 RX8 M*?�BMb U�(B) �(B)@J�i?XHQ;U�(B)V@RVc

N9

N8 E 4 F �(B)c ff b+`22MBM; +QMbi�Mi UmMBib Q7 BMp2`b2 brQHH2M `�/BmbV

Ne ff *>�L:1 b2H7l �M/ pQHl, (JQ?�KK2/ �HxBv�/B)

Nd

N3 ff

NN b2H7l 4 yX8 w w ;�KK�f�(B)c ff b2H7 2M2`;v Q7 � bBM;H2 BQMB+ KB+`Q;2H 7Q`

bm`7�+2@+?�`;2/

Ryy (JQ?�KK2/ �HxBv�/B)

RyR

Ryk ff KB+`QBQM pQHmK2 2M2`;v UM2;H2+iBM; +QMbi�Mib BM/2T2M/2Mi Q7 �(B)V

Ryj ff 6Q` bm`7�+2@+?�`;2/ KB+`Q;2H , (JQ?�KK2/ �HxBv�/B)

Ry9

Rjy



Ry8 pQHl 4 @yX8 ;�KK� w w UJ�i?X2tTU@k EV@RYk EVfUk E �(B)Vc

Rye 2H2+6 4 b2H7l Y pQHlc ff 2H2+i`Qbi�iB+ 7`22 2M2`;v

Ryd

Ry3 iQi�H6 4 KBt6 Y 2H�biB+6 Y 2H2+6c ff bBM;H2@T�`iB+H2 7`22 2M2`;v

RyN M2r1M2`;v Y4 iQi�H6c

RRy

RRR /2 4 M2r1M2`;v @2M2`;v(B)c

RRk

RRj B7UJ�i?X2tTU@/2V I J�i?X`�M/QKUV %% �(B) I RV &

RR9 t(B) 4 S"*XTQbBiBQMUt(B)@/ti`B�H- bB/2Vc ff `2D2+i KQp2

RR8 v(B) 4 S"*XTQbBiBQMUv(B)@/vi`B�H- bB/2Vc

RRe x(B) 4 S"*XTQbBiBQMUx(B)@/xi`B�H- bB/2Vc

RRd �(B) @4 �i`B�Hc

RR3 '

RRN 2Hb2 & ff �++2Ti KQp2 �M/ mT/�i2 2M2`;B2b

Rky 2M2`;v(B) 4 M2r1M2`;vc

RkR 7Q` UBMi D 4 yc D I Lc YYDV & ff mT/�i2 2M2`;B2b Q7 Qi?2` T�`iB+H2b

Rkk B7UD 54 BV &

Rkj 2M2`;v(D) Y4 M2rS�B`1M2`;v(B)(D)@T�B`1M2`;v(B)(D)c

Rk9 T�B`1M2`;v(B)(D) 4 M2rS�B`1M2`;v(B)(D)c

Rk8 T�B`1M2`;v(D)(B) 4 M2rS�B`1M2`;v(B)(D)c

Rke '

Rkd '

Rk3 '

RkN '

Rjy +�H+mH�i2hQi�H1M2`;vUVc ff M2r iQi�H 2M2`;v

RjR '

Rjk

Rjj ff iQi�H 2M2`;v �M/ T`2bbm`2

Rj9 Tm#HB+ pQB/ +�H+mH�i2hQi�H1M2`;vUV &

Rj8 /Qm#H2 /t- /v- /x- `- `k- bB;K�- �J2�M- _c

Rje /Qm#H2 p#�`2- pBM/- pQp2`H�T - �- umF�r�1M2`;vc

Rjd /Qm#H2 �j- KBt6- 2H�biB+6 - 2H2+6- iQi�H6- b2H7l- pQHl- pQHS- E- F�c

Rj3 /Qm#H2 7Pp2`_- 7t- 7v- 7xc

RjN /Qm#H2 7#�`2- 7BM/- 7Qp2`H�Tc

R9y /Qm#H2 /2`BpS�`i - >2`ix1M2`;vc

RjR



R9R /Qm#H2 T�B`1M2`;vamK - 2M2`;vamK - pB`B�HR- pB`B�Hk- pB`B�HamKc

R9k

R9j iQi�H1M2`;v 4 yc

R99 iQi�HoB`B�H 4 yc

R98

R9e 7Q`UBMi B 4 yc B I Lc YYBV & ff bmK Qp2` T�`iB+H2b

R9d T�B`1M2`;vamK 4 yc

R93 2M2`;vamK 4 yc

R9N pB`B�HamK 4 yc

R8y 7Q`UBMi D 4 yc D I Lc YYDV & ff bmK Qp2` T�B`b Q7 T�`iB+H2b

R8R B7UD 54 BV &

R8k /t 4 S"*Xb2T�`�iBQMUt(B)@t(D)- bB/2Vc

R8j /v 4 S"*Xb2T�`�iBQMUv(B)@v(D)- bB/2Vc

R89 /x 4 S"*Xb2T�`�iBQMUx(B)@x(D)- bB/2Vc

R88 `k 4 /t /tY/v /vY/x /xc

R8e ` 4 J�i?Xb[`iU`kVc

R8d bB;K� 4 �(B)Y �(D)c

R83 �J2�M 4 yX8 bB;K�c

R8N _ 4 `f�J2�Mc

Rey F� 4 F �J2�Mc

ReR B7 U` I bB;K�V&

Rek

Rej ff *>�L:1 p#�`2 �M/ pBM/,

Re9 (JQ?�KK2/ �HxBv�/B)

Re8

Ree

Red pQp2`H�T 4 w w ;�KK� UR@J�i?X2tTU@F `V@J�i?X2tTU@k F�V J�i?XbBM?UF `VVfUk 

F� F� `Vc

Re3 ff *>�L:1 7#�`2 �M/ 7BM/, (JQ?�KK2/ �HxBv�/B)

ReN

Rdy

RdR ff 7Qp2`H�T 4 yc

Rdk 7Qp2`H�T 4 @w w ;�KK� U@RYJ�i?X2tTU@F `V URYF `VYJ�i?X2tTU@k F�V U@F ` 

J�i?X+Qb?UF `VYJ�i?XbBM?UF `VVVfUk F� F� ` `Vc

Rdj

Rd9

Rjk



Rd8 /2`BpS�`i 4 " J�i?XTQrUR@`fbB;K� -RX8Vc

Rde >2`ix1M2`;v 4 /2`BpS�`i UR@`fbB;K�Vc

Rdd T�B`1M2`;v(B)(D) 4 pQp2`H�T Y >2`ix1M2`;vc ff T�B` 2M2`;v Q7 T�`iB+H2b B

�M/ D

Rd3 T�B`1M2`;vamK Y4 pQp2`H�T Y >2`ix1M2`;vc ff iQi�H T�B` 2M2`;v Q7 T�`iB+H2

B

RdN 7Pp2`_ 4 UUkX8fbB;K�V /2`BpS�`iY7Qp2`H�TVf`c

R3y 7t 4 7Pp2`_ /tc ff 7Q`+2 BM t@/B`2+iBQM

R3R 7v 4 7Pp2`_ /vc ff 7Q`+2 BM v@/B`2+iBQM

R3k 7x 4 7Pp2`_ /xc ff 7Q`+2 BM x@/B`2+iBQM

R3j pB`B�HR 4 U/t 7tY/v 7vY/x 7xVfjXc ff bi�M/�`/ pB`B�H +QMi`B#miBQM iQ

T`2bbm`2

R39 ff +QMi`B#miBQM 7`QK /2MbBiv@/2T2M/2Mi 2772+iBp2 2H2+i`Qbi�iB+ T�B`

TQi2MiB�H

R38 ff *>�L:1 pB`B�Hk, (JQ?�KK2/ �HxBv�/B)

R3e pB`B�Hk 4 @Uw w ;�KK�fUk `VV UUR@J�i?X2tTU@` FV@J�i?X2tTU@k F�V J�i?XbBM?U

` FVVfUF� F�V@UJ�i?X2tTU@` FV F `@J�i?X2tTU@k F�V F ` J�i?X+Qb?UF `VYk F� 

J�i?X2tTU@k F�V J�i?XbBM?U` FVVfUk F� F�VVc

R3d ff pB`B�Hk 4 yc

R33 pB`B�HamK Y4 pB`B�HR Y pB`B�Hkc

R3N '

RNy 2Hb2 &

RNR

RNk � 4 ;�KK� Uw J�i?XbBM?UF �(B)VfUF �(B)VV Uw J�i?XbBM?UF �(D)VfUF �(D)VVc

RNj umF�r�1M2`;v 4 � J�i?X2tTU@F `Vf`c

RN9 T�B`1M2`;v(B)(D) 4 umF�r�1M2`;vc ff T�B` 2M2`;v Q7 T�`iB+H2b B �M/ D

RN8 T�B`1M2`;vamK Y4 umF�r�1M2`;vc ff T�B` 2M2`;v

RNe 7Pp2`_ 4 UumF�r�1M2`;vf`V UFYRf`Vc

RNd 7t 4 7Pp2`_ /tc ff 7Q`+2 BM t@/B`2+iBQM

RN3 7v 4 7Pp2`_ /vc ff 7Q`+2 BM v@/B`2+iBQM

RNN 7x 4 7Pp2`_ /xc ff 7Q`+2 BM x@/B`2+iBQM

kyy pB`B�HR 4 U/t 7tY/v 7vY/x 7xVfjXc ff bi�M/�`/ pB`B�H +QMi`B#miBQM iQ

T`2bbm`2

kyR ff +QMi`B#miBQM 7`QK /2MbBiv@/2T2M/2Mi 2772+iBp2 2H2+i`Qbi�iB+ T�B`

TQi2MiB�H

kyk ff *>�L:1 pB`B�Hk, (JQ?�KK2/ �HxBv�/B)

Rjj



kyj pB`B�Hk 4w w ;�KK� J�i?X2tTU@F `V UJ�i?XbBM?UF�V J�i?X+Qb?UF�VfUF� `V@J�i?

XTQrUJ�i?XbBM?UF�V-kVfUF� F� `V@J�i?XTQrUJ�i?XbBM?UF�V-kV FfUk F� F�VVc

ky9 ff pB`B�Hk 4 yc

ky8 pB`B�HamK Y4 pB`B�HR Y pB`B�Hkc

kye '

kyd '

ky3 ' ff 2M/ Q7 D HQQT Qp2` T�`iB+H2b

kyN

kRy pB`B�HamK  4 yX8c ff +Q``2+i 7Q` /Qm#H2@+QmMiBM; T�B`b

kRR

kRk �j 4 J�i?XTQrU�(B)-jVc

kRj KBt6 4 MJQM UU�j@RV J�i?XHQ;UR@Rf�jVY+?B UR@Rf�jVVc

kR9 2H�biB+6 4 RX8 M*?�BMb U�(B) �(B)@J�i?XHQ;U�(B)V@RVc

kR8

kRe E 4 F �(B)c ff b+`22MBM; +QMbi�Mi UmMBib Q7 BMp2`b2 brQHH2M `�/BmbV

kRd ff *>�L:1 b2H7l �M/ pQHl,

kR3

kRN b2H7l 4 yX8 w w ;�KK�f�(B)c ff b2H7 2M2`;v Q7 � bBM;H2 BQMB+ KB+`Q;2H 7Q`

bm`7�+2@+?�`;2/

kky ff KB+`QBQM pQHmK2 2M2`;v UM2;H2+iBM; +QMbi�Mib BM/2T2M/2Mi Q7 �(B)V

kkR ff 6Q` bm`7�+2@+?�`;2/ KB+`Q;2H

kkk pQHl 4 @yX8 ;�KK� w w UJ�i?X2tTU@k EV@RYk EVfUk E �(B)Vc

kkj ff

kk9 2H2+6 4 b2H7l Y pQHlc ff 2H2+i`Qbi�iB+ 7`22 2M2`;v

kk8

kke iQi�H6 4 KBt6 Y 2H�biB+6 Y 2H2+6c ff bBM;H2@T�`iB+H2 7`22 2M2`;v

kkd

kk3 2M2`;v(B) 4 T�B`1M2`;vamK Y iQi�H6c

kkN 2M2`;vamK Y4 yX8 T�B`1M2`;vamK Y iQi�H6c ff +Q``2+iBM; 7Q` /Qm#H2@+QmMiBM;

T�B`b

kjy

kjR ff KB+`QBQM pQHmK2 T`2bbm`2

kjk ff *>�L:1 pQHS, (JQ?�KK2/ �HxBv�/B)

kjj pQHS 4 @yX8 w w ;�KK� J�i?X2tTU@k EV U@RYJ�i?X2tTUk EV@k EVfU9 E �(B)VYwYk 

Lb�Hic ff �//2/ B/2�H@;�b +QMbi`B#miBQM BM i?2

�#Qp2 HBM2X

Rj9



kj9 ff pQHS 4 @yX8 w w ;�KK� J�i?X2tTU@k EV U@RYJ�i?X2tTUk EV@k EVfU9 E �(B

)Vc

kj8 pB`B�HamK Y4 pQHSc

kje B7 Ubi2Tb=/2H�vV& ff +QHH2+i bi�iBbiB+b �7i2` 2[mBHB#`�iBX

kjd iQi�H1M2`;v Y4 2M2`;vamKc

kj3 iQi�HoB`B�H Y4 pB`B�HamKc

kjN '

k9y

k9R '

k9k ff (JQ?�KK2/ �HxBv�/B)

Rj8


