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ABSTRACT

We investigate various properties of two classes of operator algebras: directed graph operator
algebras and semicrossed products. First we consider analytic structure in the form of derivations
and point derivations on these algebras. Our two main results describe the structure of derivations
on graph operator algebras and point derivations on semicrossed product operator algebras. We
then investigate multivariate semicrossed products and the maps on the associated, underlying
compact Hausdorff space. We consider potential generalizations of classical 1-dimensional variants
and look for which of our multivariate analogs have nice structure with a proposed invariant for
multivariate dynamical systems. We close by developing a component-wise look at the maximal
C*-algebra of the n x n matrices, the simplest of the direct graph operator algebras. This is the first
concrete example of a maximal C*-algebra since the one example that accompanied the definition

in the original paper about maximal C*-envelopes.
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1. INTRODUCTION AND PRELIMINARIES

In the study of operator algebras there are three main types of algebras: nonselfadjoint
algebras, C*-algebras, and von Neumann algebras. The latter two have an extensive literature,
but nonselfadoint operator algebras are not as fully developed. One of the key factors in this lack
of development is the dearth of classical examples to investigate. C*-algebras and von Neumann
algebras are connected to classically defined objects: continuous functions on compact Hausdorff
spaces, and essentially bounded measurable functions on a finite measure space, respectively. The
classical analogs of nonselfadjoint algebras do not necessarily lead directly to natural operator
algebra analogues.

There have been two approaches, then, to nonselfadjoint operator algebras. On the one
hand, looking at specific concrete examples and identifying commonalities between them drives
much of the work. An alternative approach has been to, for a nonselfadjoint operator algebra,
consider the C*-algebra it generates and try to intuit properties on the nonselfadjoint operator
algebra from the associated C*-algebra. Both of these approaches present their own difficulties.

In this work we focus on two classes of nonselfadjoint operator algebras: semicrossed prod-
ucts and graph operator algebras. These two classes contain many of the examples studied in
the literature and, in addition, have some overlap. In addition, there is enough structure in these
examples to provide interesting avenues of study. After going through preliminary definitions, this
work breaks out into three areas of focus which we outline now.

A classical nonselfadjoint operator algebra is the disk algebra. One property that the disk
algebra has that is not true of classical C*-algebras is an analytic structure. In fact, the derivative
at a point in the interior of the disk is something that exists for the disk algebra but is not present
for continuous functions on the unit disk. Hence, we use an abstraction of the derivative at a point,
to consider analytic structure for semicrossed products. This extends work of [15], investigating
analytic structure for one particular type of semicrossed product and work of [15] investigating point

derivations of directed graph operator algebras. Here we investigate derivations on directed graph



operator algebras, and then look at point derivations for certain representations of semicrossed
products. We also spend time looking at the overlap, considering what types of graph operator
algebras give rise to semicrossed products.

The next part of this disquisition focuses on a generalization of semicrossed products from
[9]. The classical semicrossed product, defined in [20], begins with a single map acting on a
compact Hausdorff space. Unlike the C*-algebra context which typically requires that the map be
a homeomorphism semicrossed products can be defined for more general continuous functions, see
[9] for a survey of these algebras. The classical semicrossed product is generated by the continuous
functions on the given compact Hausdorff space together with an isometry that implements the
action of the continuous function. In the generalized context, Davidson and Katsoulis considered
the algebra generated by more than one map. As their work was focused on the associated algebra,
they did not spend much time investigating the dynamical-system type properties of multiple maps
acting on a compact Hausdorff space.

We begin the process of filling this gap by considering three important properties in the
classical case: periodicity, transitivity, and topological transitivity. It is not clear how to directly
translate these properties into the multivariate setting so we consider, for each, multiple variants
of the definitions. We consider the relationships between our different definitions and illustrate
with examples the limits of our definitions. In the one variable case, two dynamical systems that
are conjugate have the same properties. One of the advantages of the nonselfadjoint algebra is
that topological conjugacy is an isomorphism invariant between the associated algebras. In [23],
the author proposes that partition conjugacy is the right invariant for a multivariate dynamical
system. Their intuition is driven by the desire to make an invariant that, mimicking the single
variable case, is an isomorphism invariant. Here, taking partition conjugacy as the right invariant,
we consider our notions of periodicity, transitivity, and topological transitivity with respect to this
invariant.

In the last section, we return to the roots of nonselfadjoint operator algebras: trying to
understand how a nonselfadjoint operator algebra sits inside a C*-algebra. Given a single algebra,
there are, in fact, many ways to embed the algebra into a C*-algebra. Much of the classical
approach has been to look for the smallest C*-algebra that contains the nonselfadjoint operator

algebra. While this smallest C*-algebra has the benefit that it is often computable, it lacks any real



connection with the underlying algebra. In [3], the author proposed an alternate enveloping C*-
algebra which encoded all of the representation of the underlying nonselfadjoint operator algebra.
He called this the maximal C*-algebra of an operator algebra, and in that paper he described the
maximal C*-algebra for the simplest nonselfadjoint operator algebra, the upper triangular 2 x 2
matrices.

While the maximal C*-algebra has begun to be used in studying operator algebras [5],
finding concrete representations of the maximal C*-algebra for an operator algebra has not extended
beyond the initial example. Recently, in as yet unpublished work [15] developed a framework for
extending the Blecher example to upper triangular n x n matrices as well as one specific type
of semicrossed products. Here we go through some of the calculations underlying that approach,
elucidating this heretofore mysterious construction.

1.1. Introduction to Operator Algebras

In this section we provide some background definitions to put the results of this disquisition
into context. We will be studying a particular type of operator algebra, called a semicrossed
product. We start with some background material to provide context, and then we will develop

some algebraic and analytic properties for semicrossed products.

Definition 1. A vector space X over a field F is a space with two operations, addition + : X x X —

X and multiplication - : F x X — X, that satisfy the following:
l.z4+y=y+zforall z,ye X
2. (z+y)+z=x+(y+z2) forall z,y,z € X
3. there exists 0 € X such that z + 0=z for all x € X
4. for every x € X, there exists —x € X such that z + (—x) =0
5. there exists 1 € F such that 1 -z =z for all z € X
6. a-(x4+y)=a-z+a-yforalla € Fand z,y € X
7. (a+b)-z=a-z+b-zforalabelFand z € X

8. a-(b-x)=(ab)-x for every a,b € F and z € X.



Definition 2. A vector space X becomes a normed vector space when it is equipped with a function

|| -] : X — [0,00), called a norm, that satisfies the following:
1. ||z|| =0if and only if x = 0
2. [l +yll < [lzll + [lyl| for all 2,y € X
3. |lax|| = |a|||z|| for all @ € F and x € X.
Definition 3. A Banach space is a normed vector space that is complete with respect to the norm.

Definition 4. A Banach algebra A is a Banach space equipped with multiplication from A x A

into A satisfying

1. a(be) = (ab)c for all a,b,c € A

2. (a+b)e=ac+be for all a,b,c € A

3. a(b+c) =ab+ ac for all a,b,c € A

4. Mab) = (\a)b = a(\b) for all a,b € A and A € F
such that the norm satisfies ||ab|| < ||al|||b]| for all a,b € A.

Ezample 1. Let X be a compact Hausdorff space. The set C'(X) of all continuous, complex-valued
functions on X is a Banach algebra. The algebra multiplication is defined pointwise, and the norm

is the supremum norm || f|loc = sup,cx {|f ()|}

Ezample 2. Let B(H) denote the set of all bounded linear operators on a Hilbert space H. Define
addition pointwise and multiplication as composition (fg = go f for all f,g € B(H)). Equipping
B(H) with norm || f|| = supyjp=1 {[[f(h)[|} makes B(H) a Banach algebra.

When H = C", B(H) is the set of n x n matrices with complex entries which we denote

M, (C).

For more on these Example 1 and Example 2, we refer to Section 5.1 of [18].
Definition 5. A concrete operator algebra is a closed subalgebra B(H) of some Hilbert space H.

We refer to Chapter 2 of [3] for an overview of operator algebras.



Ezample 3. The subset of M, (C) of upper triangular matrices, denoted 7, (C), is an operator

algebra acting on C™.

There is an abstract characterization of an operator algebra. We start by considering a
Banach algebra A. Given such an algebra there is a natural norm on the algebra of n x n matrices

with entries from A. See [19] for more detail.

Definition 6. An operator algebra A is a Banach algebra A together with matricial norms || - ||,

on M, (A) such that

max{ || X{|n, [[Y[lm} <
m,n

for all X € M, (A) and Y € M,,(A) and so that | X - Y|y < [| X||m||Y || for all X,Y € M,,(A).

When talking about operator algebras, one considers natural maps between operator alge-
bras. If A, B are operator algebras, given any homomorphism =« : A — B, there is, for any n an

induced homomorphism 7, : M,,(A) — M,(B).

Definition 7. Given operator algebras A and B, we say that m: A — B is a representation if 7 is
a homomorphism. We say it is faithful if the map is one-to-one. If m, is an isometry for every n we
say that 7 is a complete isometry and if m, is a contraction for every n we say that « is completely

contractive.

In practical terms, it is typically much easier to verify that something is an operator algebra
by constructing a Hilbert space on which it acts, or by embedding it into a known algebra, rather

than verifying facts about the matricial norms.

Ezample 4. If you consider the operator algebra C(D) where D is the closed unit disk in the
complex plane then the disk algebra is the subalgebra of C'(D) consisting of those functions which

are analytic in the open unit disk. The notation for this algebra is A(D) [10].

Definition 8. An involution on a Banach algebra A is a map on A, notated a — a*, that satisfies



3. (Ma+b)" = Xa* +b*
for all a,b € A and A € C.

Definition 9. A C*-algebra is a Banach algebra with involution that satisfies the norm ||a*a|| =

la||? for all @ € A. A homomorphism that preserves the adjoint is called a *-homomorphism.

The next two examples can be found in Section 5.1 of [18].

Ezample 5. Let X be a compact Hausdorff space. We used in Example 1 that C(X) is a Banach

algebra. C'(X) becomes a C*-algebra when an involution is defined by f* = f.

Ezample 6. For any Hilbert space H, B(H) becomes a C*-algebra when involution is defined by
the usual adjoint operator.

A concrete C*-algebra is a norm closed self-adjoint subalgebra of B(#) for some Hilbert
space H. It is a well known result (Gelfand-Naimark Theorem, see Theorem 1.9.12 of [6]) that

every abstract C*-algebra A is isometrically *-isomorphic to a concrete C*-algebra of operators.

An important concept for nonselfadjoint operator algebras is that there may be many ways
to embed the operator algebra into bounded operators on a Hilbert space, for details of the following
see [3]. For example, by construction A(D) embeds into C'(D). One can show that when you
consider the unit circle T inside D, there is an onto *-homomorphism 7 : C'(D) — C(T) given by
restriction. Interestingly, 7| A(D) 1s a completely isometric isomorphism (because of the maximum
modulus theorem for analytic functions), so it embeds in a smaller C*-algebra. Similarly, given
any contractive operator 1" in a Hilbert space, there is a completely contractive homomorphism
m : A(D) — C*(T), and hence A(D) can sit inside larger, non-commutative operator algebras.

Understanding how an operator algebra sits inside a C*-algebra becomes an important question.

Definition 10. A C*-cover of an operator algebra A is a C*-algebra C' and a complete isometry
m: A — C such that i(A) generates C' as a C*-algebra. The smallest such cover is called the C*-
envelope, denoted C(A), and the largest is called the mazimal C*-algebra for A, denoted C}\, .. (A).

max

The existence of the C*-envelope [9] and the maximal C*-algebra [2] are important results

in the theory of nonselfadjoint operator algebras.



An important fact is that there is one known computed example of the maximal C*-algebra

of an operator algebra. In [3] it was established that for the upper triangular 2 x 2 matrices, T5,
Crox(T2) = {f € My (C(]0,1])) : f(0) is a diagonal scalar matrix}

We now provide the background for one of the important algebras we are going to study.

Definition 11. A topological dynamical system is a pair (X, o) consisting of a topological space X

and a continuous map ¢ acting on X.

In what follows we will always be dealing with topological dynamical systems, so we will
drop the adjective topological. In addition, unless stated otherwise, we will assume that X is a

compact Hausdorff space.

Definition 12. A C*-dynamical system is a triple (A, G, o) consisting of a C*-algebra A, a locally

compact group G, and homomorphism o : G — Aut(A).

Definition 13. A covariant representation of a C*-dynamical system (A, G, o) is a pair of rep-
resentations (7, p) on a Hilbert space H consisting of a *-representation m : A — H and unitary

p G — H that satisfies
p(g)m(a)p(g)” = m (a(g)(a))

for all a € A and g € G.

Definition 14. Let (A4, o) be a dynamical system, and assume that G is a countable discrete group.

Equip the polynomial algebra of continuously compactly supported A-valued functions on G

Q(At) = Z ag,lg, s ag, € A
1<i<n
9i€9

with multiplication tgatg_l = a(tg)(a), and define the norm



Z Agity; || = sup Z ™ (ag,) p (tg;)

1<i<n (m,p) covariant 1<i<n
9i€9 9i€G

The crossed product A x, G is the completion of Q(A,t) with respect to the norm.

Remark 1. Definitions 12, 13, and 14 are found in [6]. Refer to Chapter VIII of [6] for more in

depth information about this algebra.



2. FINITE DIRECTED GRAPHS

In this chapter we explore derivations on and representations of finite directed graphs.
2.1. Regular Representations of Semigroups

Here, we introduce the directed graph operator algebras and investigate point derivations
on these algebras. We then describe the form of a derivation for a directed graph operator algebra,
establishing that there exists a nontrivial derivation on a graph algebra, a question left open in
[12].

We first recall some facts on semigroups.

Definition 15. A semigroup S is a non-empty set with binary operation * that is associative, i.e.,

ax(bxc)=(axb)xcforall abces.

Definition 16. Let X be a set. A transformation of X is a single-valued mapping from X into

itself. The full transformation semigroup of X, denoted Ty, is the set of all transformations of X.

Remark 2. Section 1.1 of [4] gives an overview of semigroups and transformations. In notation, for
r € X and « € Ty, we denote « applied to z as ax. Tx is a semigroup with composition given by

(B * a)x = f(ax). The associativity is a simple check of moving symbols:

(Y (Bra))z=7((6*xa)z) = (8(ax)) = (v ) (ax) = ((v* f) x @) x

Ezample 7. Let X = {a,b,c}. Tx has 27 elements: in mapping, each element has three possible
destinations, and combining the three possible mappings of each element yields 27 possibilities.

Denote these transformations as «;, ¢ = 1, - ,27. The full list is seen in Figure 2.1.

Definition 17. The right reqular representation of a semigroup S is a mapping that takes each
s € S to ps € Ts given by ps(t) = ts. Similarly, the left reqular representation of a semigroup S is

a mapping that takes each s € S to Ay € Ts given by A\(t) = st.

Remark 3. Section 1.3 of [4] gives an overview of these important transformations. We just point
out a few of the facts. We drop the binary operation notation * when talking of S. Of note is

Psiss = PsyPs; and Ag s, = A, Ag, for every si1,s2 € S via the associative property of semigroups.

9



alb|c al|b|c alb|c
ailalala ap | blala alg | clala
as |lalalb a1 | blalbd asglclalb
ag lalalc aig | blalc asg1 | clalc
aglalb|a a3 | b|d|a ax lclbla
a5 | a blbd 14 bbb Q923 | C blbd
aglalb|c a5 | b|b|ec ay el ble
arlalcla ag | blcla ass | clcla
ag|lalc|b a7 | blc|b asg | clcel|b
ag la|c|c aig | bl clc agr | clclc

Figure 2.1. All 27 elements of Tx, where X = {a, b, c}, is shown.

Additionally, observe that the right regular representation is faithful if and only if S is left reductive
(i.e., for every s,t,x € S, if xs = xt, then s = t). Similarly, the left regular representation is faithful

if and only if § is right reductive.

Let X be a set, and let E = {e} be a group consisting only of the identity. Let E° be F
with an added 0 element, and let My (E°) be the set of X x X matrices with elements in E°. We

consider Vx C Mx (EO) as the set of matrices in which each row has exactly one element as e.

Definition 18. The natural isomorphism will be the mapping of a € Tx to V() = [vgy ()] € Vi,

which e in its  — y entry if a(z) = y and 0 otherwise.

This definition leads to the following example (as found in Section 3.5 of [4]).

Ezxample 8. Take a semigroup S. For s € §, apply the natural isomorphism to the regular repre-

sentations ps, As to obtain matrices R(s) = [rzy(s)] and L(s) = [(4y(s)] in Ms (E°) given by

e ifxs=y
Tay(s) =

0 otherwise

and

e ifsx=y
gry(s) =
0 otherwise.

We refer to R(s) and L(s) as the regular representations on the space.

10



We let P = [],cs10, e} with projection maps p,. For t € S, define § € P with p,(&§) = e
if a =t and p,(&) = 0 otherwise. We can think of {& }:cs as vectors on which R(s) and L(s) can

be applied. Take any y,s € S. We have

R(S)fy = [Tab(s)]a,bES[ C(gy)]cés
= [Z TGC(S)pC(gy)]
ceS a€eS
- [T‘ly(s)}aES :

Hence, R(s)§, = 0 unless there is € S such that xs = y. If s = y, then r4y(z) = e only when
a=ux,50 R(s5)§ =&

Similarly, if there is « € § with sz =y, then L(s)&, = &. L(s)§, = 0 if no such x exists.

Definition 19. Suppose G is a group with identity e and X is a set. If thereisamap H : G x X —
X :(g9,z) = g-x so that H(e,x) = x and H(g1, H(g2,2)) = H(g192,x) for every g1,g92 € G and

x € X, we say that G acts on the left of X.

Remark 4. Suppose G is a topological group and X is a topological space, and assume H from
Definition 19 is continuous. The pair (G, X) is called a transformation group. We refer to Section

2.1 of [25).

2.2. Directed Graphs

We first remind the reader of some basic facts about directed graphs.

Definition 20. A graph G is a set of vertices V(G) and a set of edges F(G) which represent pairs
of vertices that they connect. The graph becomes directed if it is equipped with a range map r
and a source map s that maps E(G) into V(G) that gives direction to each edge. That is, for
every e € E(G), s(e) € V(G) is vertex where the edge begins, and r(e) € V(G) is where the edge

terminates. We use the notation G = (V(G), E(G),r, s) to describe the graph.

One can extend the range and source maps to apply to vertices by setting r(z) = x = s(x)

for any vertex, which is helpful in notation.

Definition 21. A graph G = (V(G), E(G),r,s) is finite if V(G) and E(G) are finite sets.

11



Definition 22. A path in G is either a vertex z or an object of the form e; e;, ,---e; with

e; € E(G) and r(e;,) = s(ei,, )

Remark 5. For e € E(G), it is a common technique to write the path e = r(e)es(e) to use in

calculations, as seen below.

Definition 23. We let F*(G) denote the set of finite paths in G. We make F*(G) a semigroup
by equipping it with the concatenation operation, noting if wy,ws € F*(G), then wow; € FH(G) if
and only if r(w;) = s(wz). In the language of [17], F*(G) is called the path space of G.

Chapter 1 of [22] is a standard introduction to these objects.

Example 9. Consider the following finite directed graph:

.1‘2

A

1 o

)

€4

Here, for example, s(ea) = z2 and r(eg) = z1. We also have ege; € F(G), but eje3 ¢ FT(G).

We want to explore the algebra generated by these graphs. We let {£, : w € FT(G)} be
as defined in Example 8, and we consider the Hilbert space Hg = £2 (F*(G)) of square summable
sequences generated by {&, : w € F(G)}. On this space, the creation operator A\g : FT(G) —
B (H¢) is given by

v, 1f 7(v) = s(w)
AG<’U))§v -

0, otherwise.

and its adjoint is given by

&y, if v =wu for some u € FT(G)

0, otherwise.

12



It is clear that for wow; € FH(G) we can see that Ag(wow1) = Ag(w2)Ag(w1) and Mg (wowq )* =
Ag(w2)*Ag(wi)*. In the spirit of Example 8, we say that Ag is the left regular representation on
F(G).

We will use L, = Ag(z) for x € V(G) and L. = Ag(e) for e € E(G) to denote these

operators. Notice that L) Le = Le = LeLy(e) for any e.

Definition 24. The free semigroupoid algebra generated by G, denoted £(G), is the closure under

the WOT-topology of the operators L. and L.

£(G) is studied in depth in [17] and [16].

From Remark 4.3 in [17], we note that every a € £(G) has unique Fourier expansion

a ~ Z apAg(w).

weF+(G)

We will be working with the norm closed algebra but the result about Fourier expansion
works in this context as well, as long as we consider the Fourier sequence as converging in the
strong operator topology to the element of the algebra. In particular the norm-closed algebra
A(G) C £(G). In our notation we will write this similarity as an equality to minimize confusion.

For our purposes in later calculations, we need the following notation
Aij = {weFH(G): s(w) = x5, r(w) = 1)

in order to subdivide a Fourier series.
2.3. Derivations

We introduce a type of function that we will explore using the algebras we’re studying.

Definition 25. A derivation on an algebra A is a linear function D on A so that for every a,b € A,
D(ab) = aD(b)+ D(a)b.

Ezample 10. The usual derivative is a derivation on C*°(R).

13



Remark 6. If A is an algebra with generators {g)} and D is a continuous derivation on the set of
generators, then D extends linearly to a derivation on A. That is, if taking any generators gy, and

9x, gives D (ga,9x,) = 9x, D (9x,) + D (ga,) gx,, then D is a derivation on A.

Definition 26. Suppose 7 is a representation of an algebra A acting as an operator on a Hilbert
space H. A continuous linear function D : A — B(#H) is a point derivation at 7 if for every a,b € A,
D(ab) = w(a)D(b)+ D(a)n(b).

We will see examples of point derivations involving directed graphs and semicrossed products
in later sections.
Proposition 1. If A has an identity 1, then D (1) =0 for any derivation D.
Proof. As1=1-1, D(1) = D(1) + D(1) from the definition of a derivation. O
Ezample 11. Take any u € A for an algebra A. Then D, (a) = ua — au is a derivation. To see this,

take any a,b € A and observe that

Dy(ab) = wab— abu
= aub— aub + uab — abu
= aub — abu + uab — aub
= a(ub—bu)+ (ua — au)b

= aDy(b) + Dy(a)b
Definition 27. A derivation D on an algebra A is called an inner derivation if there exists u € A
such that D(a) = ua — au for all a € A.
Proposition 2. If an algebra A is commutative, then there are no nontrivial inner derivations.

Proof. Suppose D is an inner derivation on A, and take u € A so that D(a) = ua — au for all

a € A. Then D(a) = au — au = 0. O
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Ezample 12. Let 7 be a representation of and algebra 4 on a Hilbert space H, and fix U € B(H).

The function D : A — B(H) given by D(a) = Un(a) — 7(a)U is a point derivation at 7 as

D(ab) = Un(a)n(b) — m(a)m(b)U
= w(a)Un(b) — w(a)m(b)U + Un(a)w(b) — w(a)Um(b)
= 7(a)({Un(b) —7(b)U) + (Un(a) — w(a)U)m(b)

= 7(a)D(b) + D(a)b

for every a,b € A.

Definition 28. A point derivation D at 7 is said to be inner if there is U € B(H) such that

D(a) =Un(a) —m(a)U for every a € A.

Proposition 3. Suppose an algebra A has generators {gx}ren and representation w. If a point

derivation D at w is inner on the generators, then D is inner.

Proof. Suppose there is U € B(H) such that D(gyx) = Un(gxn) — m(gx)U for every A € A. Suppose

for some n > 1,

D(gxn, == 9n) = Un(gn, - 9n) —7(gxn, - 90)U

Then

D(Gxnr 90) = T(9rng) D90, - - 9x1) + D(gr,1)7(9x, -+ 9n)
= (@) UT(0,  90) = T(Grnr)T(IN, - 90U
FUT(Gr )T (G2n - 90) — T2 )UT (G -+~ 901)

= Uﬂ-(g)\n+1 to g/\l) - 77(9/\n+1 T gAl)U'

Calculations for showing sums of monomials with variables from {gy}ica will be inner when D is

applied are similar. ]
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Example 13. Let A be an algebra generated by two elements a and b. Define D on A with
D(a) = ab — ba and D(b) = ba — ab, extending linearly. Using Proposition 3, it is a quick check to
show that D is a derivation on A.

Let U = —a—b. As D(a) = Ua—aU and D(b) = Ub— bU, we apply Proposition 3 to show

that D is inner.

2.4. Derivations on Finite Directed Graphs
Take any directed graph G = (V(G), E(G),r,s); say that V(G) = {zx}rex and E(G) =
{er}ver, and let D be an arbitrary derivation on A(G). Our goal is to say what form D must take

for arbitrary elements of A(G).

Proposition 4. For xj, € V(G) there exist ak, such that,

ZZ&)\G +ZZa/\G

JEK weA IEK weA; i
itk ik

Moreover, fori,j € K with i # j, al, = —a’, forw € A; ;.

Proof. Since D(L,) is in A(G), we let {aﬁ)}wew(g) be the Fourier coefficients of L,, , where zj, €

V(G). Then for k € K,

Yo D agAa(w)

1,j€EK wEAi,j

Take ki, ko € K; observe that

D (kalekg) - L, D (L%) +D (L%) Lo,

- Z Z af2 g (w +Z Z aF ag(w (2.1)

jeK wEAkl,J ieK weA; ko

If k1 = ko =: k, equation 2.1 and the fact that L,, is idempotent force a =0ifwe Apy

and

ZZa)\G +ZZa)\G

JjEK wEAk €K wEAl k
J?ﬁk i#k
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In the case where ki # ko,

0 = > (ak+al) raw)

'UJEAkl’kZ
since kalekQ =0. ]

Proposition 5. There is U € A(G) such that for every x € V(G),
D(Ly,) = ULy, — Ly, U

Proof. Define U =}, cp+ () twAc(w) by wy = —a’, for w € A;; with i # j. Choose u,, = 0 for
w e AM

Building from equation 2.1 and Proposition 4 itself, we obtain

D(ka)zzza)\c +ZZCL)\G

j]i[é wEAy ; z;]lg wEA; i
= > D ddc+d] D (-a) Ac(w)
J]ifé wEA ; zgéllg wWEA;
= 3 Y (Fad) e =Y > (ab) de(w)
1EK weA; |, JEK weAy
i#k j#k
= Z Z Uw)\G Z Z uw)\G
iIEK weA; i, JEK weAy ;
= ULy, — Ly, U,
as desired. O

Proposition 6. For e € E(G), D(L.) = Di(L.) + D2(Le), where Di(L.) = UL. — LU and

U € A(G) is as in Proposition 5, and D3 is a (not necessarily inner) derivation.
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Proof. For e € E(G), say that s(e) = xy and r(e) = xi. Let {bS,} be the Fourier coefficients of

D(L.). Then Proposition 4 yields

D(L.) = D(Lg,)Le+ Ly, D(Le)Ly, + LeD(Ly,)

= 3 Y dacweo+ Y HAcw)+ Y D abaa(ew).

’L:EK wGAi,k ’wEAkJ jeK ’wEAgd-
i#k J#

Set

Di(Le) = > Y abagwe)+ > Y alAg(ew)

€K ’LUGAZ'Jc JEK weAy

itk ) 7
Da(Le) = ) bra(w)

wEAk’g

Notice that

UL.— LU = Z Z uyAg(we) Z Z upAg(ew)

iEK weA; i, JEK weAy ;
- T Y ) - X Y (ab) Aatew
zEIlg WEA; i, ]EK wEA;
= ZZ@)\Gwe—l—ZZa)\Gew
'Lgéllg WEA; i jJE#K wEA,;
- Dl (Le) )
which is the desired result. O

Proposition 7. If D is continuous, D = D1 + Ds, where D1 and Do are derivations and Dy is

nner.

Proof. For z € V(G), we set D1(Ls,) = D(Lg,), where Dy is as in Proposition 4, and we set
Dy(L,,) =0. For e € E(G), we use Dy and D; as they are in Proposition 6. Applying Proposition

3 gives the result. ]

It is not true in general that derivations on a directed graph are inner, as the next example

shows.
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Ezxample 14. Consider the following graph G:

€1

/_\
1 b
~_
€2

[ ] o

Define D on £(G) as follows:

D (L:m) = Le, — Le,
D (Lﬂcz) = L€1 - L62
D (L61) = Lel + Lez

D (Le2) = L€1 + Le2

Then Propositions 4 and 6 are satisfied. Since F(G) is finite, D can be extended to a
continuous function on £(G), which by Proposition 7 is a derivation on the algebra.
Take U = ug, Ly, + gy Ly, — Ley + Le,. Such a U satisfies Proposition 5. However, notice

that

ULe, — Le,U = (ugy, — Uz, ) Le,

ULey, — Le,U = (Ugy — Ugy ) Ley-

Hence, D is not inner.
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3. SEMICROSSED PRODUCTS

3.1. Semicrossed Products

In this chapter we introduce the semicrossed products and relate them to the graph operator
algebras of the previous section. We look at derivations in general, and then we consider point
derivations for a specific representation of a semicrossed product. Parts of the content of this
chapter appeared in [11].

The crossed product is a much studied object. We refer to Chapter VIII of [6], Chapter 2
of [25], and I1.10.3 of [1] for the full construction. Semicrossed products are constructed similary.
In a crossed product, the covariant system is a triple (A, G, «), where G is a locally compact group
acting on an operator algebra A by a homomorphism a : G — Aut(A). A covariant representation
of a covariant system (A,G,a) is a pair of representations (m,U) that satisfies the covariance
relation U(g)w(a)U(g)* = 7 (a(g)(a)), where w : A — B(H) is a non-degenerate representation,
U :G — B(H) is a unitary operator, and H is some Hilbert space.

In a semicrossed product, we utilize semigroups instead of groups. Semigroups were first
studied in [20], and we remind the reader of this setting. A semigroup dynamical system is a triple
(A,S,a), where A is an operator algebra, S is a semigroup, and « is a completely contractive
endomorphism of A. A semigroup dynamical system is called a C*-dynamical system if A is a
C*-algebra. A pair (7, V) is called a isometric covariant representation, where m : A — B(H),
V : A — B(H) is an isometry, and H is some Hilbert space. The covariant relation can be
given by V(s)m(a) = m(a(g)(a))V(s) or m(a)V(s) = V(s)m(a(g)(a)). Since the first choice forces
ker v C ker 7, the relation used in [20] and other sources is given by 7(a)V(s) = V(s)m(a(g)(a)).

From (7,V), we have a representation of (A,S,«) into ¢! (Z*, A,a). The seminorm of
(Y (ZT, A, a) is obtained by taking the supremum of all pairs (w, V), denoted F. The semicrossed
product of A by S with respect to F, denoted A x7 S, is the completion of P(A,T)/N. For the
computation of this seminorm and discussion of the completion, we refer to Section 2 of [8].

When discussing semigroups, we use standardized notation as seen in [21]. We consider

a dynamical system (X, o), where X is a compact Hausdorff space and o is continuous. The
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semicrossed product is the completion of the algebra generated by C(X) and symbol S, where
fS=8(foo) forall fe C(X). Elements of this algebra are thought of as series > S™f,,.
3.2. Finite Graphs Related to Semicrossed Products

Before we investigate derivations on semicrossed products we look at some relations between
semicrossed product algebras and directed graph operator algebras.

Let G = (V(G), E(G),r,s) be a finite directed graph with the property that each vertex
is the source of exactly m (m € N) edges. Let n := |V(G)|, noting that |E(G)| = nm. We let
eij € E(G) (j =1,---,m) be such that s (e; ;) = v;, i.e., {e;;}7L is the set of edges with source
V5.

Let X = {z;}_, be endowed with the discrete topology, so X is a compact Hausdorff
space. Define p : V(G) — {1,--- ,n} by p(v;) =i, and for j € {1,--- ,m}, define o : X — X by
75 (i) = Tp(r(er,)-

Define 7 as follows:

W(Lvi) = X{z;}

ﬂ(iLeiJ) = 5
i=1

where x is the characteristic function on X. Extend 7 linearly over £(G).

Notice also that every f € C'(X) can be written as

f = Zf(wi)X{mi}
i=1

= Y @) (L),
=1
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and the covariance relation is satisfied:

fS; = (Zf(xow(Lv,.))( w(Le,w-))
i k=1

- Zf( o) T (LrtenyLess)
= e 7 (L)
i=1

n

= ZW (Lem) f(oj(xi)) m (Lyy)

i=1

= (Bre) (Sreene)

= S](f o O'j).

Hence, we can represent the given graph as a semicrossed product.

Ezxample 15. Consider the following graph G:

€2,1

()

°

e1,1 €3,2

° €22

v1
N /j

342

Here, m = 2 and n = 5. We have X = {z1,--- , x5}, as well as 7(Ly;) = Xz, and S; = 327 Le, ;.

Renumbering the edges out of a vertex or changing the range of an edge will give us a different

semicrossed product to work with.

3.3. Derivations on Semicrossed Products
The semicrossed product does not have a structure that is conducive to studying deriva-

tions on it directly since continuity makes the question too complex. Our goal is to develop a
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representation of a semicrossed product that has certain conditions and to study the resulting
point derivation.

In the rest of this chapter, we let X be a compact Hausdorff space with maps o = {o/}}",
acting on it, and S1,- - - , .5, are contractions on a Hilbert space that satisfy the covariance relation
fSe = S¢(fooy) for every £ € {1,--- ,m} =: M. Our semigroup is the free semigroup generated by
M. Let A denote the semicrossed product generated by C(X) and Si,- -+, S, and let W be the
set of finite words from the alphabet M.

The following example is of a derivation on a semicrossed product. We introduce this
example to demonstrate that derivations on semicrossed products are not necessarily inner. As

seen later on, the representation that we construct will have point derivations that may be inner.

Ezample 16. Let m = 2, and let o4, Sy, and A be as above. We take some oy, a9 € C(X), and

define D on A by

D(f) = Si(f—foo1)+Sa(f—foor)
D(Sl) = Sjag — 5159 + 5951

D(SQ) = Ssag + 5159 — 595].

It is routine to check that for any f,g € C(X),

D(fg) = fD(g)+ D(f)g,

as well as

D(fS1) = D(Si(foa))

D(fS2) = D(S2(foo02)).

Thus, if D is continuous, D is a derivation on A, as noted by Remark 6.
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We introduce X and maps to show that this derivation is not necessarily inner. Let X =

{x1, 9, x3}. Define 01,092, a1, as as follows:

01 |02 | 01 | G2

1 | 3 | T2 1 0
To|xo |23 | 0 | 1

T3 | T2 | T2 0 1

Suppose for a contradiction that D is inner, so we have

u = ug+ Siur + Soug + S151u11 + S2S1u21 + S152u12 + S2S2u + - € A

such that D(a) = ua — au for every a € A. In particular, D(Sy) = Sy (ug ooy —ug + - - - ). Equate
this with the known form of D(Sy) in this example. Using ¢ = 1,2, we obtain a system of six
equations to determine wug. It is routine to check that this system has no solution. Therefore, no

such u exists, and D is not inner.

Example 17. Modifying the setting of Example 16, we instead let a; and «g be the zero functions.

Then D is inner with u = S7 + S9, provided D is continuous.

We will no longer work with derivations on A itself. Rather, we want to study point
derivations. As we will see in the remainder of the chapter, a point derivation on A will have a

nice form.

Remark 7. In [11], this was studied with m = 1. We will build the multivariate version of what was
studied in that paper. Theorem 2 of the paper concluded that point derivations at the constructed
representation were all inner derivations. In what follows, we will show that this conclusion has an

analogue in the multivariate case.

3.4. Notation and Setting

For our problem, we need to introduce some matricial notation. As usual, M, (C) denotes
the set of n x n matrices with complex entries. We let 0,, € M, (C) be the matrix with all zero
entries and I,, be the identity in M,,(C). We denote [a; ;] € M,,(C) as the matrix with ¢ — j entry

aij. If there is a subscript P(7, j) on [a; j]pg j), We set a; ; = 0 if P(4,7) is false and a; ; as stated if
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99 k9

P(i,7) is true. In P(i,7), we use on indices to denote that we use all indices in the ”*” position
that make P(i,j) true. Note that this does not mean a; # 0 if P(i, j) is true.

For example, in the following matrix

0 a2 a3 -+ aip-1 ain

0 0 ag3 -+ agp-1 agy
[ai,j]z‘q‘

0 0 0 -+ 0  apin

0 O 0 0 0

the notation ¢ < j means the matrix is populated with entries where the ¢+ — j entry has ¢ < j.
Entries where ¢ > j are equal to zero.
For another example of this notation, suppose {wy, - ,ws} = {1,0,2,12,21}, noting that

w1 = lws and wy = lws. In the matrix,

a1 0 a1z aisa ars
0 0 0 0 0
(@i jlwi=1w, = o o o0 0 0 |
-y
ag1 asg2 0 asg4 ass
0 0 0 0 0

the nonzero entries are in the i — j entries where w; is equal to 1w, for some * € {1,2} and * # j.
Since w; = lwe, we populate row 1, excluding column 2. Since ws = lws, we populate row 4,
excluding column 3.

For w = iy ---i2i1 € W, we use the notation

Ow = O-ipo'”oo-’igoah

Sw = Si

If w is the empty word, o, and S, are the identities on their respective spaces.
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In our problem, we fix z € X and n € N, and choose a set {wy,--- ,w,} C W such that
Ow;(T) = 0y, () if and only if i = j. Let N = {1,--- ,n}, and to save space, we will let x; denote

ow, (). Let Ny = {z;}7;.

Remark 8. For the rest of this chapter, it will only be relevant that each x; of N, is distinct. We

will drop the notation o, () and use only z;.

3.5. A Representation 7 on A

In Section 4 of [15], they developed a representation for a semigroup S given by

ﬂmﬂ(f)gs = [f(os(x))&s

Wx,w(St)gs = V(t)ftsv

where {5} is as in Example 8, z € X is fixed, and + is in the dual group of G =S — S
We slightly modify this representation so that we work with finite matrices. We define
m: A— M,(C) on C(X) by

for all f € C(X), where {z;}}_, is as above. Once we know where each S, is sent, we can extend

7 to all of A.

Lemma 1. For any { € M,

(S = [t

”Li:wj)
for some fixed {bf,j}xi:w(wj) cC.

Proof. We know that 7 (Sy) = [bﬁj] is fixed. For any f € C(X),

(S = [f(@)-of,]
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and

7 (Se(foor) = |f(oelzy))- bf,j

Using the covariance relation, we have for every 1, j,

0 = (f(z)— f(ou(x))) - b5 ;.

As X is compact Hausdorff, we require z; = o4(z;) in order for bf ; to be non-zero. ]

Remark 9. Take £ € M. If we construct a directed graph with N, as the vertices and the edges
determined by oy in the obvious way, then 7 (Sy) is a generalized adjacency matrix of the directed

graph.

Ezample 18. Let X = {x;}}_,, and consider oy (left) and oy (right) on X as follows:

.CEQ

. o)
!

..’E4

We let Sy (¢ = 1,2) be contractions that satisfy the covariance relation, and let A be the semicrossed

product as usual. By choice, 7 : A — M3(C) is given for f € C(X) by

For notation, 7 (Sy) = [bf,j]' By Lemma 1, we know that

0 b, 0
sy = | e, 0
0 0 0
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This is as expected since within {z1, 22, z3}, we have one step paths from z; to xa, x2 to z1, and x3
to xo, which gives the 2-1, 1-2, and 2-3 entries, respectively, when we think of this in the perspective
of an adjacency matrix.

Similarly, since under o9, we have one step paths x; to x5 and x3 to itself, and hence, as

expected, Lemma 1 yields

0O 0 O
m(52) = | b, 0 0
0 0 b3,

It should be noted that 7 is not onto as the 3-1 and 3-2 entries will always be zero when
multipling different combinations of 7(S7) and 7(S2). Thinking in terms of adjacency matrices,
this means that there is no path via o1 and o9 from z; or x5 to x3 when we look at paths that stay

strictly within the set {x1,x2, z3}.

In practice, we may want w to be surjective.

Proposition 8. The representation w is onto only if every element of N, has a path to every other

element in N, using only the set itself and the maps {oy}.

Proof. Take w = £, ---£1 € VW. Observe that

7 (Se,) ™ (Se,) = [bf?J] wi=00, (z5) [ f’lj} xi=0y, ()

n
_ Lo 101
= > b
1<k<n
mi:O'[2(xk)
| zk=00, ()
_ lo 10y
- [bi,*lb*l,j} @ =0, (Tx;)
Ty =04, (T

In our notation, this means that for the ¢ — j position to be nonzero, x; = oy, (;) and x,, =

o, (x5) € Ny.
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Continue multiplying on the left by 7(Sp, ) to obtain

T(Sw) = b, b2 o )

k1 Fk—1¥k—2 *9,%1 U%1,7 Ti=0y, »

Tap 1 =00, (2*p72 )

Try =005 (T )
Ly :UEI (IJ)

In the 7 — j position, there is a non-zero entry only if there is a path from z; to ; using elements

of N, via maps {oy}. O

3.6. Point Derivation at =«

Let D be any point derivation at w. The goal is to show what form D must take.

Lemma 2. There is fived {c; j}1<ij<n C C so that for every f € C(X),
1#£]

D(f) = [ci,j (f (%) - f(x]))]wé]

Proof. Observe that the entries of D) o(x) are bounded and linear, so by the Riesz representation

theorem, for every f € C(X),

D(f) = [ 1 dﬂm’]

for some unique (not necessarily positive) measures j; ;. In particular, as D is a derivation, for

every f,g € C(X),

D(fg) = =(f)D(g9)+ D(f)n(g)
= ey | [0 dus] [ [ £ ] el

hence,

[/fg dﬂi,j] = [f («’Uz')/g dpi g +g($j)/f d,ui,j] : (3.1)

Let f = g be the function that sends every € X to 1. By equation (3.1), p;;(X) =0

for every i, j. Take measurable closed sets F; and Es in X, and let f and g be their respective
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characteristic functions. Via Urysohn’s Lemma, we have continuous functions { f, : X — [0, 1]}nen
and {g, : X — [0,1]},en that converge to f and g, respectively. Using the Dominated Convergence

Theorem and equation (3.1), we see that

pij (BxNEy) = f(x) pij(E2)+g(w5) - pig(Er). (3.2)

For any measurable £ C X, equation 3.2 forces

pij(E) = (f(z:) + f(x5)) - pij(E).

In order for E to have nonzero measure, either (i) x; € E and z; ¢ E, or (ii) z; € E and x; ¢ E.

Take sets Eq, B2 that both satisfy (i). Using (3.2) again, we see that
pi i (Er) = pij(Ex N Ez) = pij(Ea),

so sets that satisfy (i) have the same measure. A similar result holds for two sets that both satisfy
(ii). Considering Ey = {z;} and Ey = {z;}, equation 3.2 shows that sets that satisfy (i) have
measures of same magnitude but opposite signs as those that satisfy (ii).

If i # j, set ¢; j := p; j(F), where E satisfies (i); this gives p;; = ¢ (5{%} - 6{1;].}), where

4 is the Dirac measure. O

Lemma 3. For{ e M,

D(Sy) = [bz{*lc*bj - Ci,*zbiz,j} ;=0 (1) + {bﬁ*cm} ;=00 (Tx)
Tug=0¢(x}) o0(z5)ENx
zi#o(z;)

— C*b£ :| — N+ |:a€ i| )
|:Z’ »J ;;g;z((]f]ig b xi=0y(x;)

where {bf’j} is as in Lemma 1, {c; ;} is as in Lemma 2, and {a;;} C C.
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Proof. As a placeholder, we denote D(Sy) = [af’ j]. We will use the following sets for £ € M:

E{ = {(i,j) € N x N :z; = oy(z;)}
Ey = {(i,j) € N x N : oy(zj) € N, and z; # o4(z;)}
EY = {(i,j) € N x N :z; € 0g(N,) and x; # o¢(z;)}

E{ = {(i,j) € N x N :x; € 04(N,) and oy(x;) & N} .

Observe that {EY, ES\ES, E{\E, ESN ES, EX} gives a partition of N x N for every £ € M and that

the equation in the statement of the lemma can be written as

l
bz’,*c*,j

D(SZ) = [bf,ﬂc*l,j_ci,wbiz,j}

+ e
(4,4)EESNES (4,)EES\ES

— e b } + [ tf.] ,
[C” “I1(i,5)e B\ES “il i gent

Take f € C(X) and £ € M. Notice that

D(Sif) = 7(S)D(f) + D(S)(f)
= o], 0, o0 ) = Pl + (o] sy
= [thaees (@) = F@) a1y + [al (@)

*F]
and in particular,
D(Si(fo0r)) = [bacws (For@) = F@r@)] oo + |0l @ela))] .
*#]

We also have

D(fSe) = =n(f)D(Se) + D(f)m(Se)
= [licy [afs] +lews () = Pl B3]

= {aﬁjf(wi)} + [Ci,*bi,j (f(z:) — f(x*))}:c*.;e(xj) )
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As Sy = Si(f ooy), we have

00 = Pﬂ@;Uﬂm@Q)f@d%Dﬂm:Z@” (3.3)
&H&Juu»—ﬂmwkggwy%hjwwu@»—f@m]

This equation will be useful in determining most of the values of {af’j .

If we take (i,7) € Ef, equation (3.3) yields

0 = af,j (f (oe(zy)) = f(xi)) -

Since oy(x;) # z; and X is compact Hausdorff, we must have afv ;=0.
Now choose (i,7) € ES N Ef. Again utilizing (3.3), we obtain ig, jo € N with ig # 4, jo # J,

w;, = fw;, and w; = fwj, so that

0 = bjociog (F(@i) = F(@iy)) — Ciigbly ; (f(@i) — f(@io)) + ag ; (f(wig) — fls))

(B joing — ciiabls — aby) (Flwi) = Flwi))

. ) 0 _ gl RS, X
As x; # x;,, we have a; ;= bi,jocﬂod cl7lobi07j.

Similarly, af’j = —Cz‘,iobfo,j for (i,7) € ES\EX, and if (i, j) € E5\ES, we obtain af,j = bf,jocjo,j'

Finally, take (i, j) € E{; from (3.3), we get 0 = 0, which gives us no known relation for af’ 1
so we leave these entries as unknown values afjj in our form for D(Sy). O

Ezample 19. Let X = {x;}1_,, and let o1 (left) and o2 (right) on X be as follows:

N s
AN e

Let S; (i = 1,2) and A be as usual.
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Set m: A — Ms3(C) by

0 0 f(z3)

Lemma 3 tells us

0 0 0 crabyy 0 crabyg 0 0 0
D(S1) = | 0 bhycro+bisesy 0 | — 0 0 0 T aiy 0 ajs
0 0 0 c3abhy 0 c32by 3 0 0 0

since xg = o1(z1) and z2 = o1(x3), and

2 2 2 2
bi a2, 0 b1 22,3 1,303 0 cagasbss
D(SQ) = 0 0 0 - 02731)371 02715%72 02731)%73
2 2 2
0 b3’10172 + b3’30372 0 0 03,1b1’2 0

since x1 = oa(x2), 3 = 02(x1), and x5 = o3(x3).
Proposition 9. There is a U € M,(C) so that D(f) = Un(f) —n(f)U for every f € C(X).

Proof. Set U = [u; j] € Myp(C) by w;; = —¢; j if i # j. A simple calculation shows that

Un(f) =m(NU = [uigllf (zi)li=j — [f (@) )i=j[ui]
= uig(f(z5) = f@0)]iny
= leig(f(@i) = fx5))liz
= D(f),

as desired.
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Proposition 10. D is inner if and only if

{ [af’j] x;=0¢(x;) }Z—l N { [bf’j (Ui,i B Uj,j)} zi=0y(T;) }l—l

has a solution for {u;;}1 .

Proof. Let U be as in Proposition 9. Observe that

UR(S) w00 = L) b))

= _Uz‘,*bfi,j]m:oz(m - [bi,*“*,jhizae(m
= _Ui,*bi,j] (.)€ E4 * {U’V*biﬂj} (ij)eE! [bf*u”] (ig)eEl [ f*u”} (i.§)€Bf
= _bf,*C*J} (ig)eEl [Ci’*bi’j} (i,j)EES * [bf’j (3 = uj’j)} (i.7)€E]
We need to find {u;;}" ; that works for every ¢ € M, so we require af’j B bf’j (i —ig) for
(i-j) € EY. )

Corollary 1. If m =1 in Proposition 10, then D 1is inner.
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4. MULTIVARIATE DYNAMICAL SYSTEMS

In this chapter we introduce multivariate dynamical systems, in analogue to the regular
notion of dynamical system and we introduce the three important notions we wish to consider
generalizations of: periodicity, transitivity, and topological transitivity. We then consider different
variations of these in the multivariate context, looking at relations between our definitions and how
they are impacted by the partition conjugacy invariant.

In Section 4.1, we will give classical definitions for the situation of a single map acting on
a compact Hausdorff space. We are interested in dynamical systems (X, o), where the map o is a
family of maps o = {0;}ier acting on X. As further notation, F*(I) denotes the set of finite words

using elements of I as letters, and as before, when we have w = iy - --i; € F*(I), the notation

Ow = O'iko...oo'il

is used. For w € FT(I) and n € N, we let u" denote the word with n copies of u concatenated, and
we use the convention that u° is the empty word.

We want to extend the definitions from Section 4.1 to the multivariate case. There is no
universal agreement on how these definitions would carry over to a multivariate dynamical system.
We will begin our discussion by looking at some possible definitions.

4.1. Dynamical Systems

In this section, the map o in the dynamical system (X, o) is a single map.

Definition 29. A point x € X is a periodic point for the system (X, o) if there is n € N so that

o"(z) = x. The smallest such n that gives this is the period of x.

Ezample 20. Every x € R/Z is a periodic point for the rational shift o on R/Z given by o(z) = z+g¢,
where ¢ € Q. If ¢ = § (a,b € Z) is in reduced form, then each  has period b since ab(x) =x+bg=
x4+ aand a € Z.

Furthermore, a map on R/Z in the form o(x) = x + ¢ has periodic points if and only if

q € Qsince 0™(z) =x +ng =x (n € N) if and only if x + ng = = + k for some k € Z, i.e., if and

k
o

only if ¢ =
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The periodic points of (X, o) are dense if every nonempty, open U C X contains a periodic
point of (X, o).
Ezample 21. As every rational point is periodic, the periodic points of the rational shift of Example

20 are dense.

Ezample 22. The map o on R/Z given by o(x) = 2z is called the doubling map. Notice that

il 2l

1+ 2+ 1 50 % is not a periodic point in (R/Z,0).

For k € N, a periodic point x € R/Z satisfies o (z) = 2"z = z, so x + n = 2¥z for some

. . k
n € Z,ie., x = 5. Notice that for any n € {1,--- 2k -1}, oF (2,]11) = 2276111 = opg N, 80 5y
. - k_o ok_ _
is periodic. Observe that {2k1—1’ 2k2_1, cee 3,9_%, gkj} are distinct members of (0, 1]. Furthermore,

2k—2
{(2,:’11, ;’gfﬂ }m:1 is a partition of (0, 1] and each interval is of length ﬁ

Take any (a,b) C (0, 1], and choose k € N large enough so that one element of the partition

2k—2
{( T, 2"‘;:11}} is contained entirely in (a,b). Call this element (2?_017 72”,?:1 } and note that

mo+1

57 € (a,b). Hence, the periodic points of this system are dense, but

we have the periodic point

not all points are periodic.
Definition 30. The orbit of a point z in a dynamical system (X, o) is the set {Uk(x)}keN.

Definition 31. A point x € X is a transitive point for the system (X, o) if its orbit under o is

dense in X.

Ezample 23. This is a modification of the proof in Example 11.3.1 of [7]. Every z € R/Z is a
transitive point for the irrational shift o on R/Z given by o(x) = = + p, where p € R\Q.

To see this, fix some z € R/Z and p € R\Q. Take any y € R/Z and € € [0,1). We use the
metric d(z,y) = min{|z — y|, 1 — |z — y|}.

Choose N € N so that % <e Forl <m < N, set I, = [%47%) Observe that
{I,})_, is a partition of [0,1) and |I,,| = % for all m. For 0 < j < N, set z; = pj € R/Z.
Since p is irrational, we know from Example 20 that each x; is distinct as this set is simply the
first NV interations of the orbit of 0 under o. Since there are N + 1 z;’s and N I,,’s, we can
apply the Pigeonhole Principle to obtain 1 < mg < N and distinct 0 < j1,j2 < N such that
Tj,,j, € Iy,. Observe that d(z;,,2;,) < + < € and that zj, —zj, € [0,%) U [82,1). It
follows that if 2, — x;, € [0, +), then d(zj,,zj,) = |zj, — 2|, and if 2, — z;, € [¥F2,1), then

d($j17$j2) =1- |£Uj2 - ‘Tj1|‘
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Without loss of generality, x;, > xj,, which gives d(xj,,z;,) = |z, — xj,|. Let £ = jo — j1.
Set xy = xj, — xj, = pf, and note that for any ¢ € N, |[izs, (i + 1)x;)| < e. Notice that the
set {izy};en moves across R/Z in steps of length less than e and that with enough iterations, the
intervals [izy, (i + 1)z¢) will cover R/Z. Choose iy € N such that y — z € [igzy, (i + 1)z¢) In
particular, d(y — z,ipxy) < €.

Observe that

a(y,0"" (@) = min{ly— o)1 |y - o (2))}
= min{ly —x — pigl],1 — |y — x — pigl]}
= min{|(y —x) — iz, 1 — |(y — @) —igxel}
= d(y—z,igxy)

< €.

Hence, the orbit of z comes arbitrarily close to y. Since y was arbitrary, x is a transitive point.

Definition 32. A dynamical system (X, o) is topologically transitive if for every pair of nonempty,

open sets U and V in X, there is n € NU {0} such that c™(U) NV # 0.

Example 24. The irrational shift of Example 23 is topologically transitive.

Remark 10. In general, a dynamical system being topologically transitive and a dynamical system

having a transitive point are not equivalent conditions.

4.2. Semicrossed Product and Dynamics

Let X be a compact Hausdorff space.

Theorem 1. The periodic points of o = {0;}icr are dense in X if and only if for every f € C(X)

and € > 0, there is n € N and a surjective w : A — M, (C) with ||7(f)|| > || f]| — €.

Proof. Suppose the periodic points of (X, o) are dense. Take arbitrary f € C(X) and € > 0. Let
y € X be where f attains its maximum modulus, and let V' be the open ball centered on f(y) of
radius e. As f is continuous, we may choose open U > y in X so that f(U) C V. Take periodic
x € V. Let n € N be the period of z, and let w = iy, ---41 € FT(I) be such that o, (z) = z. Set

Ny =A{x;}y by 1 =z, x3 = 04,(2), - -+, and ©, = 0y,,_, 0--- 00y, (x). Define 7 : A — M, (C) as
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in Section 3.5, and by Proposition 8, we know that 7 is surjective. Then

0 < A =l=(Hl
< [f@ =1/ ()]
= [If @I =1f (@)
< [f(y) = f(2)]
< €.

Hence, |[f]| —e <= ()]l
Suppose the periodic points are not dense. Choose y € X and € so that there are no periodic
points in the ball U centered on y with radius e. Let f € C'(X) be so that f is supported on U.

Notice that ||7(f)|| = 0 for every periodic z, and hence, 7 is not surjective. O

Let A = C(X) x, Z". Let J be an ideal of C(X), and let K C X be the closed set such
that J = {f € C(X) : f|x = 0}. Let I be the ideal in A generated by J. Define 7 : A — Mj(A)
by

n(f) = [f’K]z:]

m(Se) = [Sé]i:j—&-l mod k

ml’..

Let A = C(X) X, F*. Let I be the ideal in A generated by {Skl . ,Sﬁfp}. Set k =

max{k;} and M = {m;}. Define 7 : A — M(A) by

m(f) = [f]i:j
() [Selizjt1 moax HEEM
T (5Sp) = m
[Sg]i;gzrl e M
J<t

Theorem 2. o : X — X is topologically transitive if and only if for every pair of ideals Ji, Jo of
C(X), there is k € N so that (my(S%)m,(J1)me(S7)) N (74(J2)) # {0}.
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Proof. Suppose o is topologically transitive. Take any pair of ideals Jy, Js of C(X), and let Uy, Us
denote the respective open sets on which their elements are supported. Let k denote the smallest
integer for which o*(Uy) intersects Us. Fix x € Uy, and note that for any fo € Us, fo(o™(x)) = 0,
m < k. The k— kth entries of 7,(S*)7,(f1)7,(S*) and 7, (f2) are f1(z) and fo(c*(x)), respectively,
where f; € J;. Choose f; and fo to give the entries the same non-zero value.

If o is not topologically transitive then there are open sets U and V such that Une* (V') = ()
for all k. Then the ideals {f : f[x\y = 0} and {g : G|x\y = 0} will satisfy (Wx(sk)ﬂ'x(U)ﬂ'x(Sk)) N
(m2(V)) = {0} for all k. O

The following example shows why the above theorem cannot be strengthened to use the

whole matrix.

Ezample 25. Consider the irrational shift o on X = R/Z given by o(z) = x + % Let Uy =
(1/10,1/5) and U, = (1/2,3,5), and let J; = {f € C(X) : flx_v, = 0}. Fix z € Uy, and suppose
72 (S) T2 (f1)m2(9)* = 74 (fo) for some f; € J;. It follows that fi(c™(x)) = fo(c™F(x)), m > 0.
In particular, fi(c™(z)) # 0 implies ™ (x) € Uy and o™ (z) € Uy, ie., o™ (z) € (1/10,3/5 —
1/V5) = W.

As x is transitive, the orbit of x is dense in W. However, f; vanishes off of W and off of
the orbit z. Hence, f; must be the zero function since it is continuous, which is a contradiction.
Therefore, m,(S) 7y (J1)72(S) Ny (J2) = {0}.

4.3. Beginning Multivariate Definitions
In this section, the map o in the dynamical system (X, o) is now a family of maps.
4.3.1. Periodicity
Definition 33. For a dynamical system (X,o), we consider six possible definitions of what it
means for a point z € X to be P(i) periodic for the system. In a dynamical system (X, o), a point

e Xis
1. Pl-periodic if there is v € F*(I) so that o,(z) = z
2. P2-periodic if x is periodic for (X, o;) for every i € T
3. P3-periodic if there is v € F*(I) so that every letter of I is used in v and o,(z) =z

4. Pj-periodic if there is v € FT(I) so that every letter of I is used in v nontrivially and o, (z) = x
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5. P5-periodic if for every u € F+(I), there is a € F*(I) so that o4y (z) =z

6. P6-periodic if for every w € F+(I), there is k € N so that o« (z) =z
Remark 11. We will drop the word periodic and just refer to P(i) below.
Remark 12. When we discuss P3 or P4, it will be assumed that I is finite.
Remark 13. When we discuss P5, we assume that x is not a fixed point for at least one of the maps.
We will first look at relations between these different possibilities before observing certain
properties.
Proposition 11. We have the following relations between the choices of Definition 33.
1. If x is P2 for (X,0), then x is P1 for (X,o).
2. If x is P3 for (X, o), then x is P1 for (X, o).
3. If © is P} for (X,0), then x is P3 for (X, o).
4. If © is P5 for (X, 0), then x is P4 for (X, o).
5. If x is P6 for (X,0), then x is P5 for (X,o).
6. If x is P2 for (X,0), then x is P3 for (X,0).

Proof. Points 1, 2, and 3 are immediate.

For 4, take v € F™(I) so that every letter of I is used exactly once. We may assume
ou(z) # = and choose a € F*(I) so that o4, (z) = x. Since av € FT(I) uses each letter of T
nontrivially, x is P4.

For 5, take any u € F+(I), and choose k € N so that o () = x. As w*™! € FH(I), x is
P5.

For 6, for every i € I, choose n; € N so that o;» () = x. The concatenation v of each 7"

is in F*(I) and o,(z) = z. As v contains each letter of I, z is P3. O

The following examples show that the converses of Proposition 11 are not necessarily true.
Ezample 26. Let X = R/Z, and let 01,02 on X be given by o1(z) = = 4+ 2/5 and o2(x) = z/2.
Notice that 021(2/5) = 1/5, so x = 1/5 is P1. However, = 2/5 is not periodic for o9, so z = 2/5

is not P2.
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Ezample 27. Let X = {x1,z2,23}, and let oy (left) and o2 (right) on X be as follows:

" 2 T

- 7

Since o11(x1) = 1, 21 is P1. However, if o9 is ever introduced to the orbit of 1, the orbit stays at

xo. Hence, 7 is not P3.

Ezample 28. Let X = {x1,z2,23,24}, and let o1 (left) and o9 (right) on X be as follows:
1 C 9 Ciﬁl T2

C$4<;.T3 C$4 T3

As 01921(x1) = 21, x1 is P3. Note that this path contains oy trivially since the application of g9
on o1(x1) and the application is simply the identity.

Observe that for a nontrivial path for z1, we exclude loops. Since o9 and 17 immediately
lead x1 back to itself, a nontrivial path for x; back to itself must begin with os;. Introducing o; at
this step leads to x4, but x4 is fixed under both o7 and o9. Hence, to get back to x1, o9 must be
applied. However, o929 loops o1 (x1) back to itself, so o is in the path trivially. From z9, the only

way to return to x; is through o;. The possible paths are shown below:

011,02

()

I

J«Jl
.’L’QS 022

0'12J

T4

)

Ow

We are not able to add nontrivial paths from z; back to itself. Hence, x1 is not P4.

Ezxample 29. Let X =R/Z, and let 01,02 on X be given by o1(x) = x/3 and o2(x) =z + 1/2.

First notice that 091(3/4) = 3/4, so x = 3/4 is P4.
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Now observe that o9 is the identity on X, so for any nontrivial w € F*(I), oy, reduces to
on, where n € NU {0}, or 0,4, 51in_19...97i1 » Where i1,i, € NU {0} and i2,--- ,i,—1 € N. We have
011(3/4) = 1/12, so for any i € N, 04i11(3/4) € (0,1/12) and 09;i1,(3/4) € (1/2,19/36) C (0,3/4).
Continuing in this manner, we see that o,,111(3/4) € (0,3/4) for every w € F*(I). Hence, z = 3/4
is not P5.

Ezample 30. We use again the space X = R/Z. Let 01,09 on X be given by o1(x) = x +2/5 and
oo(z) =1— 22 —1].

For any w € F*(I), 0,(1/5) € {0,1/5,2/5,3/5,4/5}. Applying o1 an appropriate number

of times to o,,(1/5) returns 1/5, so x = 1/5 is P5.

Now observe that x = 1/5 is not P6 as o(;9)x(1/5) = 2/5 for every k € N.
For completion in examples of periodicity types, the following is an example of a P6 point.

Ezample 31. Let X = {1,2,3,4,5,6}, and let o, (left), o}, (center), and o, (right) be given by

1 —- 3 1 = 3 1 —- 4
2 = 6 2 = 2 2 = 3
3 = 5 3 — 6 3 = 5
4 — 5 4 — 6 4 — 5

—- 1 5 — 1 5 — 1
6 — 1 6 — 1 6 — 1

For every w € F+({a,b,c}) with |w| = 3, 0,(1) = 1. Hence, for any w € F*({a,b,c}), o,3(1) =1,
so 1is P6 for (X, o).
Remark 14. In summary, we have chains P2 — P1 and P6 — P5 — P4 — P3 — P1I,

and in these implications, we are not guaranteed the converse. As will be seen, P2 = P3, but it

is not true that P2 =— P4 or P3 — P2.
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Ezample 32. Let X = {x1,z2,23}, and let oy (left) and o2 (right) on X be as follows:

x1 x1 T2

L) o

x3 €3
O

.'L‘QD /—\

Here, x1 is P2 but not P4.

Ezample 33. Let X = {x1, 22}, and let o1 (left) and o9 (right) on X be as follows:

T *>l‘23 C$1<¥.’L‘2

In this case, x1 is P3 but not P2.

Remark 15. We use the standard definition of periodic points being dense that was stated in Section
4.1. In the multivariate case, we need only specifiy which version of periodicity is being used when

discussing the periodic points being dense.

Proposition 12. If the periodic points are dense for at least one o; of o = {0;}, then P1 points

are dense for o.

Proof. Suppose the periodic points of o;, € o are dense in X, and take U C X. Choose z¢g € U

and n € N so that o;n(79) = xo. Note that z¢ is P1 using v = if. d

4.3.2. Transitivity

Now we consider what it could mean for a point to be transitive.

Definition 34. For a dynamical system (X, o), we consider four possible definitions of what it
means for a point © € X to be Tr(i) transitive for the system. We add the notation of F*°(I) being

the sets of all finite or infinite words of I. In a dynamical system (X, o), a point € X is

1. Tri-transitive if for any y € X and open U 3 y in X, there is w € F(I) so that o, (z) € U.
2. Tr2-transitive if x is transitive for (X, ;) for every i € I.

3. Tr3-transitive if for every y € X, open U 3 y in X, and u € F*(I), there is b € F(I) such

that opy(x) € U.
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4. Trj-transitive if there is v € F*°(I) so that for every y € X and open U > y in X, there is

a € FH(I) with v = ba (b € F*°(I)) and o4(z) € U.

Remark 16. As with periodicity, we drop the word transitive when talking about a space that is
Tr(i) transitive.
We will first look at relations between these different possibilities before observing certain

properties.

Proposition 13. We have the following relations between the choices of Definition 34.
1. If x is Tr2, Tr3, or Tr4 for (X,o), then x is Trl for (X,o).
2. Suppose X is compact. If x is Tr3, then it is Tr4.
3. Suppose X is countable. If x is Tr3, then it is Tr4.

Proof. 1 is immediate.
For 2, for every y € X, choose a neighbourhood U,,. Take {y;}I*; C X so that X = U ,U,,.
Take any u € F*(I), and we may inductively choose b; € F*(I) (i =1,--- ,n) so that o, ..p,.(x) €

Uy,. Let v = by, - - - byu, and the definition is satisfied. O

The following examples show that the converses of Proposition 11 are not necessarily true.

Ezample 34. Consider X = {z;}?_; with the discrete topology, and let o1 (left) and o9 (right) on

X be as follows:

Observe that 7 is Trl, but not Tr2, Tr3, or Trd as ou1(z1) = x2 and oye(x1) = x3 for every

w e Fo(I).
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Ezample 35. Consider X = {z;}}; with the discrete topology, and define oy (left) and o9 (right)

on X as follows: O

Tl — T2 xr1 X2

e |

T3 —— X4

I3 T4
Observe that x; is Tr4 using v = 211. However, 1 is not Tr3 since oy21(21) = 4 for any w € F>®(I).

Proposition 14. If the transitive points are dense for at least one o; of 0 = {0;}icr, then Tri

points are dense for o.
Proof. Tmmediate. 0

The following gives an example of a Tr3 point.

Ezample 36. Define o = {0;}?_, on [0,1] by 01(2) = 2° and ga(2) = 21/2. Observe that o1 and o3
are commutative and that (010 0 098) (2) = 3% for a, B € NU {0}.

Take any = € (0,1). Take any y € (0,1) and consider any open J C [0, 1] containing y. We
may assume without loss of generality that .J is an interval (ai,az) in (0,1). Then J = z, where
I= (%’ 1{;—‘?) C R*. We want to find o, 3 € NU {0} so that 2372 ¢ J, i.e., so that 3%/28 ¢ I.

It is well known that we have a dyadic rational 5 € I, where p € N and n € NU {0}. Let
m € NU {0} be such that 3™ < p < 3™+, Then at least one of the following three conditions

3m+l

. m m m+1
are satisfied: 2~ € I, 32— e I, or I C (3 : i

9n s T 9n

5n 5 ) We will only do more work if only the third

condition is met. In this case, note that 271 C (1,3) = 300.1),

For y € R, use the notation |y| = max{a € Z: a« < y} and {y} = y — |y]. Observe that
forany y,z e R, y—2z=|y—z]+{y— 2z} and y — 2 = (ly] + {y}) — (|z] + {z}). Notice that
fy}— {2} € (—1,1), and that {y— 2} = {y} — {=} if {y} — {=} € [0,1) and {y— 2} = {y} — {=} +1

otherwise. In particular,

ly—zl = |yl =[] +{y} —{z} —{y— =2}
ly] — (2] if {y} —{2}€[0,1)

ly] — 2] +1 otherwise.
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From basic inequality and logarithm properties, we have for any k, ¢ € N, ?2’::,5 ( ?;: , 3m+1 )
if and only if 0 < £ —k- 122 < 1. This implies (—k- 22 = {¢ — k- {22}, which gives [(—k- 22| = 0.

Notice that {¢} = 0 and {k : ﬁ%} € (0,1). Applying Equation 4.1 yields £ =1+ [k - ﬁ%J

Define B,a: N — R by B(b) =b- 1“—2 and a(b) = 1+ | B(b)]. Observe that for any b € N,

a(b 1+B(b)—{B(b
32<b> 3 (2)1,{ O e (1.3) 300,

Notice also that {B(b)}pen is an irrational rotation of 0 on R/Z, so its orbit is dense in [0, 1]

according to Example 23. Choose b € N so that 31-{BO)} ¢ %I . Observe that 37;:j£b> € I; hence,

w3m+a(b)/2n+b

€ J. Hence, x is Trl, and as x was arbitrary, any element of (0,1) is Trl for (X, o).

Furthermore, this implies every x € X is Tr3.

4.3.3. Topological Transitivity
Definition 35. For a dynamical system (X, o), where o = {0;}icr, we consider three possibilities
for what it means for the system to be TTr(i) topologically transitive. A dynamical system (X, o)

is

1. TTri-topologically transitive if given open, nonempty U,V C X, there is w € FT(I) such that
ow(U)NV #£10

2. TTr2-topologically transitive (X, o0;) is topologically transitive for every i € I

3. TTr3-topologically transitive if given open, nonempty U,V C X and u € FT(I), there is
b € F(I) such that o3, (U) NV #£ 0

4.4. Partition Conjugacy
4.4.1. Definition

In [9], Davidson and Katsoulis introduced a concept called piecewise conjugacy when dis-
cussing multivariate systems, and a few properties that pass between piecewise conjugate systems

were explored. In [23], Ramsey refined the definition further. Definition 36 is sourced from [23].

Definition 36. We say that two dynamical systems (X,o) and (Y, 7), where 0 = {0;}icr and
T = {7i}ic1, are partition conjugate if there are clopen sets {V; ;}; jer in X and a homeomorphism

v: X — Y such that
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1. for any fixed j, UjerVi; = X and V; ; NVy ; = 0 when i # ¢/

2. for any fixed i, Uje/Vi; = X and Vi ; NV, jy = 0 when j # j

. . . _1
3. for any 1, j, UZ-|Vij =7 om0y,

4. for any i,j, o7t (0i(Vig) = Vig =7 (757 (73 0 7(Viy)))
Remark 17. If X and Y are connected, this is the standard definition of topological conjugacy, i.e.,
the indexing set I has a single member.
Remark 18. As noted in [23], point (4) of Definition 36 is equivalent to saying for any i,j € I,
o7 (0i(Vij) =Vij=~7" (Tj_l (150 'y(Vi’j))> if and only if 0;(Vj ;) N o3(V; ) = 0 when j # j'.
Ezxample 37. Let X = (0,1) U (1,2) U(2,3), and let Vi1 = Voo = V33 = (0,1) and Vi3 = Vo3 =

V31 =(1,2) and Vi3 = Vo1 = V39 = (2,3). Clearly, these sets satisfy (1) and (2) of Definition 36.
Consider Y = (-4, -3) U (—3,—2) U (—2,—1), and let v : X — Y be given by

x—2 z € (0,1)

Vz) = (—z-2 z e (1,2)

(r—2)2-3 x€(2,3),

noting that v(0,1) = (=2, 1), v(1,2) = (-4, —3), and (2, 3) = (—3,—2). Observe also that

—y—2 y € (—4,-3)
T Hy) = {24y F3 ye(-3,-2)
y+2 y € (—2,-1).
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Set 01,09,03 on X by

VT +2 ze(0,1)=Vi3
ou@) = 92— (2-1)% ze(1,2) =V,
x—2 r€(2,3)=V3

3—2?  z€(0,1)="Vap
oa(x) = S(x—1)? ze(1,2)=Vaz
4— ¢ z€(2,3) ="V
2—x ze(0,1)=Vs3
o3(r) = S\r—1+2 ze(1,2)="Vs,
V3—z z€(2,3)=Vso.

\

The respective graphs of o1, 09,03 are shown in Figures 4.1 and 4.2. It is clear that the
ranges of Vj; and V; j» with j # j' are separate under oy, so (4) of Definition 36 is satisfied (via

Remark 18).

Figure 4.1. The graphs of o1 (left) and o9 (right) of Example 37 are shown.
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Figure 4.2. The graph of o3 of Example 37 is shown.

Set 1,19, 73 on Y by

~y —6 y€(—4,-3) =7 (V1)

ny) = YVy+3-4 ye(-3,-2) =v(Va)
y—1 ye(=2,-1)=~Vi)
(y+3)*—4 y€(—4,-3)=7(V12)

) = {V1I-Vy+3—-2 ye(=3,-2)=~(Vs2)
(1—(y+2)2)2—3 y € (=2,-1) =7(V22)
((y+3)2—2 y € (—4,-3) =7 (Va3)
1Y) = {Vy+3-2 ye(-3,-2)=~(Via)

y—2 ye(=2,-1)=v(V33).

\

It is an easy (albeit tedious) check to verify that (3) of Definition 36 is satisfied.

Thus, (X, o) and (Y, 7) are partition conjugate.

Proposition 15. Two dynamical systems (X,0) and (Y,T), where 0 = {0;}icr and 7 = {7 }ier,
are partition conjugate if there are clopen sets {U; j}ijer in'Y and a homeomorphism § : Y — X

such that
1. for any fized j, UieiU;j =Y and U; j N Uy j = O when i # .

2. for any fized i, UjerU; j =Y and U; j N U; jy = 0 when j # j'.
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. . _ _1
3. for any i,j, Tj|Um_ =0 1o0;00 Uiy

4. for any i,j, 7;(Uij) N1 (U;jr) =0 when j # j'.

Proof. Let § =~ and for each i,j € I, Uij =v(Vi;), where v and V; ; are as in Definition 36.

Take any j € I. As V;; N Vy; =0 when ¢ # ¢ and ~ is injective, U; j N Uy j = 0 for i # 7'
Since UjerV;; = X and 7 is surjective, UjcrU; ; =Y. (2) is seen similarly.

Take i,j € I and y € U; ;. Then y = y(x) for unique = € V; ;; hence, 7;(y) = 7; o y(z). By
Definition 36, 7j(y) = yooi(z) = yog; 0y L(x).

In order to see (4), we utilize Remark 18. Since o;(V; ;) No3(V; j) = 0 and 7 is injective,

70 3(Vig) N0 0:(Vigr) = 0, and hence, 75(Viy) N 7(Vir) = 0. =

The following is proved similarly as Remark 18, but (4) of Proposition 15 is easier to work

with.

Proposition 16. For any i,j € I, ijl (1;(Ui)) = Uij = v " (07" (0i070(Usy))) if and only if

Tj(U@j) ﬁ’i‘j/(Vi,j/) =0 whenj 7& j/.
Ezxample 38. In the setting of Example 37, Uy = Uz o = Uz 3 = (—2,—1) and U2 = U3 = U3 =
(—4, —3) and U173 = U271 = U3,2 = (—3, —2).

We check just (4) of Proposition 15.

The respective graphs of 71, 79, 73 are shown in Figures 4.3 and 4.4.

z=T11(y) z = 7(y)

Y Y

\
.

Figure 4.3. The graphs of 71 (left) and 75 (right) of Example 38 are shown.
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Figure 4.4. The graph of 73 of Example 38 is shown.

It is not as easy visually to see (4) of Proposition 15 as it is in Proposition 18, so consider

Figure 4.5 for 7;(U; ;).

j\i 1 2 3

1 [ (=3,-2) | (—4,-3) | (-3,-2)
2 [ (=4,=3) [ (=3,-2) | (=2, -1)
3 [ (=2,—1) | (=2,—-1) | (=4, -3)

Figure 4.5. 7;(U; ;) is shown.

In each column, the entries are disjoint, so (4) is satisfied.

4.4.2. Partition Conjugacy and Periodicity
Certain dynamics properties are preserved in the multivariate case under partition conju-

gacy as they are in one map systems under conjugacy.

Proposition 17. Suppose (X,0) and (Y,T) are partition conjugate, and let v and Vi ; be as in
Definition 36. If x is P1 for (X,o), then v(x) is P1 for (Y, ).

Proof. Let w = iy, ---i1 € FY(I) be such that o, (z) = z. For every k = 1,--- ,m, we let ji € I

be the unique index so that o, ..., (z) € Vi, ;. (using o;y(z) = z). Set v = jp, -+~ j1 € FT(I). We
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apply (3) of Definition 36 multiple times to obtain

ow(®) = lom, 0n09 o, joyo oy om,0q09 oy 0q()
= '771 o7y 0(x).
Thus, 7(z) = 7 (1(2)). m
Ezample 39. In the setting of Example 37, z = 1/2 and v(z) = —3 are P1 for (X, o) for (Y, 7),

respectively, since we have the relations in Figure 4.6.

1/2(€ Vaa) =" 3/2 (€ Vaa) =" 1/4 (€ Via) =7 5/2 (€ Vig) P—1/2

R R S

32— 72— T A 11 /4 —3/2
T3 73 T1 T3

Figure 4.6. Orbit of 1/2 under partition conjugacy

In the construction of Proposition 17, w = 1123 and v = 3133. Observe that Proposition 17
does not extend to P3 or P4. = 1/2 is P3 and P4, but the construction used did not demonstrate

that v(z) is P3 or P4. It is true, though, that v(z) is P3 and P4 since

T 11 -
L
4 2

—_

13
4

However, the next example shows that there is not an equivalent Proposition 17 for P3 or

P4.

Example 40. Let X = {x1,22,23}. Let 0, (left) and o (right) on X be as follows:

z1 z1

v N

w7 s w7

Since 0gqo(21) = x1, 21 is P4 (and hence P3) for (X, 0).
Let Voo = {z1,22} = Vgp and V3 = {23} = Vg, Consider Y = {a,b,c}, and set

v:X =Y by 1 — b, x5 — ¢, and z3 > a.
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Let 7, (left) and 75 (right) on Y be as follows:

O e

O O

b

It is a routine check to see that (X,0) and (Y, 7) are partition conjugate. It is also clear that
v(z1) = b is not P3 (and hence, not P4) for (Y, 7).

There is not an equivalent Proposition 17 for P2 or P6, as we will discuss in the next

example.

Ezample 41. Let X = {x1, 22}, and let o, (left) and o3, (right) on X be as follows:

€1 Z2
__~

As o} is the identity on X, every oy, w € F*(I) reduces to o for some k € N U {0}. Hence,
ow2(1) =1, s0 11is P6 for (X, o). It is also clear that 1 is P2.
Let Voo = {1} = Vp and Vo, = {b} = Vp,, and let 7, (left) and 7, (right) on X be as

follows:

C.%l(;wg al 4).%23

Using v = 0y, it is an easy check to show that (X, o) and (X, 7) are partition conjugate.
However, v(1) is not P6 since for every k € N, 7x(7(1)) = 1 # v(1). Notice also that since

T, and 7, are constant maps, (1) is not P2.

However, we do have an equivalent statement of Proposition 17 for P5.

Proposition 18. Suppose (X,0) and (Y,T) are partition conjugate. If x is P5 for (X,o), then
v(z) is P for (Y, ).

Proof. Let v and U;; be as in Definition 36. Take any u = jp,---j1 € FT(I). For every k =

1,---,m, we let i;, € I be the unique index so that 7;, ,..;;(v(2)) € Uj, j,, using 7, (v(2)) = v(x),
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and let w = i, - - 41 € FY(I). From (3) of Proposition 15, we get

Tu(y(2)) = voou(x).

Choose b =iy imy1 € FT(I) so that op,(z) = z. For every k =m+1,--- ,p, we let ji € I be

the unique index so that 7, ..., (v(x)) € Uj, j,, and set a = jp - - jm41. As before, we have

Tau(’Y(l‘)) = 'yoabw(x),

s0 Tau(y(2)) = 1(2). =

4.4.3. Partition Conjugacy and Transitivity

We now explore some properties of transitivity that are preserved under partition conjugacy.

Proposition 19. Suppose (X,0) and (Y,T) are partition conjugate. If x is Trl for (X, o), then

v(z) is Tr1 for (Y, ).

Proof. Let v and V;; be as in Definition 36. Take any U C Y nonempty and open, and note
that V := y~1(U) is nonempty and open in X. Choose v = iy, ---i; € FY(I) so that o,(z) € V.
There is unique j; € I so that = € V;, ;,, and there is unique jo € I so that o;,(x) € Vi, j,, and

so on until we have unique j,, € I so that o; ... (x) € V; Set u = jn---j1. As usual,

msyJm*

op(x) =y LoT, 0v(x), so T, oy(x) € y(V). Hence, 7,(y(x)) € U, and v(z) is Trl for (Y,7). O
Remark 19. Example 41 shows that there is not an equivalent Proposition 19 for Tr2.

Proposition 20. Suppose (X,0) and (Y, 7) are partition conjugate. If x is Tr3 for (X,o), then
v(z) is Trs for (Y, ).

Proof. Let v and V;; be as in Definition 36. Take any u = jy,---j1 € FT(I) and nonempty,
open U C Y. Again, for every £k = 1,---,m, we let i € I be the unique index such that
Cip_yir (T) € Vip gy, (using o (z) = ). Let w = iy, -+ -i1 € FT(I). Asusual, o (x) = v Lo, (y(2)).

As z is Tr3, choose @ = iy - - iyq1 € FT(I) so that ogy(wz) € v~ 1(U). For k =m+1,--- ,p,
we let j, € I be the unique index such that o;,_, ..; € Vj, j,, and again, as usual, o4 (r) =

7o mpu(v(z)). Thus, 7, (y(x)) € U, so y(x) is Trl. O
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4.4.4. Partition Conjugacy and Topological Transitivity
We now explore some properties of topological transitivity that are preserved under partition

conjugacy.

Proposition 21. Suppose (X, o) and (Y, T) are partition conjugate. If (X, o) is TTr1, then (Y, 1)
1s TTrl.

Proof. Let v and V;; be as in Definition 36. Take A, B C Y nonempty and open. Then Ag :=
7~ 1(A) and By := 7! are nonempty and open in X. Choose w = i,,---i; € FY(I) so that
ow(Ap) N By # 0. Take any 2z, € o,(Ap) N By.

First observe that v(z,) € v(By) = B.

Now, z, = 04, (2m—1) for some z,_1 € i, _,..i;(4o), and zp—1 = 0, _,(z2m—2) for some
Zm—2 € i, _,..i;(Ap). Continue in this manner until we have zo = 04,(z1) for some z; € oy, (Ap)
and z; = o0y, (20) for some zy € Ag. For k = 1,--- ,m, we let ji € I be the unique index so that

Zk—1 € Vik,jkv and set v=j,---J1 € F+(I). Then

Zm = 04, (Zm—1)

= 77 o7, 0Y(zm-1)

= 7 lom 07(z0)-

Since v(z0) € A, v(zm) € Tw(A), so 7,(A) N B # 0. O

Proposition 22. Suppose (X, o) and (Y, 7) are partition conjugate. If (X, o) is TTr3, then (Y, 1)
1s TTrS.

Proof. Let v and V; ; be as in Definition 36. Take any A, B C Y nonempty and open, and take any
v = jpm - j1 € FY(I). Notice that Ay := v~ !(A) and By := v~ (B) are nonempty and open in X.
There is unique ¢; € I such that Ao NVj, j, # 0. Fix z1 € AgNV;, 5.

Set 2o = 0, (z1). There is unique is € I such that 29 € V;, j,. Since oy, is continuous, there

is open A; with z; € Ay such that o4, (A1) C Vi, j,. Set z3 = 0y,(22). There is unique iz € I such
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that z3 € Vi, j,. Since oy, is continuous, there is open Ay > 23 such that o4, (A42) C V; Notice

3,43
that z; € 0',:11(142).
Continue inductively in this manner. For 3 < k < m, set 2 = o04,_,(2k—1). There is

unique i € I such that z; € V; As o0y, , is continuous, we may choose Ay_1 3 z,_; so that

kiJk*
i, (Ag—1) C Vi, j,., noting that z; € ot (Ag_1).

lg—2 1

Set M =07 (Am-1)No; ' (Am_a) N -Noy  (A) N AN ANV

Im—2-11 I —3"11

1,ji- Since z1 € M
and each o; is continuous, M is nonempty and open. Set u = i, ---i; € FT(I). As (X, 0) is TTr3,
choose a =iy imy1 € FT(I) so that og, (M) N By # 0.

Take z € 04,(M) N By. Note that v(z) € B. Choose y € M so that o4,(y) = z. Since

y € Viyjy, we have o, (y) = 'Y_l

oTj, oy(y). Since y € Ay, we have 0;,(y) € Viy jo, SO 0ini, (y) =
v~ o 7j,5, o ¥(y). Since y € ai_ll(Ag), we see Gy (Y) € Vigjsy SO Tiginiy (¥) = 771 0 Tjgjuin © ¥(y)-
Continuing in this manner, we get o, (y) = v~ ! o7, 0 y(y).

There is unique ji11 € I so that 0, (y) € Vi, 1 jmsrs DOtNG 03 u(y) =7 1o 1woy(y).
Continue this process until we have unique j, € I so that o5, ,..i,,.1u(y) € Vi, j,, noting oau(y) =
Y0 T 0jmiav ©Y(Y). Set b= jp-+jmi1 € FY(I). Thus, v(2) = mu(7(y)). Since y € Ay, v(y) € A.
Thus, v(z) € 7p,(A). Hence, 7,(A) N B # 0, so (Y, 1) is TTr3. O

4.5. The surjective extension X of a single map o

In Section 5 of [15], they developed a surjection extension X of a dynamical system. We
remind of the notation in that paper as we will use it throughout this section. We start with a
dynamical system (X, o,S), where o is a family of surjective maps on a compact Hausdorff space
X indexed by an abelian semigroup S. A surjective map p from (X, 0,S) to a similarly defined
dynamical system (Y, 3,S) is called an eztension map from (X, 0,S) into (Y, 3,S) if poSs = os0p
for every s € S. We let G be the group § —S. A partial order on G is given by h < gif g—h € S.
Set {Xg}g4eg so that Xy = X Vg, and for g, h € G with h < g, we set o, withu = g—h as X; — Xj,.

We then define

X = ngfgEHXg:xh:Ju(acg)Vh<g€G,u:g—h
geG
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We set & = {o1}ies on X by & ((zg)geq) = (01(xg))jeg- Set p : X — X by p((x4)geq) = 70,
where 0 is the identity in G. From Proposition 3 of [15], we know that p gives us a homeomorphism
extension form ()?, o, 8) into (X, 0,S), and by Lemma 6 of [15], it is minimal.

In [21] the one variable case was studied. It was shown that certain properties such as
transitivity are preserved in this extension. We now want to show that this can be applied to the
multivariate definitions that we are using. We observe that if Z € p~1{x} is P1 for ()~( ,0), then z
is P1 for (X, o) since w € F*(I) so that ¢,,(Z) = . Then p (04, (%)) = p(Z), so oy (z) = z. From

this we can conclude the following

Corollary 2. If # € p~‘{z} is P2/P3/P}/P5/P6 for (X,5), then = is P2/P3/P}/P5/P6 for
(X, 0).

As the next example shows, the converse of our observation about P1 and X is not true.

Ezample 42. Let X = R/Z, and consider z = £. Set 0, and o, on X by o4(z) = 22 and o4(z) = 3z.
Notice that z is P1 for (X, o) since oq414(2) = .

Choose Z € p~'{x} so that z,,, = %, noting z, = % and z, = %5 Observe that in
order for o, (14) = 24 or 0y (2p) = x5, we must have, respectively, the forms w = 3% or w = 2,

k € {0} UN. Since no w will work for both z, and z;, ¥ is not P1 for (X,5).
Proposition 23. z is Trl for (X, o) if and only if every & € p~*{x} is Trl for ()N(,ﬁ).

Proof. Start with the forward implication. Take arbitrary y = > 9eg Yg€g € X and any open UCX
containing y. We may assume that U is a basic set; hence U=Xn I se6 Ug» where each Uy, is
open in X and Uy = X for every g € G except for some finite set {g;}},. For every i =1,--- |n,
fix s;,t; € S so that g; = s; — t;, and set s € S by s = > | s;. Notice we have the relations for y
seen in Figure 4.7.

We look at U = (i, Us__lgi (Uy,), which is nonempty since ys lives in it. As z is Trl,
we may choose a € FT(S) so that o4(z) € U, noting o445—g,(z) € Uy, for every i. Take any
T = Egeg x4, € p~1 {x}, and observe that for every i = 1,--- ,n, we obtain Figure 4.8.

From this, we see that sy, (T) = deg Tg—s—alg € U.

For the converse, choose any y € X and neighbourhood U of y. Set U= p~Y(U), and choose
w € FT(S) so that &y, (Z) € U. Then p (G, (Z)) = 0w (z) lives in p ((7) =U. O
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Yo 1Ysq

o,

Os—g; (yS) = Yg; 1Ys;

Os—sp,

Oty

ygn f ySn

Figure 4.7. The relation between terms in y

Tq Ts
Zg; ! ZLg;—a Tg,—s—a (€ Ui)

3

Ts—g,

T = x0T (€ V)

Figure 4.8. The relation between terms of x

Proposition 24. z is Tr8 for (X, o) if and only if any T € p~*{x} is Tr3 for ()2,5).

Proof. Start with the forward direction. Take any y = 96 Yo€g € X and open UcCX containing
y. Now take any = = 3 cx&y € p Yz} and u € FH(S). We may assume U has form U =
XN IyegUy, where each Uy is open in X and U, = X except for g in some finite set {g;};,. For
every i = 1,--- ,n, choose s;,t; € S so that g; = s; —t;, and set s =) ;" ; 5, € S.

Observe that os_g, (¥s) = Yg;, S0 Ys € 05—g,(Ug,), i = 1,--- ,n. Set U = NI’ 1054, (Uy, ),

which is open and nonempty. As x is Tr3, we may choose a € F(S) so that o,.(x) € U; notice

that outats—g (%) = Outars(Tg) € Uy, @ = 1,--- ,n. Hence, Gutats (T) = D g Tutats(Tg)éy-
Thus, T € Gytats ((7) Since a + s € FH(S), 7 is Tr3 for <)~(,5).

Now the converse. Take any y € X and open U C X containing y, and take any u € F(S).
Set U = p~L(U), and choose a € F+(S) so that &yiq (Z) € U. It follows that p (Gyra () = ousa(®)

isin U. U
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Remark 20. A space having a transitive point and a space being topologically transitive are not
equivalent conditions in general. However, a proposition for topological transitivity analogous to

the one above for transitive points can be proved similarly.
Proposition 25. (X,0) is TTrl if and only if ()N(,E) is TTri.

Proof. Suppose (X, o) is topologically transitive. Take any open, nonempty U,V C X; we can
assume that these are basic sets of the form U = X N [,eg Ug and V=Xn [1,eg Vg, where Uy and
V, are X except finitely often. Let {g;}} ; C G be where U,, # X or V,, # X. For every i, choose
si,t; € S so that g; = s; —t;, and set s = > | s;. Consider U :=p (ﬁ) and V =, 0;_191_(‘/91.).
Since (X, 0) is TTrl, we have a € F(S) so that o, (U) NV # (.

Take z € 0,(U) NV, and choose & = }  cz4{; € X so that 2, = . Observe that
Os—g;(xs) = x4, € V,, for every i, so T € V. Now, since z € (poady,) <ﬁ>, we have y = > ;5 yg&y €
U so that z = y_,. In particular, Gsiq (§) = T, SO Gsta ((7) NV £0.

Now for the converse. Take open, nonempty U,V C X. Let U = p~H(U) and vV =

p~}(V). Choose w € F* so that &, ((7) NV # 0; take Z in this intersection. Notice that

p () € (poda) (17) — (0w 0 ) (17) 50 p(F) € aw(U). 0
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5. MAXIMAL ENVELOPE EXAMPLE

In this section we consider from [15] that the maximal C*-algebra for the upper triangular
n X n matrices is contained in the matrices over the free product of copies of C[0, 1]. We investigate
how the free product multiplication interacts with the matrix multiplication to describe what
component-wise entries in the maximal C*-algebra will look like.

In Section 1.1, we saw that there are many way to embed an operator algebra into a

C*-algebra. In this example, we focus on the maximal C*-algebra C}, . (A). Recall Definition

max
10: for an operator algebra A, there exists a largest C*-cover Cp . (A). Formally, there is a

completely isometric j : A — C} . (A) with the following universal property: if 7 is a completely

max

contractive homomorphism from A into a C*-algebra D, then there is a unique *-homomorphism

~
T Ch s

(A) — D such that 7o j = .

We will connect this to another C*-algebra, the amalgamated free product.

Definition 37. Suppose A, B, D are operator-algebras and a4 : D — A and ap : D — B are
completely isometric invlusions. The amalgamated free product A xp B is the unique operator
algebra generated by fa(A)U fp(B), where f4: A — Axp B and fp: B — A xp B are injective
completely isometric representations that satisfy f4oa 4 = fpoap and have the universal property
that given an operator algebra H and a completely contractive homomorphism hy : A — H and
hg : B — H satisfying hq o ay = hp o apg, there is h Axp B — H with %ofA = hy and

ho fg = hg.

In general, the algebra A*p B is spanned by elements of the form aj by *- - - % a,, * b, which
is a formal multiplication with the only way for elements to “pass” across * is for them to be in d.
For more information about free products see [24]. In [2], it is shown that these two constructions

are related in the following sense.

Proposition 26. [2] Let A, B, and D be operator algebras with D a C*-algebra. Then C;;

max(A *D
(A) *D C:nam(B)

B)=C:

max

(Sketch of proof)
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We denote by ja : A — CF.(A) and jp : B — C}

 ax(B) the completely isometric in-

clusions. Then by the way the free product is constructed j4|p = ja|p and hence there is a a
completely contractive representation ja * jp : Axp B — C

(A) *p C} ..(B) and by the uni-

max max
versal property for C}, ... there is a completely contractive homomorphism 7 : C},..(A*p B) —
Chaz(A) ¥D Cpay (B)-

On the other hand, there are completely isometric inclusions i4 : A — A xp B and ip :

B — A xp B. By the universal property for C* (A) —

' ap these lift to x-homomorphisms 14 : C

max

*
Oma:v

(Axp B) and Ip : C}

max

(B)-C;,

max

(A xp B). Verifying that Is|p = Ig|p, yields a map
IpnxIp:C o (A)xp Cs

max

(B) = Cr

ax(Axp B). Composing 7 and I4 xp Ip induces the identity
map on the subalgebra generated by A and B and hence the two maps must be x-isomorphisms,
proving the proposition.

How this helps us understand C*-max for graph operator algebras is due to two facts about

graph algebras. The first is that 7, the algebra of upper triangular n x n matrices is the graph

algebra for the graph with n-vertices

The second requires some notation. We let D,, denote the algebra of n x n diagonal matrices inside
M,

The result is a direct application of Theorem 4 from [13] which in our context tells us that

Proposition 27. The algebra T, is completely isometrically isomorphic to

(T, ® C"?) #p, (COT®C" ) xp, -~ %p, (C" & Th).

From there we can conclude the following about C},,.(T5).

Proposition 28. For all n

C;?klaz(Tn> = (C;knax(TQ) ¥ Cn—Z) *Dn (C D CZzax(TQ) D Cn_?’) *Dp """ *Dy ((Cn—2 ¥ C:nax(TQ))'
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When we recall that

CE o (Ty) = fr b . £, € C[0,1] and f>(0) = 0 = £4(0)

f3 Jfa

we can think about C*

 ax(Th) as free products of matrices over functions algebras. There are many

technicalities to prove but in, as yet unpublished work, Duncan [14] showed that
C*

max

(Tn) € Mn(C([0,1]) *c C([0,1]) *c - - - ¢ C([0, 1])).

In what follows we will look at what elements of C}, .. look like inside M, (C(]0,1]) *c

([0, 1)) % -+ xc C([0, 1)).
We build sets as follows where F' = C, . (T%).

j—1 k—1—j

Hy, = Co---oCoFaCo---aC

Thinking of those as matrices in My, we have

- J ISV L Jo J o
Hj, = {/\1,161,1 o N €11+ S e55 T 161541

J o o J J i J .
+/\j+2,j+2ej+2,1+2 +o+ )‘k,kek,k t Gjq1,€+15 T 9j,j+1eJ,J+1}

In these sets, the non zero diagonal off entries are in these positions:

{aijeiji—j=1} = {gi1€it1i}

{aijeiji—j=—-1} = {glipreiin}

Each Hjy is allowed non zero entries along each diagonal entry.

If we look at any free product, we only consider generating elements hi?f € rather than full
matrices. We introduce a notational convention for looking at non zero entries, noting these only
occur in ¢ — 4, (i + 1) — 4, or ¢ — (i + 1) positions. For

k1

k1 . km . . — km .
hil,jl €151 ¥D *D him7jmelm,]m = hi1,j1 *D:*D him7jmell7lm+l7
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where jy =ipyq for £=1,--- ,m —1 and i;y,41 = Jm. In this, ip —ip4q € {—1,0,1}.

. . k -

If 4p = ip41, then h”i;7ig+1 € {(C7 {f[{g} ) {fﬁg,él}}
. . k

Ifip =igp1 + 1, then h;7; € {ggﬂ,é}
. . k

If ig = ig41 — 1, then hi;iz-s-l € {ggv“‘l}

Observe that

i1 —imy1 = (i1 —i2) + (2 —i3) + -+ (i — Imy1)

= [{l:iipg—ipp1 =1} — [{€:ip —igp1 = —1}]

Take any e; ;. If we multiply by a matrix unit on the right and obtain a nonzero result, that
matrix is of the form e; ., if we require j —* € {—1,0,1}. That is, we have e;;_1, €;j, Or €; j41.
Following this pattern, we can construct a diagram, as seen in Figure 5.1, where three arrows point

from the unit matrix to each of the possibilities of unit matrices that can give us this result.

IS
~
~

e ej(lgl ej-1,
SO

€j+1,5 J+15+1 ? €j+1,5+2

N
) N
N
N

X

Figure 5.1. The possible paths are shown.

To get from e; ;1 to an element of the form e;_1 ., we must pass through e;_1 j_2. Adjusting
the indices above as appropriate, for n > 0, we see that to get from e;_,, ;_(,,41) to something of
the form e;_(, 1), we must pass through e;_(,,41) j—(n+2)-

To get from e; ;11 to something of the form e; 1+, we must pass through e;j;1 ;2. Adjusting
the indices above as appropriate, for n > 0, we see that to get from e; ., j i (,+1) to something of

the form e; (,11)+, We must pass through €; (;,41) j4+(n+2)-
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We look again at

Citim+1 —  Ci1,i2Cioyiz " Cim—1,im Cim,imt1

Let M = iy41 —91. Without loss of generality, assume M > 0. Welet Ny =1+ 1, No= N1+ 1=
i1+2,--,and Nyy-1 =Npy—1+1=19+ M —1. Let Ny =141 and Ny = tm41-

In the sequence of indices {i1, " ,im+1}, we have a subsequence {j,}}L, with j, being the
first instance of N, that gives us en,_, n,.

While this allows us to consider what the entries in the matrices might look like, it does
not give us a general method that extends outside this context. This method does not practically
translate into understanding Cj,, .. for even other finite graphs, even when using the free product

construction.
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