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ABSTRACT

Recent developments in engineered electromagnetic materials, also known as
metamaterials paved the way for new design approaches of unique and incomprehensible
electromagnetic devices and structures using electromagnetic properties which are usually not
available in nature. By taking advantage of Maxwell’s equation’s “form-invariance” under
coordinate transformations, lately, a coordinate transformation-based approach was introduced to
manipulate electromagnetic waves at will, which resulted in a non-homogeneous, anisotropic
transformation media dictated by the coordinate transformation. This design approach is known as
“transformation electromagnetics/optics (TE/TO)” and has steered many unconventional and
seemingly-impossible unique electromagnetic devices such as, the electromagnetic invisibility
cloak.

The concepts of TE/TO can be extended to a region containing electromagnetic sources,
which is known as source transformations. This research focused on the understanding of the
theoretical and mathematical foundation of the “transformation electromagnetics/optics” and
based on the understanding of the TE/TO concepts, a phased array antenna with new elements
where antenna performance is a function of structural and mechanical constraints is proposed using
source transformations, where each antenna element is “pinwheel” shaped antenna element
transformed from a dipole element in free-space using appropriate coordinate transformations. The
transformed materials are derived and through numerical simulations the radiation properties of
the proposed array are demonstrated. It is anticipated that the proposed complex-geometry array
will have great potential for future applications in structurally integrated and conformal arrays for

wireless communications, radars, and sensing.



Additionally, the TE/TO technique is employed to design a TO-based beam-steerer which
enables beam-scanning with a single antenna element and an antenna array without using phase
control circuits. The proposed beam-steerer is a TE/TO-based non-homogeneous, anisotropic
material shell theoretically computed using coordinate transformations. Through full-wave
simulations the beam-scanning performances of the TO-based beam-rotator was demonstrated and
validated. Since the practical metamaterial implementation involves losses, numerical simulations
are performed incorporating losses to the derived material parameters. While currently, numerical
verifications are provided, in practice, these TO-approaches will require actively tunable material
parameters. Significant advancements have been made by the material scientists to design tunable
materials using different approaches, which could enable the implementation of the TO-based

approach practically.
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1. INTRODUCTION

Electromagnetism is a unique and profound branch of physics, which is a cause and result
of electromagnetic fields due to different potential gradients or fields in different mediums. Being
one of the fundamental forces, the electromagnetism has endless consequences from
electrodynamics to quantum mechanics. In the year of 1873, legendary mathematical physicist
Maxwell presented a set of differential equations in his book, “A Treatise on Electricity and
Magnetism” [1, 2], involving oscillating electric and magnetic fields to describe propagation of
electromagnetic waves in different mediums and later, those set of differential equations
established the foundation of applied electromagnetics. Later, German scientist Hertz introduced
the first wireless communication system by using cylindrical conductor and circular loops, which
are basically a dipole antenna and loop antennas, respectively [3]. Consequently, an eminent
scientist from India, J. C. Bose demonstrated the phenomenon of wireless communication within
short range [4]. During the same time, Nikola Tesla developed few new techniques for wireless
power transfer over long distances [5]. In 1902, for the first time, Marconi, a scientist from Italy
demonstrated transatlantic wireless communication [6], which later got him the Nobel Prize in
physics in 1909. Later, German physicist Braun introduced phased array antenna systems by
incorporating time delays in the antenna elements to control the radiation of the antenna to a guided
direction, which revolutionized the wireless communication systems in manifolds [3]. This is how
the modern day wireless communication systems have evolved.

The fundamental basis of modern-day wireless communications is antennas and RF-
microwave structures and the performances of the antennas and RF-microwave structures are
significantly dependent on substrate material. The permittivity (&) and permeability (u) of the

material has a huge impact on the antenna performance. If the € and u of the material can be



increased, it would be possible to achieve more bandwidth in a smaller volume [7]. The € and u
can also be varied throughout its volume to focus waves or beam in desired direction [8]. Lately,
a new field “metamaterials” has emerged and attained great deal of attention from the scientific
community. The word “metamaterial” consists of two parts, the first part is a Greek word “meta”
which means “beyond”, the second part relates to “matter”. A metamaterial is artificially
engineered material that has properties which are not found in naturally available materials. A
metamaterial can also be defined as a microstructured material that is shaped to achieve a desired
either acoustic or electromagnetic wave-matter interaction [8]. Another definition from DARPA:
“A metamaterial is an engineered composite that exhibits superior properties not observed in
nature or in the constituent materials. The superior properties of a metamaterial are a result of their
engineered constructs” [9]. Metamaterials derive their unique properties from their newly designed
structures, not from their inherent or base materials.

There are natural materials available which demonstrate either a negative electric response,
such as, plasma or a negative magnetic response, such as magnetically resonant crystals [8]. The
effective refractive index, n = +/ue needs to be real for the electromagnetic wave to propagate
through any material. For the refractive index to be real, either € or u can not be negative, otherwise
n = +/ue would be imaginary. If both £ and u are negative, the refractive index will be again real
and waves can propagate, however it is essential to choose a negative index. V. G. Veselago first
predicted this behavior of materials with simultaneously negative ¢ and u [10]. These materials
are often referred as “left-handed” materials. Smith et al [11] first reported that it is possible to
produce negative index materials and it is shown that the phase-velocity is negative in these
materials and simple Snell’s law experiment showed that refraction occurs in opposite direction

[12]. Metamaterials are naturally anisotropic and non-homogeneous.



Metamaterials and specialized complex electromagnetic materials opened the door to
several new electromagnetic device techniques that were previously conceived to be very
challenging. One of the very popular methods to design complex and unique electromagnetic
devices and structures is transformation electromagnetics/optics (TE/TO) introduced by Pendry et
al [13] and Leonhardt [14] in 2006, which provides a very strong and powerful tool to scientists
and engineers to manipulate electromagnetic fields as never before. There is probably no other
topic in recent times in the electromagnetic and optical community that has received as much
attention as TE/TO. The TE/TO offers a completely new methodology of systematic design for
unconventional electromagnetic devices using an appropriate coordinate transformation. It is based
on a key assumption of the form-invariance of Maxwell’s equations under coordinate
transformations [15-17]. The underlying concept of the TE/TO technique and form-invariance of
Maxwell’s equations under coordinate transformations are discussed in detail in chapter 2.

The designed material properties can be derived by beginning with the familiar form of
Maxwell’s equations and can be adopted for arbitrary and complex geometries using the same
basic approach [18]. Demonstration of two-dimensional invisibility cloaks in the microwave
frequencies [19] using the state-of-the-art materials has basically stimulated overall research on
designing novel devices using the TE/TO technique and has been progressing significantly. The
invisibility cloak is followed by design of many electromagnetic passive devices using this
approach, such as the optical cloak with reduced set of material parameters [20], all-dielectric
cloak in the THz regime [21], cloaking at a distance [22], two-dimensional cloaks with arbitrary
geometries [23], illusion optics [24], an anti-cloak [25], scatterers and absorbers leading to
superscatterer [26], and super absorber [27] respectively, beam shifters and splitters [28], beam

benders/expanders [29], refelectionless waveguide bends [30], expanding a narrow slit into a large



window [31], polarization splitter and polarization rotator [32], and flat focusing lens [33] etc. The
TE/TO technique can be also be applied to the sources (e.g., current and charge distributions),
where the sources will be transformed into a new current distribution, but exactly behaving the
same way. This technique is known as source transformation, first explored by Luo et al [34]. Luo
et al transformed a source in a way that a dipole current distribution looks like a completely
different one, but exactly behaving like a dipole antenna. This process also includes proper material
compensation using the same transformation.

A phased array antenna has tremendous possibilities in future wireless communication
applications, such as device-to-device, vehicle ad-hoc network, and wireless body area networks
(WBAN), and has achieved remarkable attention from the scientists and researchers around the
globe due to its ability of altering the direction of the radiation pattern, consequently, the direction
of a transmitted signal without tangibly moving the antenna elements. This technique is known as
beam-steering or beam-scanning. This can be accomplished by rotating the antenna elements of
the antenna array or changing the relative phases of the radio-frequency (RF) signals driving the
elements. Phased array antenna scanning often poses challenges as it involves synthesis of multiple
antenna elements and integration of phase control circuitry, which includes solid-state-phase
shifters [35] and beam-forming networks [36], to guide or scan the radiation beam in a desired
direction. Scientists and researchers from all over the globe adopted and proposed different design
and synthesis approach for conformal array designs, such as orthogonal projections [37], adaptive
array method [38], genetic algorithms [39], and particle swarm optimization [40]. Howbeit, all
these approaches require different algorithms for different sizes and shapes of conformal arrays,
makes it very difficult for an optimum design approach for a conformal design for any arbitrary

and complex surfaces.
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Figure 1.1. An n-element linear phased array antenna with new elements embedded in a
metamaterial shell using transformation electromagnetics/optics (TE/TQO) approach.

In this dissertation, the technique of source transformations, basically a transformation
electromagnetics/optics approach, has been employed to design a linear array, where each
individual antenna element is transformed from a single dipole element in free-space using a
coordinate transformation and embedded in a complex electromagnetic media prescribed by the
transformation designed using the TE/TO technique, as shown in Figure 1.1. The finite element
method based full-wave simulations via COMSOL Multiphysics ® are used to numerically
analyze and demonstrate the performance of the proposed TO-based antenna array for phased array
scanning. The proposed array will have future applications in structurally integrated and conformal
phased array antennas for wireless communications, radars, and sensing where antenna
performance is a function of structural and mechanical restraints. Furthermore, transformation
electromagnetics/optics (TE/TO) has been adopted to realize a non-homogeneous, anisotropic

material-embedded beam-steerer using both a single antenna element and an antenna array without
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phase control circuitry. Through theory and validation with numerical simulations using COMSOL
Multiphysics ® it is shown that beam-scanning can be attained in a desired direction by enclosing
a single antenna element with the transformation media designed using the TE/TO approach. This
same technique is applied to an antenna array with fixed voltages and phases and the enclosed
array is scanned and the theory is validated through full-wave simulations. The proposed methods
have applications in scanning for wireless communications, radars, beam-forming, and steering.
Initially though this thesis focuses on the background and the underlying concepts of the
transformation electromagnetics/optics approach with detailed derivations of Maxwell’s equations
in covariant notations and proof of the form-invariance of Maxwell’s equation under coordinate
transformations including thorough and complete derivations in order to provide the reader with
the necessary background information. These are discussed in chapter 2 of the dissertation.
Moreover, along with our collaborators in U.S. Air Force Research Lab (AFRL), pertinent relevant
TE/TO devices examples, such as space compression, beam-shifter, and electromagnetic cloaking
etc. are explored. The examples are discussed and explained in an instructive manner with detailed
constitutive material parameters derivations and thorough numerical simulation methods in

COMSOL Multiphysics. These TE/TO examples are detailed in chapter 3 of the dissertation.



2. TRANSFORMATION ELECTROMAGNETICS/OPTICS (TE/TO) AND FORM-
INVARIANCE OF MAXWELL’S EQUATIONS
The recently introduced transformation electromagnetics/optics (TE/TO) technique [13,
14] has revolutionized the developments of metamaterials and devices based on these
metamaterials. The TE/TO technique provides extraordinary flexibility of designing
electromagnetic devices using an appropriate coordinate transformation method. This also
provides an exceptional avenue for registering unique and novel wave-material interactions. The
TE/TO design approach is based on the key assumption of the form-invariance of Maxwell’s
equations under coordinate transformations [15, 16]. This will be explained later in section 2.4.
Another observation is the interpretation of the material parameters (e, 1) in the transformed
coordinate system as a set of material parameters in the original coordinate system [41]. Now,
consider the time-domain Maxwell’s curl equations:
VXE= —jwuH, (2.1)
VxH = jweE, (2.2)
where E and H are associated electric fields and magnetic fields in a simple coordinate system
(Cartesian, cylindrical, or spherical coordinates). The divergence equations in the time-domain are:
B = uH, (2.3)
D = &€E, (2.4)
where B and D are electric and magnetic flux densities, respectively and u and ¢ are permeability
and permittivity, respectively.
Next let assume a Cartesian coordinate system G (x, y, z) to describe the original space and
G'(x',y', z") describes the transformed space, as shown in Figure 2.1. The transformation from G

to G' can be described by following:



!

x'=x'"(x,y,2)
y' = y'(xy2) (2.5)
z'= 7' (x,y,2).
Under this new transformed coordinate system, the Maxwell’s equations will remain form-
invariant as the following [15, 16]:
VXE = —jop'H, (2.6)
VxH = jue'E. 2.7)

The material parameters in the transformed coordinate system is given by following [41]:

/ JJT
& = ?t]g' (28)
/ JJT
K=ok (2.9)

where, J is the Jacobian matrix of the transformation from the G(x,y, z) coordinate system to the

new coordinate system, G'(x’,y’,z") and J" is the transpose of matrix, J. J is defined as [42]:

dxr 0xr Oxr

% oy oz
oy oy oy

y! l
] = IE %y oz I (2.10)

dzr 0zr 0z
|6x dy 0z

A typical TE/TO technique can be summarized as follows [42] and is illustrated in Figure
2.1
I.  Determine a known wave-material relation in the original coordinate system, i.e., a plane
wave or a propagating Gaussian beam.
I[l.  Find the volume of space in the original coordinate system and the associated volume of
space in the transformed coordinate system.
1. Define the coordinate transformation you choose to map your original space to that new

transformed space.



IV.  Compute the material parameters in the new transformed space using equations (2.8) and
(2.9).
V. Translate the computed material parameters from the transformed space and acquire the

desired material in the original coordinate system.

Original Space, G

Same Coordinate

Coordinate System
Transformation

Transformed Space, G’ Material Space, &, u

”
Compute Constitutive
Material Parameters
S

Figure 2.1. A step-by-step explanation of Transformation electromagnetics/optics (TE/TO)
technique, where an original space, G is transformed into a new space, G/, with new material
parameters ¢, u [43].

2.1. Jacobian Matrix
The Jacobian matrix is named after the German mathematician Carl Gustav Jacobi (1804
—1851), who plays an important role in higher dimensional mathematics. The Jacobian matrix is
one of the fundamental keys of realizing the transformation of coordinates, as under coordinate
transformation it is essential to preserve the area of the original coordinate system in the new

transformed coordinate system. Now, considering two set of variables (x1,x?,.......x™) and



(' x'%, ... ... x'™) which determines the coordinates of a point in n —dimensional space in two

different coordinate system. The relation between these two set of variables is given by following
[44]:
x't= fi(xtx?,..x™), i=1,2, (2.11)

Differentiating (2.11) with respect to each of the coordinates x/, we get:

rox't  ax't ax'17
a2 3
dxrt ox™?  ox' ox'
e 7 | (2.12)
69;1" oxim . ax.ln
iyl Py

The determinant J of this matrix is called the Jacobian of the transformation:

J= |2 (2.13)

Equation (2.11) is said to define the coordinate transformation between the two coordinate system
xtandx't, i=1,2,3,.....n.

Now, let’s try to define the Jacobian matrix from the change of variable point of view.

Given, Given, an integral of the form: [ g’(w)f(g(w))du and the change of variable is x = g(w).

That gives us dx = g'(u)du. So, we can have:
J9'@f(g@)du = [ f(x)dx. (2.14)
Since x = g(u), Z—z = g'(u), then we have the following:
[ fG)dx = [ f(g(w)) T du. (2.15)

The Jacobian is what generalizes Z—i in the above formula.

10



x=x(u,v),y=y(u,v)

Transformation, T

—)—

Figure 2.2. A coordinate transformation between region R in the xy-plane and the region V in the
uv-plane, where transformation, T (u, v) = (X, y) [45].

Let R denote a region in the xy-plane and W a region in the uv-plane, as shown in Figure
2.2. The change of variable in this case is defined as the transformation from the uv-plane to the
xy-plane, given by T(u,v) = (x,y), where, x = x(u,v), y = y(u,v). It is assumed that first
order partials of x = x(u,v) and y = y(u, v) are continuous. The transformation, T will map a
region W in the uv-plane into another region R into the xy-plane. The region of integration will be
divided into small regions, once we apply the double integral. This is done by placing a grid over
the region of integration. The region of integration is approximated by little rectangles of area
dA = dudv, as shown in Figure 2.3a. After the transformation, T is applied, the uv-plane and the
grid are also transformed in the region of integration. In the transformed region R, the grids are no
longer rectangles, as illustrated in Figure 2.3b. The small rectangle grids transformed into
parallelograms and the area dA is not dxdy anymore. We need to find out the new area of the R

region in the xy-plane.

11



Transformation, T

(a)

Figure 2.3. The area of the regions before and after transformation (a) Grid in the uv-plane (b)

Grid in the xy-plane after the transformation, T is applied [45].

According the differential formula, if x = x(u, v) then, we can write:

dx = = du+ = dv. (2.16)
Similarly, if y = y(u, v) then
dy =2 du+ 2 dv. (2.17)
We can write this in a matrix form:
ox 0x
+- 5 5| =
du v
ox  ox
The matrix g g is called the Jacobian matrix of the transformation T which maps (u, v)
ou ov

to (x,y), where x = x(u,v), y = y(u,v). In the case of functions of three variables where

transformation T maps (u, v, w) to (x, y, z), then the Jacobian matrix is

12



dx Jdx 0x
ou Jv 6w]

dy dy 0y

Iau v 6w|' (2.19)
0z 9z oz
Ju Jdv Ow

Now, we can compute the area dA in the xy-plane. The area of the parallelogram grid in

the xy-plane can be computed by the cross product of dx and dy vectors [45]. Then, we have dA =
|dx x dy|, where dx = {g—z du,Z—Zdu, 0} and dy = {Z—z d”'%d”' 0}. So, the area d4 in the

transformed space, R in the xy-plane can be written as follows:

|[ i ! E]|

0x oy dx dy 0xd

—|1=d =—d 0 — |&xoy _ oxoy

dA = o u o u 0)= |22 — 222 quy, (2.20)
lg dv a—vdv OJ

So, the transformation of region W in the uv-plane into the region R in the xy-plane can be

rewritten in the change of variable formula as follows [45]:

[ feoyydxdy = [ f(x(w,v),y(w,v)) |%| dudv. (2.21)

Jacobian determinant
2.2. Tensors
The primary aim of tensor analysis is to study the relations which remain valid when we
transform from one coordinate system to a different one. It came to attention of Albert Einstein
(1879-1955), when he wanted explain the validity of his theory of relativity for any coordinate
system. One of the main thoughts behind this was that laws of physics should not be dependent on
frame of reference the physicist chooses. Based on this hypothesis, Einstein found the tensor
analysis as an extraordinary tool to represent his theory of relativity. The concept of tensor has
been originated from the works of differential geometry by Gauss, Riemann, and Christoffel [44].

To explain physical quantities, sometimes the concept of vectors is not enough. One example could

13



be measurement of electric field strength. The charge density can be measured by the four
velocities of the observer, and hence can be represented by a vector, but for the electric field
strength, in some direction will not only be dependent on direction, also on the four velocities of
the observer. In that case, the vector is not enough to represent the measurement. This kind of
example forced the physicists and mathematicians to come up with a generalization of vector
quantity to a quantity known tensor.
Let try to explain tensor analysis through a simple straight line equation in Cartesian
coordinates, where the straight line equation is given as following:
y=ax+b, (2.22)
where, a and b are coefficients. The solution of this equation is (x;(t), x,(t), ... ... x,(t)). Now,

writing the Geodesic equation [44] for (2.22), we get:

dzxi
dt?

o g

+1y dt dt

(2.23)

where, [ij is Christofell symbol [44] and for Cartesian coordinate system, [ij = 0. This gives from

dzxi

Tz = 0.

equation (2.23),

=>x;(t) = at + b. (2.24)

Equation (2.24) is said to be the covariant tensor of (2.22), it simply means it will carry the

same form under any coordinate system, i.e. both (2.22) and (2.24) represent a straight line in two
different coordinate system.

2.3. Maxwell’s Equations in Covariant Notation
It is well-known in the Applied Electromagnetics community that Maxwell’s equations are
set of partial differential equations that form the foundation of classical electromagnetism. The

equations describe how electric and magnetic fields are generated by charges, currents, and how

they change. The equations are named after the physicist and mathematician James C. Maxwell,

14



who used these equations to explain and propose light as an electromagnetic phenomenon. These
equations can be expressed and written in many forms as the Maxwell’s equations are form-

invariance [15, 16]. Maxwell’s equations in differential form are:

= a

VxH=247, (2.25a)
= 0B
VxE= -2, (2.25b)
V.D = p, (2.25c¢)
V.B = 0. (2.25d)

Rewriting these equations in Cartesian components in covariant notation, we get:

ijk O0Hy, _ aDt

i eV =—-+], (2.264)
] 9 i
%) T €Sk = 22, (2.26b)
aDt
Yiga= P (2.26¢)
aBt
2ig= 0, (2.26d)

where, €V is a completely anti-symmetric Levi-Cevita tensor [44]. In Cartesian components, the
Levi-Cevita tensor is defined by following:
+1,if (i,j,k)is (1,2,3),(2,3,1),0r(3,1,2)
evk=1—1,if (i,j,k)is (3,2,1),(1,3,2),0r(2,1,3) (2.27)
0,ifi=jorj=kork=i
That is €% is 1 if (i, j, k) is an even permutation of (1, 2, 3), -1 if it is an odd permutation, and 0
if any index is repeated.

Now, it is imperative to prove that Maxwell’s equations are same in both differential form

and covariant notation. Let’s start with the left hand side of (2.25a):
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[ © j k ]
VXHzla a 0 |
oxl 0x2 0x3
H, H, Hj
o,
o — ¢ (9Hs _0H2\ , ~ (OH1 0H3\ A, f (0Hp 0OHy
VXH=1 (axz 6x3) +J (axg axl) +k (6x1 6x2)' (2.28)

From the left hand side of (2.26a), we get:

iik OH i11 9H i12 OH i22 OH i21 OH i13 OH i31 0H
3 Xio €Uk R il L eil2 2 ) gl22 T2 4 gi2l T i3 1 4 g1 8 g

oxJ ox1 dx1 dx2 dx2 dx3 dxt
gi23 3 4 gi32 22 4 133 _ 3 .
dx2 + dx3 + dx3 (2 29)

. . . P f i 0H i OH i 0H
As j =k, i.e., it makes €Y*= 0, which makes €'!? a_xi’ g'22 a—xj, and €33 a—xj terms zero. So,

rewriting (2.29), we get:

3 3 ijk OHk i12 OH> i21 0H1 i13 9H1 i31 OH3 i23 OHs3 i32 0H
i _LEUr_E=¢ —_— (S — 4+ € —+ € —+ € —+ € — 2.
J—1Z’<—1 dxJ ax1 + ax2 + ax3 + ax1 + ax2 + ax3 (2.30)

. 12 O0Hy _ip1 OH1 _j13 OH 31 OH
Now, for i = 1, €12 =2 g2l =L €13 —L and €31 —2 all becomes zero. So, (2.30) can be
ox1 dx2 0x3 ox1

rewritten as:

3 3 iik aHk _ i23 0H3 i32 0H, _ 0H3 0H,
2 € G = € e T G T e T G (2:31)
Similarly,
3 3  _ijk90Hk _ OHy _ 0Hj
Yk=12i=1 €” 90— 9% axt (2.32)
3 v3 ijk O9Hx _ 0Hp  0H;
=121 €1 5= o= (2.33)
So, equation (2.28) can be rewritten in covariant notation:
— . aHk
VxH= %}, e/ (2.34)

According to Einstein’s summation convention, if any index term is repeated, then a

summation with respect to the index over the range 1, 2, 3....n is implied. According to this, the
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expression Y. a;x* can be written as a;x*. So, we can rewrite the equation (2.34) as follows:

V x H = €Y* 9;H,, where 9; = = (2.35)
Similarly, we can also write the right hand side of equation (2.25a)
b 7 90 i
] = —-+] (2.36)
Now, starting with the left hand side of equation (2.25b)
[t 7 k]
v LI
dx' 0x? 0x3
lE1 E, E; ]
or,
o g (2B _0E) s (9B _ 0B\  p (0 _ 05
VXE=1 (6x2 8x3) tJ (8x3 6x1) +k (6x1 6x2)' (2.37)
From the left hand side of (2.26b), we get:
?:1213;=1 gijk gEljc E111 6E1 +El12 aEz 2 4 ElZZ aEz 2 4 E121 aEl 14 il Zig n
i31 9E3 i23 OE3 i32 0Bz i33 903
€Y S HET S+ eV S+ e (2.38)

: : JE JE
As j =k, i.e., it makes €7%= 0, which makes €' =, €2 =2, and 6‘33 % terms zero. So,

rewriting (2.38), we get:

aE aE aE aE aE aE aE

JE JE JE JE
Now, for i = 1, €12 =2, €21 =, €13 = and €' =% % all becomes zero. So, (2.39) can be

rewritten as:

3 y3 cijk9Fk _  ci23 98 | 32 0Bz _ OBz _ OB
12k=1 € oxJ € ox2 tE 0x3  0x2 ox3 "’ (2.40)
Similarly,
3 y3 ijk9Bk _ 0E1 _ 0B
Yi=12i=1 €7 5= S5 - o (2.41)
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3 y3  gukfBk_ 0F 0E
1=14j=1 oxJ ox1  9x?

So, (2.35) can be rewritten in covariant notation:

FE=1Y. ijk 9k
VXE =YY€ P

Using Einstein’s summation convention and taking the shorthand d; =

as the following:

0o ijk 9Ek _ _ijk
VXH—ZjZkEJ E_EJ ajEk.

Similarly, we can also write the right hand side of (2.25b) as

Now, taking the left hand side of (2.25c) gives

_ d d d
_(v 9 9 1 12 n3
v.D= (6x1'0x2'0x3)'(D D%, D%),

- ob* 9aD* 9D3
V.D = + + ,

oxt  0x%2  0dx3

— oD/

Using Einstein’s summation convention and taking the shorthand 9; =

as the following:

V.D = 9;D.

(2.42)

(2.43)

a .
py (2.43) can be written

(2.44)

(2.45)

(2.46)

9
axJ’

(2.46) can be written

(2.47)

Therefore, (2.25¢) can be written in Cartesian coordinates in covariant notation as the following:

Similarly, taking the left hand side of (2.25d) gives
V.8 = (22, 2) (8L 5%, B%)

ox1’ 9x2’ 9x3

18
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o5 (0B, 0B® 0B’
T\ oxt o ax2 o 9x3)

_ 9BJ
v.E= 3,22 (2.49)

Using Einstein’s summation convention and taking the shorthand d; = %, (2.49) can be written

as the following:
V.B = 0;B/.
Similarly, (2.25d) can be written in Cartesian component in covariant notation as the following:
V.B= 9;B) =0;u;; H; = 0. (2.50)
2.4. Form Invariance of Maxwell’s Equations under Coordinate Transformation
One of the key assumptions of transformation electromagnetics/optics (TE/TQ) is that the
differential form of Maxwell’s equations is form invariant under any coordinate transformation
and this property of Maxwell’s equations has been long known [16]. In this process, the associated
fields will not be affected, rather the material parameters will contain any change in terms of new
coordinate system or transformed coordinate system. This property makes TE/TO technique a
unique tool to design electromagnetic and optical media of any arbitrary shape and material that
adapt wave propagation properties. Maxwell’s equations can be written in covariant notation in

Cartesian components as the following:

glik aij = clJ %4_11" (2.51a)
glik ajEk = _’uif%1 (2.51b)
9;eY E; = p, (2.51c)
ol H; = 0. (2.51d)
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Here, the indices (i, j, k) each run from 1 to 3 and x* identifies a particular coordinate (i.e., X, y,
and z), which means x1=> x, x2=>y, and x3=>z.

Now, the properties of equation (2.51) will be considered under a coordinate
transformation, x" — x, where x is the original coordinate system and x' is the transformed
coordinate system. Our objective is to prove that Maxwell’s equations will remain the same or will
be form-invariant under this new or transformed coordinate system. The electric field (E) and the
magnetic field (H) can be transformed as follows:

E, = ALE;
E; = AVE,

and H; = AYH;,, where the Jacobian matrix is given by

i, _ axi,
A= o
The variable x* is the original coordinates and x! is the transformed coordinate system. Now,

according to the chain rule the partial derivatives must transform in the similar way. So,

L0 _(ox) 2
ir — axi, - axil axir

and
d9;, = AV 9;. (2.52)
Now, substituting (2.52) into (2.51b) we get the following:
» , . A'm,,

€k 9;(AKE) = —uY a(’a—tf). (2.53)

The left hand side of (2.53) can be written as following:
€k 9,(AK Ey) = €U% AKX 0, + €U E,u0,AL
ou

7] ov
as—— (uw.v) =u F e
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axY

oxt’

Note that, €% 9,AK" =€U* 9;0,x* as Al =

Now rewriting the left hand side of (2.53)
€Uk AK 9B + €Y% Epr0;0, 6"
= €Uk [AK 0B + Ep 0; 9x*']
= €K [AX OEr + Epidy 0 x*]

. ’ 12 a ,
= €Yk Af 0, [09; xF = e (x*¥) = 0]

_ ik gk 0 9 g s 9 _ (0T 9
= €70 A axJ axJ! Ej [aj T oaxi T (Oxf)'axf’
= €U* A} AL 0},E .
Therefore, (2.53) can be written as the following:
ijk pk' pJ' ij Af”j’
€V Ay A 0;Ey = —pY 0| =5 . (2.54)
Now, using the definition of the determinant, we get the following:
ik |AR| = AL Al 4) eV, (2.55)
Inserting (2.55) into (2.54), we get the following:
€'k | Alo;, o (0H
— L E=—pial (=),
A;’ k U j < ot >
and
irjrkra E. = Aé’Aj: ij aH}" 256
€ j,k/——lAll,l ? ()
Again, substituting (2.52) into (2.51a) we get the following:
L. I} L. A}:IE./ .
€k 9,(AN Hyr) = €Y 0 L]+ (2.57)

The left hand side of (2.57) can be written as following:
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0 ov ou
aSE (u.v) =Uu a{-va.
.. ' B ' ol
NOte that, El]k a]Ai :El]k ajakxkl as A:’ — ;;l,_

Now rewriting the left hand side of (2.57)
€Uk AK 9;H, + €UF Hyr9;0,x""
= €Uk [AK 0;Hyr + Ejr 0, 0;x*']
= €Uk [AK'O;E, + Hypdy 0 x*]

. l l d '
= €VK A OjHyr [0;x = = (x*) = 0]

— gljk A’;ﬁl ax)' a axf’) d

]

dxJ oxJ’ Hy: [aj = ax) (Bxf 'Bxf’]
= €Y* Al Al 0;H .

Therefore, (2.57) can be written as the following:

o Ny .
eV A Al 0 Hy = €Y 0 (%) + Ju (2.58)

Now, using the definition of the determinant, we get the following:
ik A | = AV A Al eV, (2.59)
Inserting (2.59) into (2.58), we get the following:

P ./
glrjrkr |A|aj Al Ej'

' .. g .
~ H, =¢Y0 + ],
Al k T J

o al'al o oE, Al .
irjrkr 3. , = L7 5] J il
€ 0j,H,, € ( o ) + |A|]. (2.60)
Now, Gauss’s law from (2.51c) can be transformed and rewritten as follows:

al'gij E'] = p,
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Ailairgij A}’Ej, = p,

i3 ij
Ai al‘,{:‘]A]- E]', p

a = (2.61)
The left hand side of (2.61) can be written as follows:
l., .. jl .7 jl i’ ..
a. Aiel 4 Ej = A EUE, 9, £+ 4 0w (4; gqu').
l |Al SR VY |Al
Hence (2.61) can be rewritten as following:
A%’gi]'A;:’Ej,_Al-l UE P A_i’—i 262
VY CETES O T T ar (262)

The second term on the left hand side is zero and the inverse of the matrix inverse can be calculated

using the co-factor formula:

AL ey A AY (2.63)
Ak’ | 2
and taking the partial derivative:
ailAﬁl Eilulvzleiuv Aﬁ,AE’ (264)
. . . N . a 9 a a
This term is also zero and as the partial derivatives are commutative, i.e. —.—= —.—,
dxt oOxu ox¥% odxt

while the exchange of i’ and u' is anti-symmetric. The contraction of a symmetric tensor with an

anti-symmetric one is zero. Rewriting equation (2.62) results in as following:

al'sii 4l g,
Il Rt L
Yool Al (2.65)
Similarly, equation (2.51d) can be transformed and written as follows:

o;u” H; = 0,
A} dup Al Hy, = 0,

and
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!5 i b

i =0. (2.66)
The left hand side of (2.66) can be written as follows:
Ay A§’Hj, i Al Af’a.,(AﬁluUHj,)
R T Ay, ALy DT P
124 |A| AL l’t H]Iall IAI + |A| . (2.67)
The left hand side of (2.67) can be written as follows:
l./ . jl .7 jl i’ .
o ALk A Hi A7 i H,9, A A 9 (A kTH;)
! |A] SR V: 4] '
Hence equation (2.66) can be rewritten as following:
LT T S 2.68
ir | i A0y = (2.68)

The second term on the left hand side is zero and the inverse of the matrix inverse can be calculated
using the co-factor formula:

ir irurv! ~ . ul qvl
Ai _ € EluvAu Ay

Akl 2

: (2.69)

and taking the partial derivative:

Coul Jirultvl o ul vl
0y Ay € Eiuy Au Ap

> (2.70)
: : : N L a 0 a 0
This term is also zero and as the partial derivatives are commutative, i.e., —.—= —.—,
dxt oxu ox¥% oJxt

while the exchange of i’ and u’ is anti-symmetric. The contraction of a symmetric tensor with an

anti-symmetric one is zero. Rewriting equation (2.68) results in the following:

i' i oA
A} b AL Hjy
ir
[A

=0. (2.71)

In all the above transformed equations, the material parameters, current sources and

charges can be realized in the transformed space using the appropriate coordinate transformation
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rules and this process keeps the Maxwell’s equations form-invariant in the new coordinate system
or transformed coordinate system. This unique property gives leverage to the scientists and
engineers to come up with unconventional electromagnetic devices. The above derivations of
transformation electromagnetics/optics (TE/TO) form invariance of Maxwell’s equations under

coordinate system closely follows the work reported in [8] and [46, 47].
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Table 2.1. Form-invariance of Maxwell’s equations under a coordinate transformation and material
parameters, charge, and current distribution in the new coordinates using transformation rules [8,
47].

Transformation Transformed
Original Equations ~ Transformed Equations Rules Equations using the
Rules
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3. TRANSFORMATION ELECTROMAGNETICS/OPTICS (TE/TO) EXAMPLES

In this chapter the use of the form invariance of Maxwell’s equations as a design tool is
explored through several transformation electromagnetics/optics (TE/TO) examples. To establish
a better understanding and foundation of this theory, the instructive examples of devices shown
here have been explored by our group at NDSU and collaborators at AFRL using the TE/TO
method. This background work will be presented and discussed in this chapter.

3.1. Simple Coordinate Transformation

To understand the TE/TO approach let’s start with a simple coordinate transformation. It
is important to understand and visualize the effect of the coordinate transformation as a design step
of transformation electromagnetics structures and devices. Understanding the coordinate
transformation means understanding the function of the device that will be designed by the TE/TO
method. Figure 3.1a shows a 2D grid illustrating Cartesian space, in which constant x and constant

y are plotted for discretely spaced x and y values, respectively.

Original Space Transformed Space Transformation Material

(x,y) (x, y') (x, y)

(a) (b) (c)

Figure 3.1. Visualizing a coordinate transformation with grids are formed by equally spaced
constant x and constant y lines [48], (a) a 2D grid illustrating Cartesian Space, (b) distorted grid in
(x',y") space by transformation given from equation 3.1, (c) transformed space with transformed
material.

27



Consider the following 2D coordinate transformation defined by
x'=x+ay(r—>b),r<b
and
y'=y+ax (r—>b),r <b, (3.1
which conducts a distortion on the region of space within the circle r = b. The distortion is
illustrated by the distorted lines in Figure 3.1b, which represents the transformed space (x’, y").
The transformation becomes identical to free-space for r > b, so that the transformation region

remains local.
Now, considering: r = /x% + y?, (3.1) becomes

x'=x+ay (\/x2+y2—b),r<b,

and

y’=y+ax(w/x2+y2—b),r<b. (3.2)
The material parameters due to coordinate transformations can be written from (2.8) and (2.9) as

the following:

Y
N T (3.3)

The Jacobian matrix for a 2D coordinate transformation is given by

_|ox oy
J= oy oyl (3.4)
ax ady
Now, taking the partial derivatives of the transformation from (3.2) for the Jacobian
oxr _ x2+y2+axy
== 72 O tx+ay (JxZ+yZ—b)} = oy (3.5)
axr _ 9 > 7 _a(2y?+x?)—aby/x2+y?
5y = 5y Xt ay (Jx2+y2—b)} = Ty , (3.6)
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dyr _ 0 _ a(2x?+y?)-ab\/x2+y2
rlke a{y+ax(,/x2 +y2—b)} = s (3.7)

and
by +ax (Jx2Hy? - b)) = (38)
So, re-writing the Jacobian matrix from (3.4) gives
1= Lo ok @9)
where ay; = ay, = J—%’W gy = dzyu% 47 and ay, = a(2x2+% i

Putting r = /x? + y? back to the above matrix parameters gives

r+axy a(r?+y?)—abr _a(r?+x?)-abr

A1 = Q2 = —— Q12 = —— — anday; = "

Equation (3.9) can be re-written as the following:

i
I= & 5l (3.10)
r r

where, g=c—br, h=d—br, f=r+axy,c=r*>+ y? and d= r?+x% Now, (3.3)

results in the material parameters due to transformation as the following:

f?+a?g? af(g+h) f?+a*g®  af(g+h) k Kk
&=y ]SJT r? r2 r2 — f?-a?gh f2?-a?gh —|m m (3 11)
K= 00 T rmazan |arem  r2+a?n2| = lafgen  f24a?n?| T |n L '
T'2 TZ fz_azgh fz_azgh m m

where, %2 —a’gh =m,af(g+h) =n,f%?+a’g? =k, and f? + a®h? = 1. Equation (3.11)

represents the transformed material parameters for the simple coordinate transformation in (3.1).
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parameters
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1]
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(a)

Figure 3.2. Visualizing the simple coordinate transformation from equation (3.1) [48], (a) a plane
wave in (x, y) coordinate system, (b) the distorted plane wave due to coordinate transformation in
the transformation region.

The deformation of the grid lines gives a direct understanding and visualization of the
impact of the coordinate transformation. This can be further demonstrated using a plane wave
simulation. Figure 3.2a shows that a plane wave of E(x,y) = E, cos(kx) in the (x, y) coordinate
system in free-space. The effect of coordinate transformation is shown in Figure 3.2b, where the
wave-fronts are now distorted, conforming the distorted grid lines from Figure 3.1b. The fields
associated with the plane wave solutions are fixed to the original coordinate system, which
necessarily pushes the gridlines around according to coordinate transformation to distort the wave
in a predictable manner using the material parameters calculated in (3.12) as shown in Figure 3.2b.

3.2. 2D Space Compression
Another simple use of the TE/TO technique is to compress space along any direction. If

we compress the space in Figure 3.3a by a factor k along the x-direction, we require that in the

30



compressed region
. k, L <x<l,
dx
1, x =1,
where the space to be compressed in the region [; < x < l,. This compression transformation
can be applied to a region including an optical device, such as lens [49]. The result of the
transformation will be to reduce the profile of the optical devices along the optical axis. Then, [;
and [, are the bounds of the transformation in the unprimed or in the real space. Integration of

(3.13) gives us the map in the transformed coordinates as the following:

kx +c, L <x<l,
x()= L'+ (x-1), x<I. (3.13)
L'+(x—-1), x=>1,

The integration constant is determined by setting a boundary condition x" = x. The bounds of the
optical device in the transformed space are given by I;" = x'( 1)) = kl; + cand l,' = x'([,) =
kl, +c.

Now, from Table 2.1, the general prescription of transformation optical media using TE/TO
technique is as the following:

i
A

gt =
|A]

Al'sl, (3.14)
and
o 2 A ap (.15)
K ] 2 H '
where, AV = % is Jacobian Matrix.
Using the above equation, the material parameters of the transformed or compressed space due to

the transformation can be calculated as the following:
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k 0 0
' =10 1/k 0 (3.16)
0 0 1/k
and
k 0 0
wi'=10 1/k 0 (3.17)
0 0 1/k
I, L
(a) (b)
()

Figure 3.3. Plot of the space compression transformation expressed by equation (3.14) [49]. Here,
the integration constant is chosen so that x = 0 maps tox’ = 0, (a) uncompressed flat space
(original space), (b) compressed space where the shaded region in (a) is compressed by a factor 2,
(c) transformation media by the compression that occurs.

In other words, the space compression can be achieved as long as the region of compression
is replaced with the anisotropic material parameters described by (3.16) and (3.17). All aspects of
wave scattering must remain unaltered within the region of compression, for instance, in case of a

vacuum, the resultant compressed space must be reflectionless and lossless. Furthermore, any
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wave that passes through the space must remain unchanged/undisturbed; that is, an external
observer would not be able to distinguish that the wave had passed through the region with the
material specified by (3.16) and (3.17) or free-space [48].

To demonstrate the success of the transformation a commercially available finite element
simulation software COMSOL Multiphysics is used [50]. A two dimensional rectangular slab was
used as shown in Figure 3.4, where L is chosen as, L = Cconst/l GHz = 0.3 m, and the compression
space, W =0.02 m. A TE plane wave was infringed from the Floquet port 1, which is basically the
left side of the rectangular slab at an angle of 45°. The constitutive parameters are defined in
equation (3.15) and (3.16) in terms of transformed or compressed space, where k is the

compression factor and here k was chosen to be 0.5.

(a) (b)

Figure 3.4. A simple example of space compression (a) a 2D rectangular slab, where the region W
is “uncompressed”, the whole space is air, (b) the 2D rectangular slab with the region W is
“compressed” by a factor 2, either side of the region “W” is air.

The compression transformation from (3.13) was also validated using a Gaussian beam in
COMSOL Multiphysics as shown in Figure 3.5. Figure 3.5a shows a 2 GHz Gaussian beam in

free-space. The beam propagates along x—direction from left to right. A compression region of
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“W” was chosen to show the compression of the beam in Figure 3.5b. The beam was compressed
two times. Similar transformation can also be used to expand the beam in the same region, as

shown in Figure 3.5c. Here, the beam was expanded by two times.

Air Air Air Air
W
(a)
Air Hok Air
nsion
W
—

(c)
Figure 3.5. Numerical simulations of compression transformation in COMSOL Multiphysics using
a Gaussian beam, (a) a 2 GHz Gaussian beam in free-space, (b) the beam is compressed by two

times in a chosen region of compression, (c) the beam is expanded by two times is the similar
region of transformation.

The compression transformation has relevance and applications in antenna design. Overall
the antenna system profile can be reduced without any change in system metrics, except inclusion

of a complex material defined by the transformation [48]. A compression transformation can be
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used to move two antennas closer together while not affecting their radiation properties [48]. Such
transformations could be useful to reduce the interference between two antenna systems,
specifically since the transformation handles the near-fields of the antennas.
3.3. Beam-Shifter
The beam-shifter [29, 51] is probably one of the finest and simplest example of how the
TE/TO technique can be employed to freely control the behavior of electromagnetic beam to a
desired direction. In this device the beam is translated in a desired direction as it propagates
through a medium. The first step is to find a set of coordinates in which the beam appears to shift
its direction in a desired way. Such coordinate system is shown in Figure 3.6. Consider a beam
shifter with thickness t starting from x,, a coordinate transformation for shifting the beam is as
the following:
x'(x,y,z) = x
y'(x,v,2)=f(x,y) Xo < x < xg +t. (3.18)
zZ'(x,y,2) =2z
As a two-dimensional (2D) condition is considered here, the new component y’'(x,y,z) is
independent of z. There will be no materials introduced in the regions (regions 1, 3, and 5 in Figure
3.6b) where there is no beam-shifting required. In those regions the Jacobian will be just an identity
matrix. The materials will be introduced into the regions of up-shifting (region 2) and down-
shifting (region 4) as shown in Figure 3.6b. The Jacobian matrix of the transformation and its

determinant are

1 0 O
J= [bm by, 0] (3.19)
0 0 1
and
/| = baa, (3.20)
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v

X0 Xo+ t
X

Figure 3.6. A linear coordinate transformation of a beam shifter and its application (a) appropriate
coordinate transformation for up-shifting (b) a set of beam shifters for both up-shifting and down-
shifting.
As depicted in Figure 3.6, the linear coordinate transformation for up-shifting is given by [51]
x'(x,y,2z) = x
Y (xy,z2)=Qx—x)+y xg<x<xg+t (3.21)
zZ' (x,y,z) =z
where Q is the beam-shifter controlling factor. We can control the amount of beam-shifting by
adjusting Q. The transformation in (3.21) can shift the beam upwards, so we call it an up-shifter,

which is depicted in Figure 3.6b. Equations (2.8) and (2.9) result in the following constitutive

material parameters for up-shifting:

.. e o
g =w) =10 0*+1 o0 (3.22)
0 0 1

To restore the beam to its original path, a device opposite to the up-shifter is needed; namely the
down-shifter shown in Figure 3.6b. The coordinate transformation and the material parameters

for the down-shifter are given by [51]
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x'(x,y,z) = x

y'(xy,z)= —Q(x—x5) +y Xo<x<xp+t (3.23)
zZ (x,y,2) =2z
and
L L 1 - 0
gdlf =,udl] = [-0Q Q2+1 0l. (324)
0 0 1

In Figure 3.6, there is an irremovable object in its way of the beam, so a set of beam-shifters
is needed to guide the beam around the object, which is set to be a perfect electric conductor (PEC).
As depicted in Figure 3.6b, the region 2 was defined as an up-shifter and the region 4 was defined
as a down-shifter. Regions 1, 3, and 5 were set as free-space. Both the beam-shifters were set of
same thickness Q. A two-dimensional full-wave simulation was performed in COMSOL
Multiphysics to validate the performances of the beam-shifters. To avoid any kind of reflections,
the regions were bounded by perfectly matched layers (PML) and the polarization of the wave was
set to be perpendicular to the x — y plane. The source was a Gaussian beam [52, 53] of 2 GHz. A
PEC object was set in the center as shown in Figure 3.6b. The numerical simulations in COMSOL
are shown in Figure 3.7. Figure 3.7a shows a 2 GHz Gaussian beam in free-space. Next, an
irremovable object was introduced in its way and the presence of the PEC object perturbed the
beam and it scattered significantly, which is shown in Figure 3.7b. To guide the beam around the
PEC scatterer, the up- and down- shifters from Figure 3.6b were introduced in COMSOL, as shown
in Figure 3.7c. In Figure 3.7c, the up-shifter sets the beam up in region 2 and the down-shifter sets
the beam down in region 4 to avoid the PEC object successfully. As compared to Figure 3.7a, the
beam in Figure 3.7¢ remained unperturbed and the beam-shifters were able to force the beam to

steer around the irremovable PEC object.
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The performances of the beam-shifters were also tested with different parameters by
varying the “beam-controlling” factor Q. In Figure 3.8a and 3.8b, the Q- value changed to 1.2 and
1.5, respectively, but the geometry was kept the same as Figure 3.7. It is observed that with the
increase of Q- value, the beam bending was also increased. It can be explained from (3.21) and
(3.23) that the beam shifts more when the Q- value increases. However, it is not necessarily
appropriate to increase the value of Q. According to (3.22) and (3.24), the permittivity and
permeability have components lower than -1, which is not practical to implement, as the difficulty
in the fabrication of the materials will increase.

A similar approach can be adopted as proposed in [29, 51] to propose a new application of
multiple up- and down-beam-shifters (as shown in Figure 3.9) where the magnetic radiation pattern
of a dipole antenna was steered around an irremovable perfect electric conductor (PEC) object
before propagating on its original route.

In Figure 3.9, the radiation pattern of a dipole antenna is hindered by an irremovable PEC
object. The use of two beam-shifters is also shown as a method to deviate the dipole radiation
pattern around the PEC object before it propagates on its original path. More specifically, the
material properties of the up-shifter and down-shifter are computed using (3.22) and (3.24),
respectively. A 2D full wave simulation was performed using COMSOL [50] to demonstrate the
performance of the beam-shifters. First, a half-wavelength dipole in free space was considered and
a frequency of 20 GHz was chosen.

The magnetic field radiation of the dipole in free-space was computed first in COMSOL
and is shown in Figure 3.10a. Next, two irremovable PEC objects were introduced on each side of
the dipole in Figure 3.10b and it is shown how the magnetic field perturbs in the presence of the

objects. To move the beam around these objects, the beam-shifters in Figure 3.9 were introduced
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in COMSOL, as shown in Figure 3.10c. The space in Figure 3.10c was divided in to 9 regions,
where regions 1, 3, 5, 7 and 9 are free space. Regions 2 and 6 are up-shifters, and regions 4 and 8
are down-shifters. The numerical simulation results in Figure 3.10c demonstrates that the
normalized magnetic field from the half-wave dipole can be shifted around the objects and restore
the magnetic field pattern to its original route. In both cases, a beam-shifter controlling factor of
Q = 1.5 was chosen. It is the same for both cases, as both the up- and down- shifters have similar

thicknesses and need a similar amount of beam-shifting.

Surface: Electric Field, y component (V/m)
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Figure 3.7. COMSOL Simulations demonstrating the performances of beam-shifters. (a) a 2 GHz
Gaussian beam in free-space, (b) the beam experiences significance scattering due to presence of
an irremovable object, (c) a set of beam shifters with Q =1. Regions 1, 3, and 5 are free-space.
Region 2 is an up-shifter and region 4 is a down shifter.
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Figure 3.7. COMSOL Simulations demonstrating the performances of beam-shifters. (a) a 2 GHz
Gaussian beam in free-space, (b) the beam experiences significance scattering due to presence of
an irremovable object, (c) a set of beam shifters with Q¢ =1. Regions 1, 3, and 5 are free-space.
Region 2 is an up-shifter and region 4 is a down shifter (continued).
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Figure 3.8. COMSOL Simulations demonstrating the performances of beam-shifters with different
Q values. (@) Q =1.2, (b) Q =1.5.
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Figure 3.9. Novel application of beam-shifters using linear coordinate transformation. A dipole
antenna in free-space. An up-shifter is used to avoid the irremovable PEC object and a down-
shifter is used to restore the beam to its original path.
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Figure 3.10. Full wave COMSOL simulations demonstrating the performances of the beam-
shifters, (a) the magnetic field distribution of a half-wave dipole in free-space, (b) the magnetic
field is perturbed by a set of irremovable PEC objects, (c) set of beam shifters used to steer-away
the beam around the PEC objects. Regions 1, 3, 5, 7 and 9 are free-space. Regions 2 and 6 are up-
shifters and regions 4 and 8 are down-shifters.
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Figure 3.10. Full wave COMSOL simulations demonstrating the performances of the beam-
shifters, (a) the magnetic field distribution of a half-wave dipole in free-space, (b) the magnetic
field is perturbed by a set of irremovable PEC objects, (c) set of beam shifters used to steer-away
the beam around the PEC objects. Regions 1, 3, 5, 7 and 9 are free-space. Regions 2 and 6 are up-
shifters and regions 4 and 8 are down-shifters (continued).
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3.4. Electromagnetic Cloaking

The electromagnetic cloak has drawn a lot of attention from the scientific community,
because it has been shown that it is possible to make someone or some object invisible. The concept
was first introduced by Pendry et al [13], and later was demonstrated by Schurig et al [19].
Cummer et al [54] introduced a nice platform to perform the full-wave simulation of the
electromagnetic cloaking. The TE/TO technique has been employed to transform a space in the
electromagnetic cloak. The idea of cloaking is that a given volume of space is hidden such a way
that the observer from the outside will not be able to see the object hidden in that concealed space.
This is achieved by surrounding the object that will be cloaked by a metamaterial shell designed
using the TE/TO technique, which guides the electromagnetic wave around the concealed object
in the metamaterial shell and goes back to its original orientation. In the metamaterial shell, the
wave travels more than the speed of light to catch its original trajectory. Thus for an external
observer, it looks like the wave remains unperturbed through the hidden object and the object

simply does not exist to the observer, as illustrated in Figure 3.11.

E =

Observer

YYYYYVYYYYYYYYY

etamaterial Shell

Figure 3.11. An electromagnetic cloak using a metamaterial shell.
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The concept behind the cloak is to find a coordinate transformation which will take all
space smaller than a given radius and shrink it to a point. To facilitate this kind of transformation,
it is important to find an intermediate transformation between Cartesian and cloaking coordinates.
Also, this process allows a coordinate transformation between two non-Cartesian coordinate
systems which was very helpful and instrumental in taking forward other TE/TO works involving
source transformations [55, 56]. One of the natural choices for this intermediate coordinate system
is cylindrical coordinates, if one chooses to cloak a cylindrical object. Instead of a cylindrical
object, one also can choose an elliptical cylindrical [57] and two-dimensional eccentric elliptical
objects [58] to conceal. Here, we choose a cylindrical object to cloak for demonstration. The full
derivation of the cloaking material parameters are included to explain and outline the conceptual
design of a transformation electromagnetics/optics device involving intermediate coordinate
transformations. The derivations here closely follow the works from [8].

Figure 3.12 explains the electromagnetic cloaking process steps-by-step. Firstly, the
Cartesian coordinates are transformed to the cylindrical coordinate system. The cylindrical
coordinates work as an intermediate coordinate system for this case. Then, cylindrical coordinates
are transformed into cloaking coordinates defined by the cloaking transformation. This
transformation shrinks all the area inside a cylindrical shell of some specific radius into a point. It
is well accepted that one can retain material parameters using cylindrical coordinates, which
introduces materials into the system. This makes the light waves bend around the concealed object.
Finally, to complete the transformation process the material is retrieved in the Cartesian coordinate
system, to maintain the form invariance of Maxwell’s equations.

The coordinate transformation from Cartesian coordinates to cylindrical coordinates is

given by:
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r= 57,

6 = tan—l(g), (3.25)
zZ =27
The Jacobian for this transformation is
or or or
dx 0dy 62]
20 96 a0
A = 9% 9y 9z (3.26)
0z 0z zJ
dx 0dy 0z
Now,
ar
x (m) - xz_,_yz = 7 = cosb,
or _ 2 — — Y _ o
s ,/x + y2 ) x2+y . siné,
2 —
P (w/x + y2 ) 0,
and
y
90 _ 0 tan-1 (X) _ y _ \l"zﬂ’z _ _ sing
ax @ an x x2+y JxZ+y? r
_ a0 cosf 0z 0z 0z
Slmllarly,a— —, o= 0,£— 0,and£— 1
Equation (3.26) can be re-written as the following:
cosf sinf 0
sinf cos6
A = |-= — 0], (3.27)
0 0 1
where |4,| = 1. The equations in table 2.1 result in the following material parameters:
; r 0 0
o ; _ AgAT l
g=p="1r= 0 -0 (3.28)
0 0 r
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The concealed object was chosen to be a spherical region of radius R; and the cloaking shell is

considered to be compressed in a spherical shell of radius r’ and the relationship is given as R; <

r < R,. The fields in the region r < R, are compressed into the region R; < r < R, using the

following transformation:

.....................

......

r(Ry—R
_rl — R1 + ( ; 1)
2
R, <1r <R, 9" = 0 (3.29)
z' =2z
y y
] t
X’ 041: Ve g OJf )
< - .' I - » \ A/\”/\’\/\/w\/m_ ’ A
~~~~~~~~~~~ B LS ) VL
* DS | |94 : fad (—az 07 ol >
DEE 702
O‘F 04%
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Figure 3.12. The step-by-step explanation of electromagnetic cloaking process [8], (2) a light beam
in Cartesian coordinates (b) The Cartesian coordinates transformed into a cylindrical coordinates
(c) intermediate coordinate transformation from cylindrical to cloaking space, until this point, the
material parameters are not introduced and the light beam remains unchanged in its direction (d)
the cloaking material is introduced and the light beam changes its direction and bent around the
concealed region (e) to complete the transformation process the material was retrieved in the
Cartesian coordinate system, to maintain the form invariance of Maxwell’s equations.
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Now the material parameters can be defined as (a) for region r < Ry, €' and u'can be any

value. Actually, this region is the object, which will be concealed in the metamaterial shell; (b) for

region R; < r < R,, the material parameters need to be derived.

The Jacobian for the above transformation is

o’ or' or
ar 86 oz
_ |ee’ a6’ a0’
=15 % | (3.30)
or L 0z
aor' _ 9 T(Rz=R1)| _ (Rz—Ry) 06’ _ 9z' _
Here,g—ar{R1+ % }— % ,69—1,andaz—1.
Equation (3.30) can be written as the following:
(RZR_Rl) O O (R R)
= 2 — Y27
A2=| ¢ 1 of Ml =" (3.31)
0 0 1
This results in the material parameters
P
g = =
|4,
a0 0 (00 ra 0 0
=;*010*0;0*010
00 1 g o +/ oo 1
ar 0 O a 0 0
=Xsl0 1 o *[0 1 0]
a T
0 0 7r 0 0 1
a’r 0 0
1 1
= -0 (3.32)
0 r

(R2—R1)

2

where a =
Substituting a = (RZR;R” in (3.32) gives:
2
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g =u" = 0 TR 0 (3.33)
l 0 0 (R:f?l)
Substituting in with r = %, we get
[ —Ry) 0 0
——- L0 o 2 0o | (3.34)
| o o0 e

Until this point there were only coordinate transformations performed. Nothing has
changed in the physics of the problem, i.e., if the inverse transformations were performed one
would arrive at Cartesian coordinates with empty space. Another interpretation of this statement
is that Maxwell’s equations are form invariant in both the cylindrical and cloaking coordinates as
long as the material parameters from (3.34) are maintained. Now, to introduce material into the
system, the inverse of the cylindrical transformation is needed to be performed. Inverting the

relations from cylindrical to Cartesian gives,

X = rcoso,
y = rsinf, (3.35)
zZ=2z.

The Jacobian for the inverse transformation is

cosf@ —rsinfd 0
Az = |sin@ rcosf 0], (3.36)
0 0 1
where |43 = 7.
The material parameters result in the following:
1", T
e = ‘Ll”, — M (337)

|As]
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For inverse transformation, (3.34) can be written as the following:

[" — R1) 0 0
1
! oy ! (3.38)
Rp*(r—Ry)
l 0 0 (R2—R1)?
Substituting (3.38) into (3.37) gives
r—Ry) 0 0
1 [cos® —rsind O [ 0 ; 0 ]
g =y = o sind  rcosd 0 x| (r—Ry) | * AT
0 0 | 0 0 R,*(r —Ry)|
| (R, — R |
‘( Ry)cos6 rsinfd 0
r — Ry)cos
! (r— Ry) )
1 rcos@ cos@ sind 0
==x |(r—=Ry)sinf ——— 0 *|—rsinf rcos 0
T (r—Ry)
) 0 0 1
0 0 R"(r — Ry)
(Rz — Ry)? |
(r — R)cos?0 + r2sin?0 (r — Ry)sindcost r2sinfcosO 0
r — Ry)cos —R r — R;)sinfcos T —R)
1 (r — R)sindcost r2sinfcosO (r— Ry)sin?0 + r?cos?0 0
= — % — N — — _
" r — R;)sinfcos T —R) r — Ry)sin —R
0 0 Rzz(T —Ry)
(R — Ry)? |
Then
(r-Ry) =Ry 20 1 rsin26 (r-Ry) sinfcost — rsinfcos6 0
(r-Ry) r (r—R1)
o | r-R rsinfcos6 (r-R1) . o rcos?0 |
" =nu { - Y sinfcosd — R —sin 0 + RO 0 j (3.39)
R*(r—Ry)
0 0 T(Rz—R1)?
Then the final material parameters for cloaking an object are
£.€08%0 + g4sin*0 (&, — €4)cosOsind 0
g = ' = | (& — &p)cosBsind £gCos?0 + g.sin*6 o | (3.40)
0 0 RZZ(r_Rl)
T(Rz—R1)?
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Where, Er = Uy = (r_rRl), Ep = Ug =

_ (T—Rl)_ T _ Rl(Rl—ZT)

and & —gp = — RO = ro—FD For

r
(r-Ry)’
regionr > R,, ¢ = u' =1. On the outer surface of the annulus (r = R,), the material parameters
can be described as a perfectly matched layer (PML), which makes the region reflectionless.
Figure 3.13 shows the full-wave simulations of electromagnetic cloaking using COMSOL
Multiphysics. Figure 3.13a shows an unperturbed TE wave in free-space. A perfect electric
conductor (PEC) was introduced in Figure 3.13b and significant scattering properties were
observed. The metamaterial shell was introduced in Figure 3.13c and it was observed that the TE
wave was guided around the inner cylinder and the scattering properties were significantly
reduced. It is observed carefully there might be some scattering observed in Figure 3.13c. This is
due to small numerical errors in simulations and can be reduced with very fine meshing.
Multiple-antenna technologies have gained much of attention in the recent past because of
the huge gain they can introduce and the channel capacity levels in the modern day communication
systems [59]. However, it poses some real challenges, such as, near-field mutual coupling effects
that can drastically degrade the electrical parameters of the individual radiating antenna in
multiple-antenna environments [60]. Various antenna design technologies [61, 62] have been
proposed to reduce the severely adverse effects of scattering in multiple-antenna environment.
Recent developments in transformation optics (TO)-based electromagnetic cloaking [13] yield a
new direction towards solving antenna design problems in a multiple-antenna environment.
Researchers also experimentally demonstrated the principles of cloaking in microwave frequencies
for the first time using the new advancements in metamaterial technology [19]. In [63], researchers
demonstrated a shielding technology using an eccentric elliptical cloak to restore the antenna
parameters in a multi-element antenna environment. Based on similar motivation, an application

of electromagnetic cloaking is presented here to reduce the adverse scattering effects of an
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individual dipole antenna in a multiple-antenna environment in which the antenna operates, as

shown in Figure 3.14.

(a) (b)

|
|'|I|l|l|l'||%% = %| I|||||l|||||
. .

(c)

Figure 3.13. Full wave COMSOL simulations demonstrating electromagnetic cloaking of a
concealed object. (a) an unperturbed TE wave in the free space, (b) a perfect electric conductor
(PEC) is introduced and significant scattering properties observed, (c) a metamaterial shell is
introduced around the cloaked object, and the wave bend around the object, thus mitigates the
scattering significantly.
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Specifically, it is shown that the distortion in a dipole antenna’s radiation parameters due

to the presence of other antennas in close proximity can be entirely restored by using a properly
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designed cloaking region (shown as dotted grey circle in Figure 3.14). Full-wave electromagnetic
simulations in COMSOL Multiphysics are used to demonstrate the performance of the antennas
and cloaks in a multiple-antenna environment.

Next, consider N dipole antennas operating at N different frequencies concurrently located
in close vicinity to each other. The dipole antennas are denoted as Di and their corresponding
frequencies are denoted as fi (i = 1, 2, 3...N). Then, let the cloak C; be designed with dispersive
material parameters such that it works as a perfect cloak at different frequencies other than fi and
assumes free-space material parameters at fi. That means if dipole antenna Di is enclosed by the
cloak C; for all i, then each antenna will not see the presence of all other antennas and will behave

as if there were no other antennas.

Dipole (D,) under
Cloaked region

Metamaterial

Dipole(D)) in
P (‘) Cloak(c1)

Air \

Figure 3.14. A multiple-antenna environment involving dipole antennas D1 and D,. D1 radiates at
frequency f1 and D> radiates at frequency f>.

This phenomenon is illustrated in Figure 3.14 with an example of two dipole antennas (D1
and D) and a cylindrical metamaterial cloak Ci. The dipole element D1 operating at frequency f;
transmits and receives through air. An adjacent dipole antenna D operating at frequency f2 is

enclosed by a cloak C1, which is designed to cloak electromagnetic waves at frequency fi. This

53



process can be reversed by enclosing antenna D1 with the cloak C; and designing C; to cloak at
frequency f2. In our study, 2D line-dipole elements and 2D cylindrical cloak are utilized and finite-
element analysis based COMSOL Multiphysics electromagnetic simulator was used to
demonstrate the dispersion effects of multiple antennas and to investigate the effects of
electromagnetic cloaking on the reduction of electromagnetic waves scattering. The current
distribution of each dipole is approximated as the current distribution of a thin wire along x = 0
and is defined by taking the limit of a volume current to arrive at a sheet current density [55, 56].

The performance of the proposed dispersion reduction technique in multiple-antenna
environments using electromagnetic cloaking was demonstrated through numerical solutions in
the commercially available finite-element simulation software COMSOL Multi-physics ®, as
shown in Figure 3.14. Figure 3.15 presents the three radiation scenarios involving two line dipole
antennas D1 and D2 designed for operating at f1 = 10 GHz and f, = 12 GHz, respectively. The
lengths of D1 and D2 are 30 mm and 25 mm, respectively. The dipole D is positioned in the origin
and the dipole element D> was positioned at (75 mm, 0). The appropriate dimensions and the
material parameters of the cylindrical electromagnetic cloak C: were adopted from [54] for a
frequency of 10 GHz. The inner boundary radius of the cloak C; was 16 mm and the outer
boundary radius was 30 mm. Figure 3.15a presents the y-component of electric field distribution
when D radiates in free-space and no other antennas were present. When D; radiates in the
presence of unexcited antenna D, the near-filed radiation of D1 was significantly perturbed and
scattered by D», as shown as in Figure 3.15b. In Figure 3.15c, the dipole element D, was enclosed
by the cloak C> and the antenna D1 radiates in such a way as if there was no other antenna, which
confirms the fact that cloaking of antenna D> significantly reduces the scattering effects. This is

more evident from Figure 3.15d, which shows almost no field distribution outside the metamaterial
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cloak when the difference between the fields in Figure 3.15a and Figure 3.15¢ was taken, validating
the results further.

Surface: Electric Field, y-component (V/m) Surface: Electric Field, y-component (V/m)

a 1.5 4 1.5
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Figure 3.15. The y-component of the electric field of the dipole antenna element from: (a) dipole
antenna (D1) of length L = A in free-space, (b) the electric field of dipole, D1 got scattered
significantly in the presence of another dipole, D>, (c) the scattering of dipole, D1 was significantly
reduced when the dipole, D2 is enclosed by cloak C1, and (d) the difference between the fields (a)
and (c).

Moreover, the far-field patterns of the three radiation scenarios are illustrated in Figure
3.16. The normalized pattern shows that the field patterns of the dipole D; in free-space and the
field patterns of Di in the presence of unexcited dipole D> is significantly different, as the
dispersion happens. It only gets restored when the dipole D, was enclosed by the cylindrical cloak

Cy to reduce the scattering effects.
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Figure 3.16. Normalized far-field radiation patterns of the dipole antennas in multiple-antenna
environment.
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4. APHASED ARRAY ANTENNA WITH NEW ELEMENTS DESIGNED USING
SOURCE TRANSFORMATIONS

In this chapter, transformation electromagnetics/optics (TE/TO) has been shown to be a
useful technique in designing electromagnetic devices with very unique properties. Here, the
concepts of transformation optics for single elements is extended to an array of “pinwheel” shaped
elements for the first time. Through full-wave finite element analysis (FEA), it is shown that a
transformed “pinwheel” linear array can be designed to operate identically to a uniformly spaced
linear dipole array. Thus, the “pinwheel” antenna array will maintain all the advantages of array
processing of a simple dipole antenna array. The proposed method has applications in structurally
integrated and conformal phased arrays for wireless communications, radars, and sensing where
structural and mechanical constrains do not align with antenna performance.

The same coordinate transformation technique can also be applied to a region with sources
(e.g., current and charge distributions), where the sources will be transformed along with the
material and behave exactly the same way as the original untransformed source [34, 55, 56]. The
use of source transformations yields fascinating opportunities for the design of complex radiation
structures by enabling the fabrication of unique structures with engineered material properties,
allowing the transformed geometries to mimic the performance of original ones, which is
especially useful when physical constraints require spatial changes to be made to the source. One
of the first applications of this technique was suggested by Luo et al. [34], who transformed a
dipole current source into a completely new distribution while preserving its properties as a dipole
antenna. Kundtz et al. [55] took this concept further and introduced an optical source
transformation using a “pinwheel” transformation, where they approximated the sheet current of a

simple dipole as a volume current and transformed it to a new current distribution using a
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“pinwheel” coordinate transformation. Based on these pioneering works, several conformal arrays
have been proposed [64 - 66]. Popa et al. [64] proposed a conformal array design, where a
nonuniform circular array radiates as a uniformly spaced linear array. Kwon [65] proposed a TO-
based circular array design, which performs as a series of line sources embedded in a rectangular
metamaterial media. However, these designs used “point” charges or electric line sources as the
radiating sources in their numerical solution to validate their proposed concept. A more practical
antenna source was not considered in these TO-based phased array designs.

Here, the source transformation approach is used to design a new linear array, where each
individual antenna element is transformed from a single dipole element in free-space (as shown in
Figure 4.1a). The result is an antenna array that radiates the same field as the linear dipole array
depicted in Figure 4.1b. As shown in Figure 4.1a, the individual antenna element of the
transformed linear array is a relatively extreme demonstration of a “pinwheel” shaped antenna
which is transformed from a dipole antenna element similar to the transformation introduced in
[55]. Furthermore, the transformed antenna element in the array is surrounded by a complex
electromagnetic media as prescribed by the transformation (shown as dotted grey circle in Figure
4.1). Specifically, through numerical simulations, it is shown that a linear array of complex
“pinwheel” antenna elements can perform as an array of linear dipole antennas in free-space for
potential applications in structurally integrated and conformal phased arrays, where the antenna
performance is a function of structural and mechanical restraints. The finite element analysis
(FEA)-based full-wave simulations via COMSOL Multiphysics ® are used to numerically analyze
and demonstrate the performance of the proposed TO-based antenna array for phased array

scanning. The proposed “pinwheel” antenna array has potential applications in structurally
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integrated and conformal phased array antennas where the antenna performance is a function of

structural and mechanical restraints.
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Figure 4.1. Proposed material-embedded antenna array using TO technique: (a) “pinwheel”
transformation of a single dipole antenna element with TO-embedded media; (b) transformation
of linear dipole array (reference array) (left) into a linear array of “pinwheel” antenna elements

(right).
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The “pinwheel” transformation shows that with the approach of the transformation
electromagnetics/optics, it is possible to design electromagnetic structures and devices of many
different complex and arbitrary geometries. Antennas designed in this way have many advantages
compared to standard dipole antennas. A “pinwheel”-shaped antenna can be embedded into
transformed regions to avoid interference, such as the cloak. The “pinwheel”-shaped antenna may
also make use of the inherent properties of metamaterials to meet unique design parameters. For
instance, a transformation designed antenna such as a “pinwheel”-shaped antenna may have less
overall metal than a standard dipole antenna. The natural dispersion of metamaterials may then
result in an antenna that interferes only very weakly at frequencies away from its frequency of
operation. Under certain circumstances, the overall weight of the antenna may also be reduced
compared to standard dipole antennas.

Next, consider the N-element dipole phased array along the y-axis represented in Figure
4.1b (left) and positioned in free-space, denoted as the “reference array”. Each of the elements in
the “reference array” are equally spaced with the edge-to-edge distance between the elements of
g = A/15, where A is the free-space wavelength at which the phased array is designed to operate.
A two dimensional (2D) space is considered to illustrate the proposed “pinwheel” array.

The current distribution of each of the elements from the “reference array” is defined
by I, = J.e!™=D? where J is used to approximate the current distribution on a thin wire at x = 0
and n = 1,2...N, and @ is the phase between the adjacent antenna elements. In this case, an array
of four elements is chosen to validate the proposed method. Each of the dipoles in the “reference
array” is of A/2 length spanning over a distance of 2.24. We intend to transform the reference
array into a linear array of equidistant complex geometry antennas, where each antenna element

of the “reference array” will be transformed into a “pinwheel”-shaped antenna, as shown in Figure
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Ib. The first task is to transform the individual dipole elements of the “reference array” into a
“pinwheel”-shaped antenna element. The method of including sources using “pinwheel’

transformation into transformation electromagnetics is described in the Figure 4.2 step-by-step.
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Figure 4.2. The source transformation technique using the line current of a dipole antenna [8, 55]:
(@) the current is defined in a Cartesian coordinate system, (b) the current is transformed into a
cylindrical coordinate system, (c) the current is transformed into the “pinwheel” coordinates, (d)
the transformation is applied on the dipole line current, i.e., still the same current expression from
(c) is used, but the “prime are dropped” (8’ — 6 and r' — r), (e) the current distribution is
expressed in the original coordinates, i.e., in Cartesian coordinates. In (d) and (e), the circle refers
to the material shell.

The material parameters for the space under transformation is given by Table 2.1 where

T
g =p =22 (4.1)

det A’

A= 0(x',y',z")/9(x,y,z) is the Jacobian matrix and AT is transpose of the Jacobian matrix. The

coordinate transform from Cartesian to cylindrical coordinates is defined by:

p=x*+y?
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0 = arctan(%), (4.2)
zZ =17Z.
The Jacobian of this transformation is
cos(8) sin(8) 0

Al = _Sinpﬁ cos® g, (4.3)

p

0 0 1
1

where |A1| = >

The material parameters can be derived as the following:

p 0
AlxexA1T 1
! = ! = = O -
£ u T p 4.4
0 0 p
The cylindrical to “Pinwheel” coordinates transformation is defined by following:
p'=p
0 , P> Ry
o' = p (4.5)
0 + A0 (1—R—1), p<Ry
and
z'=z
The Jacobian for this transformation is
(22l 20 20’
ap a6 0z
e’ 96’ a6’
ap a0 0z
Now,
op' _ 4 00" _ o 00 _
ap =1, a0 =0, 9z =0,
26’ _ 9 _PN_9 _86p\ _ _ A8 (0p) _ _ A6
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e (-2} =21

a6’ oz’
_—= 01 =

oz’ az'
Py % O,E—O,andg—l.

The (4.6) can be re-written as the following:

1 00
a2=|-2 1 0|, (4.7)
1
0 0 1

where |A2]| = 1.

The material parameters in the pinwheel coordinates can be derived as the following:

by A2x g %« A2T
N V'Y
1 0 o011 OO AO
A8 |[ 1 ]| I =20
=|l-— 1 0 *lO — 0|* 1
R, p 0 1 0
o o 1l loopllo o o
p 0 0 1 _A49
_ pAO 1 Ry
=% 72 °%*lo 1 o
o o 1 lo o o
[p  -22 0]
I fa I
=|_pa0 1, pao? L (49)
Ry p Ry
0 0 1

In the “pinwheel” coordinates the material parameters from (4.8) can be written as:

, 1A0
[ o -5 0]
R @9)
l Ry pr R{? J
0 0 1

Now, to retrieve the material parameters in the Cartesian coordinate system, the inverse of
the cylindrical transformation is used. Which allows us to realize the inverse relationship between

the cylindrical and Cartesian coordinates.
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The inverting relations are: x = pcosf,y = psinf, and z = z. The Jacobian for this

inverse transformation:

cos@ —psinf 0
A3 = [sinf pcosé 0], (4.10)
0 0 1
where |A3]| =
“Dropping the primes”, (4.9) can be written as the following:
A0
p —pR—l 0]|
of (4.12)

|
€”=‘Ll”=|_& l_{_pAez
l Ry p Ry?

The material parameters can be derived as the following:

A3 x ¢ x A3T

pAb
) cosd —psinf 0 l[p Ry 0]| cos6@ sin@ 0
= —*[sin@ pcos Ol*l paG 1, pAg? | [—psin@ pcosf 0]
0 0 1 l P Ri® J 0 0 1

0

2Afsind ABcos6 262
pC059+p sin __pAbcos + (— psln9)(— pl ) 0 [COSQ sin® 0]

— l 2 " — i
=3 * psing — Az:ose pABsmB + (pCOSQ)(— pAG ) p.(S)lne ngSQ (1)
0 0 1
pAOy ABx 1 . pAB?
( + Ry ) {Rl +y(;+ Ry2 )} 0 [ cosé sind 0
= Zx pAOx Ay 1, pAe? —psin@ pcosf 0
P ( R, ) {R1 x(p+ R.? )} 0 0 1
0 0 1
) A B 0 cos6 sind 0
==x|C D 0| |—psind pcosd 0], (4.12)
0 0 1 0 0 1

. . . _ pABy _ ﬂ 1 pAB? _
where, inverting relations were used, and A = (x + R—l),B = {R1 +y(p + 2 )} C=

(=25 and 0 = {2 -x 5+ 55))

1
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Equation (4.12) can be written as the following:

1
nr nr

€ = u’ =—=x|Ccos — Dpsin@ Csinb + Dpcosf 0

0 0 1

dcosh _ Bsin®) (As;%e + Bcosf) 0

[ 1
Csinf |
|

AcosO — Bpsinf Asin6 + Bpcosf 0]

Ccos6

( — Dsin®) (p + DcosB) O
| 0 0 1/p

Now,

pABy
Acos6 , (x + R, )cos@ ABx 1 pAB?\) .
— Bsinf = + +y|=+—=|(sind

p Ry P Ry

2
(o e (5 ) g
Ry p Ry p Ry

xcos6 cosOAB xsin6 A6 sinf sinfyAQ?
— + p y + + y + p y

p Rip Ry p Ry?

x2  xyA8  xyAO | y? = y2A62
p?  Rip  Rip  pE Ry

R12x%242R1 pxyAB+R,*y2%+p2y2A02
R1%p?

_ R12(x%+y?)+2R1 pxyAO+p?y?A62
B Ry%p?

__ R1%p?+2R; pxyA0+p2y2 162
N Ry%p?

_ R1%p+2R1xyAO+py?A6?
N Ry%p '

2R1x
2290 _ Bsing =1+ 720, A%
p

R}
Then,

Csin®

+ DcosO = (y -

Ry P 2

pAHx)sinH yAB x xpAB? 0
i cos

__ysin® psinfABx  yABcosO + xcos6 + xpcosOAB?
P Rip Ry P R{?
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y2  xyA@ xyA® | x%  x?A6?

p?  Riyp  Rip  p? RY?

— R12y%—2R,pxyAB+R,%2x?+p?x?A0?
Ry%p?

_ R1%(x?+y?)-2R; pxyA6+p?x2 762
Ry%p?

__ R1%p?—2R; pxyAO+p?x27O?
B Ry?p?

_ R1%p—2R;xyAO+px?AH?
B R{%p '

x*AB(—ZRleHc*AB)

2 &% 4 Deosh =1 + >
P Ry
Then,
Asin@ ABy\ sinf  AOx AB?
+Bc059=(x+'0 y) —( +<X+py_2
Ry P Ry P R
__ xsinf + psSinfAly _ xcos6A0 _ ycosf _ pcosOyAG?
- p Ry Ry p Ry?

_xy , y2A0  x?A0 xy  xyA6?

" p2 Rip  Rip P2 Ri?

__ R1%xy+R1py?A0—R1px?A0—R1%xy—pZxyAO?
B Ry%p?

__ —p2xyAB%+R1 pAO(y%—x?)
B R1%p?

_ —p%xyAB%+R,pAB(p?sin?0—p?cos?H)
N Ry%p?

_ —p%xyAB%—p?(cos®O-sin6)R, pAO
B Ry?p?

_ —p%xyABZ—pZcos(20)R, pAbO
B Ry?p?

_ —p?(xyA62+R,pABcos(26))

R1%p?
_ —(xyA8%+R,pABcos(26))
= 2 .
1
Asinf AB (xyAB+Rpcos(26
"= + Bcost = — 22 Rlzp (28).
1
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Then,

Ccos@

ABx\ cosO A8 x xpAB?
—Dsin9=(y—p ) +<y I >Sin0

Rl p Rl p R12

__ycos@ _ pcosOABx + ysin6A6 _ xsin@ . xpsinfAf?
p Ryp Ry p Ry?

xy x*A0 . y?A8 xy xyA@?

P2 Rip  Rip  p? Ry

x2A0 N y2A0  xyAO?
R1,0 R1P R12

__ —R1x%A0+R;y%A0—pxyAO?
Ry%p

_ —R1AB(x%—y?)—pxyA6?
N Ry%p

__ —R1A8(p%cos?0-p?sin?0)—pxyAH?
= 2
R1%p

__ —pxyA62—p2R;ABcos(20)
B R{%p

__ —pAB(xyAB+pR4 cos(20))
N R{%p '

. Ccos6@ _ AO (xyAB+R4p cos(26))

— Dsinf = >
Ry

So, (4.13) can be written as the following, which represents the material parameters in Cartesian

coordinates:

Y *Ae(z}?x“’ *40) A6 (xyAO+R1 pcos(26))
1+ 2 — 7 0
1 1
nro__ nro__
g = _ B6(xyA6+R1pcos(20)) 4 +x*A9(—2Rle+x*A6) (4.14)
R} RZ
0 0 1

The material parameters from (4.14) was validated through numerical simulations in COMSOL
Multiphysics. It is also worth noting that the results lead to a perfect impedance matching with no

reflection at the boundaries of the material region and free space.
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A transverse electromagnetic (TEM) wave of 10 GHz was used to validate the material
parameters, as shown in Figure 4.3. Equation (4.14) also results in anisotropic and inhomogeneous
permittivity and permeability tensors. Both electromagnetic parameters € and u have the same
behavior, as shown in Figure 4.4. Such an anisotropic and inhomogeneous transformation medium
can be realized by discrete metamaterials and structures such as periodic split ring resonators
(SRRs) [67].

The current distribution of a dipole in Figure 4.1a along x = 0 was chosen to be [55]:

(Y =\ [
I=\m=e s =) (4.15)
0 ]z

where the limit § — 0 can be taken to approximate the above equation to the sheet current density
and is set to be infinitesimally small relative to the length of the dipole. The half-wave dipole is
initially defined by its current distribution in Cartesian coordinates and is converted into cylindrical
coordinates to facilitate the transformation.

The transformed current density, J', under coordinate transformation is given by [16]:

J =2 (4.16)

4]

The coordinate transform from Cartesian to cylindrical coordinates is defined by:

p=x?+y?

0 = arctan(%), (4.17)

and

The Jacobian of this transformation is
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cos(6) sin(@) O

Al = _sinp(@) cos(6) ol, (4.18)

p

0 0 1
1

where |A1l| = >

The current in the cylindrical coordinates is then:

Ji=34 (4.19)

Now,

cos(f) sin(@) O

A sin(6) cos(H)
|A4] p p
0 0 1

—sinf cos@ 0].

pcos(@) psin(8) O
_[ 0 0 p]

So, we can write (4.19) as the following:
pcos(8) psin(8) O

—sin@ cos0 0
0 0 p

Ji=

)

0+ j,psing + 0
= [0+ j,cos6+0 |
0+0+0

psinf
=]y * [cos@ ]

0
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Figure 4.3. Perfect TEM wave with no scattering, verifying the material parameters are correct (a)
z-component of magnetic field (b) y-component of electric field.
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Figure 4.4. Spatial variation of material parameters inside the shell (a) exx = Uy, (D) Exy = lyy =
Eyx = Uyx (C) &yy = Uyy The material parameters ey, Lyy, Eyx, and u,,, are equal.

Also,
. psind psinf
5o 6XP (— @) * [ 00059 = K= coOSH ] (4.20)

_ 1 _ (pcos)?
where, K = o exp( — )
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The Jacobian for the cylindrical to “pinwheel” coordinate transformations are given by

(4.7) as:

1 0 0
A2 = % 100 , |A2] = 1.
0 1

Ry

0

Then the current in the “pinwheel” coordinates Is:

Then

J2 =

In “pinwheel” coordinates:

A

]2=ﬁ]11
100 Kpsinf
A0

all 1 0f= Kcos@]
0 0 1 0

Kpsin6 +0+ 0
= |- i—ersinH + Kcos6 + 0
1
0

Kpsinf

= |Kcosf — &Ksine
Ry

0
psinf

A6,
= K| cosf — pR—SLnG
1

0

psinf
—K Rycos0—pABsind
Ry

0

K R, psinf
& [Rlcose - pAGsinH].
0

R, psinf

1 0)2 ]
Rve EXP (_ (pa;s )_) * [Rlcosg —OpAHSlTlBI. (4.21)
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For p < Ry,

and

6=6-00 (1-2)=-{a6 (1-2) -0} = -u"

1

Substituting this into (4.21) gives

B 1 (p' cos(—u"))2 Rip'sin(—u")
o= e () e passin

(4.22)

1 (_ ' cos(u’))z) .

Rivorr O 1P 5 R, cos(u') + p'ABsin(u")

—R;p'sin(u") ]
0

where, u' = {26 (1- ;’—) o},

1

To retrieve the current in the Cartesian coordinates, it is essential to perform the inverse of
the cylindrical transformation. The inverting relations are
x = pcosf,y = psinf,and z = z.

The Jacobian for this inverse transformation is:

cos@ —psinf 0
A3 = [sin@ pcosB O],
0 0 1

where |A3]| = p.

“Dropping the primes” the current in (4.22) can be written as:

R, cos(u) + pAf sin(u)

_ 1 ( (p cos(u))z)
exp| ————— | *
0

—R,p sin(u)
12 = RiVo*m 6 ]’

= B * |R, cos(u) + pABsin(u) (4.23)

—R,psin(u) ]
5 :
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=1 _ (peosw)®
where, B = PR exp( 5 )

The currents can be derived as the following:

_ 43
|As3]

. cos® —psind 0]
= - [sin@ pcos6 O] * Jo
0 0 1

J3 Iz,

sinf/p  cos6 0

cos@/p —sinfd 0O
= [ ]*12
0 0 1/p

cosf/p —sinf 0
_ B« |sinB/p cos6 0
1
p

*

Ry cos(u) + pABsin(u)

—R;psin(u) ]
0

0 0

(cose) (—Rypsin(u)) + (—sinf)(R; cos(u) + pAbsin(u)) + 0

p
=B~ (sin8/p)(—Rypsin(u)) + (cosB) (R, cos(u) + pAbsin(u)) + 0
04+0+0
a
=B * [ﬁ (4.24)
0

cosf

where, a = (
p

) (—R;psin(u)) + (—sinf) (R, cos(u) + pAbsin(u)) and p = (sinf/

p)(—R,psin(u)) + (cosB) (R, cos(u) + pAbsin(u)).

Now,
a= (a:s@) (=Ripsin(u)) + (—sinf) (R, cos(u) + pAbsin(u)),
= —R; sin(u)cosf — R, cos(u)sinf — pAbsiné sin(u),
= —R; (sin(u)cosf + cos(u)sinf) — pAfsind sin(u),
= —R; (sin(u + 0) — pABsind sin(u),
= —R; (sin(u + 0) + pABsinBsin(—u). (4.25)
Now,
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u={a6 (1—}%)—9},

—u=—{a6 (1—5)—9}=—A@(—Rﬂl+1)+9=Ae(R£—1)+e.

1 1

Substituting this in (4.25) results in:

a = —R, (sin(u + 6) + pABsind sin (AQ (Rﬁ — 1) + 9).
1

Again,
B = (sin8/p)(—R,psin(u)) + (cosB)(R, cos(u) + pAbsin(u)),
= —R; sin(u) sinf + R, cos(u) cosO + pA6 sin(u) cosH,
= R, (cos(u) cosB — sin(u) sinf) + pAbsin(u)cosH,
= R, cos(u + 6) + pABcosBsin(u). (4.26)
So, (4.24) can be written as the following, which represents the transformed current distribution in
the Cartesian coordinates

—R; (sin(u + 6) + pABsinfsin(Ab (R£ — 1) +60)
1

R, cos(u + 8) + pABcosOsin(u)
0

where u = A6 (1 —Rﬂ) —0,p=4x2+y%and 0 = tan‘lf
1

_ 1 (_ (p cos(u))z) . , (4.27)

Js = s exp 5

The current distribution for the “pinwheel” antennas in the transformed array isI,, =
J3.e D% where n = 1,2..N and @ is the phase between the adjacent “pinwheel” antenna
elements. It is important to note that the transformations do not affect the fundamental antenna
quantities such as complex power and impedance [68]. It is desired that the “pinwheel” shape
antenna has a radiation field pattern similar to the dipole antenna, but its impedance and complex
power will be preserved under the “pinwheel” transformations. Now, the material parameters from
(4.14) and the transformed current from (4.27) were used to transform each element of the

“reference array” into a “pinwheel” antenna element and realize the linearly transformed
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“pinwheel” antenna array, as shown in Figure 4.1b. The dimensions and edge-to-edge distance
between the array elements were kept the same in the transformed “pinwheel” antenna array as in
the “reference” linear dipole array. It is worth noting that while designing the “pinwheel” antenna
elements of the transformed array, the current distribution from (4.27) and the material parameters
from (4.14) were translated as the coordinates were no longer at the origin. The coordinates of the
“pinwheel” elements changed along the y-direction, and the coordinates remained constant in the
x-direction (x,, = 0).

To demonstrate the accuracy of the proposed theoretical model of the linear “pinwheel”
antenna array, numerical simulations were performed in the commercially available finite-element
analysis (FEA) software COMSOL Multi- physics®. The transformation electromagnetics/optics
(TE/TO) approach often results in anisotropic, non-homogeneous, and complex material
parameters in matrix form. COMSOL Multiphysics has the capability to validate works related to
transformation electromagnetics/optics, as it allows the specification of material anisotropy and
continuous inhomogeneity, as found in [55, 56] and [62 -66]. The work presented here adopts the
validation process presented in [55, 56] and [62 -66] by comparing theory with COMSOL results.
In the “pinwheel” transformation, along with the transformed current source from (4.27) and
transformed material parameters from (4.14), the “pinwheel” shaped antenna geometry is also a
function of the proposed transformation.

COMSOL Multiphysics has a unique functionality, which allows the definition of the
complex “pinwheel” shaped geometry and material, as opposed to other commercially available
full-wave tools. First, the single element, as shown in Figure 4.1a, was simulated to verify the
transformed current from (4.27) and the transformed media from (4.14). Simulation results from a

half-wave (1/2) dipole antenna in free-space are shown in Figure 4.5a. A frequency of 10 GHz
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was chosen. If the dipole is twisted by an angle of 180° without proper material compensation from
(4.14), the field pattern changes significantly, which is demonstrated in Figure 4.5b. The field
pattern is recovered outside the transformation media once the correct material is used from (4.14),
which is illustrated in Figure 4.5c. The fields from the dipole in Figure 4.5a and the transformed
“pinwheel” antenna in Figure 4.5¢ outside the material shell are the same. This is emphasized in
Figure 4.5d, which shows almost no field distribution outside the transformation media when the
difference between the two fields is taken. This also confirms that the current distribution in (4.14)
is conserved under the “pinwheel” coordinate transformation in (4.27). It is also important to note
that the meshing method used for the simulation is free-triangular. The mesh used in the simulation
has over 45,000 elements to ensure convergence and accurate results and also to effectively
approximate the continuous profiles given by equation (4.14). The minimum meshing element
quality is 0.2694, the average element quality is 0.9154, and the element area ratio is 0.001049.
The total mesh vertices are 22,555.

Figure 4.6 demonstrates the verification of the proposed transformed antenna array design.
Figure 4.6a represents the electric field of the reference dipole antenna array as described in Figure
4.1b. The phase difference between any two adjacent elements is set to 90° to scan the beam at an
angle 6, = 22.5°. For a fair comparison, Figure 4.6b demonstrates the electric field distribution
radiated by the transformed “pinwheel” linear array, where the “pinwheel” antenna elements are
not enclosed by the material parameters defined by (4.14). The fields in Figure 4.6b are
significantly different from that radiated by the original linear dipole array in Figure 4.6a. Figure
4.6¢ shows the electric field distribution radiated by the proposed “pinwheel” antenna array, where
each antenna element is enclosed by the transformation medium from (4.14) and the current

distribution is given by (4.27).
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Figure 4.5. The z-component of the magnetic field of single antenna element from: (a) dipole
antenna of length L = 1/2 in free-space; (b) dipole that has undergone a “pinwheel” rotation of
Af = 180° without any material compensation from equation (4.14); (c) dipole that has
undergone a “pinwheel” rotation of A@ = 180° with proper material compensation from equation
(4.14); and (d) the difference between the fields (a, c).

The phase difference between any two adjacent “pinwheel” elements is kept the same as
the “reference array”. The simulation results show that the radiated fields by the transformed
“pinwheel” linear array (Figure 4.6¢) and the reference dipole array (Figure 4.6a) are virtually

identical. To further verify the design, the difference between the two fields is shown in Figure
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4.6d, which clearly shows that there is almost zero field distribution around the array after
subtraction of field in Figure 4.6¢ from the field in Figure 4.6a.

Furthermore, the far-fields of the “reference dipole array” and the transformed “pinwheel”
array are simulated and illustrated in Figure 4.7. As shown in Figure 4.7, the normalized radiation
patterns of the reference array and the transformed “pinwheel” array are almost the same when
each element of the “pinwheel” array is enclosed by the transformed medium, however are
different when the elements are not compensated with proper material parameters. Figure 4.7b
shows the normalized radiation pattern at a scan angle 6, = 11.25°. The phase difference between
any two adjacent elements is set to 45°, as set in the original dipole array.

Metamaterials are good candidates for realizing the non-homogeneous and anisotropic
material parameters from (4.14) to implement the proposed “pinwheel’ array. In metamaterial
realizations, losses may be a restraining factor in practical implementation [64—66]. Considering
the losses in practical materials, numerical simulations were performed introducing different
values of loss tangents (tan &) for a scan angle 6, = 22.5°% as shown in Figure 4.8. Loss was
incorporated in the simulations by replacing ¢, with (e, —j|eyy|tan &) [65, 66, 69]. Similar
modifications were made to other material tensor parameters. Figure 4.8 shows that the antenna
performance degrades with the increase of loss factor. With the loss tangent reduced to only 0.1,
the effect of loss is almost unnoticeable. No significant differences were observed in the
range tan § < 0.01. With loss tangents of 0.1, 03, and 0.5, the lossy material is still effective,

excepting for the reduction of the electric field magnitude.
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Figure 4.6. Total electric field distributions for three different array configurations for a scan angle
of 6, = 22.5° for (a) reference/original dipole antenna linear array, (b) “pinwheel” antenna array
without any material compensation, (c) material-embedded “pinwheel” shaped antenna linear
array, and (d) difference between the electric fields in (a) and (c).
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Figure 4.7. Far-field radiation patterns for three different array configurations at scan angles of (a)
6, = 22.5% and (b) 6, = 11.25°.
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Figure 4.8. The electric fields for the proposed TO-based “pinwheel” array for different values of
loss factor (tan &) (a) tan§ = 0.01; (b) tan § = 0.1; (c) tan é = 0.3; (d) tan § = 0.5.

Overall, it has been shown how the transformation electromagnetics/optics technique can
be employed to transform a linear dipole array into an array of complex geometry antennas, where
the individual elements of the transformed array are “pinwheel”’-shaped antennas transformed from
dipole antenna elements. The transformed parameters are derived, and through full-wave
simulations, it is shown that the original linear dipole array and the transformed “pinwheel” linear

array have the same behaviors in some specified region, verifying the correctness and effectiveness
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of the proposed array. It is believed that the proposed array will have tremendous potential for
future applications in structurally integrated and conformal phased arrays for wireless
communications, radars, and sensing where structural and mechanical constraints do not align with

antenna performance.
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5. COORDINATE TRANSFORMATIONS-BASED ANTENNA ELEMENTS
EMBEDDED IN A METAMATERIAL SHELL WITH SCANNING CAPABILITIES

In this chapter, the TE/TO technique has been employed to realize a non-homogeneous,
anisotropic material-embedded beam-steerer using both a single antenna element and an antenna
array without phase control circuitry. Initially through theory and validation with numerical
simulations it is shown that beam-steering can be achieved in an arbitrary direction by enclosing a
single antenna element with the transformation media. Then, this is followed by an array with fixed
voltages and equal phases enclosed by transformation media. This enclosed array is scanned and
the proposed theory is validated through numerical simulations. Furthermore, through full-wave
simulations it is shown that a horizontal dipole antenna embedded in a metamaterial can be
designed such that the horizontal dipole performs identically to a vertical dipole in free-space.
Similarly, it is also shown that a material-embedded horizontal dipole array can perform as a
vertical dipole array in free-space, all without the need of a phase shifter network. These methods
have applications in scanning for wireless communications, radars, beam-forming, and steering.

As it is well established that the concepts of transformation optics (TO) [13, 14] have been
used to control the propagation characteristics of electromagnetic (EM) fields in interesting and
useful ways by using regions of non-homogeneous, anisotropic materials. The TO technique leads
to implementation of unconventional electromagnetic devices [69 - 76] using novel wave-matter
interactions computed with coordinate transformations that exhibit unconventional and unusual
propagation characteristics. Phased array antennas have garnered significant interest in wireless
communications applications due to their capability of changing the shape and direction of the
radiation pattern without physically moving the antennas. This technique is often referred to as

beam-steering and can be accomplished by rotating the antenna elements or changing the relative
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phases of the radio-frequency (RF) signals driving the elements. Beam-steering of a phased array
antenna is often a challenging task because it involves synthesis of multiple antenna elements and
integration of control circuits, including solid-state phase shifters [35] and beam-forming networks
[36], to control or guide the beam in a desired direction, as shown in Figure 5.1a. Recently,
researchers showed that the TO technique could be useful to control the beam in a specific direction
using coordinate transformation-based non-homogeneous material regions. Rahm et al [29]
showed how to design a beam shifter using TO. Utilizing a similar idea, researchers in [51, 74]
proposed a set of beam-shifters to avoid obstacles in the beam path. In [75], researchers
experimentally showed a TO- based lens for beam control at microwave frequencies. This
pioneering research paved the way for beam-steering of antennas using the TO technique. The
concepts of TO were later expanded to design unique antennas [55, 56] and phased array antennas
for different conformal applications [64 - 66]. In [76], it is shown the techniques of TO can be
utilized to manipulate EM fields and rotate them in a specified direction.

This approach can thus be used to control radiation characteristics of an antenna element
(as shown in Figure 5.1b), or an antenna array in free-space and to rotate it in a desired direction,
hence realizing a beam-steerer using TO-based media. This specific TO approach results in
material properties which require active tuning to achieve beam-steering, but significant
advancements and attention given to reconfigurable material properties, specifically in tunable
constitutive parameters (permittivity and permeability), could in the future allow for practical
implementation of novel beam-steering techniques [77 — 80]. Misra et al [77] demonstrated
electrically tunable permittivity in BaTiO3z under DC bias conditions. In [78], researchers showed
the influence of DC bias and temperature on the dielectric permittivity to achieve switchable

dielectric permittivity in a semifluorinated azobenzene. Significant research has been done also to
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control the permeability of materials. In [79] researchers proposed microfluidic split-ring
resonators inside a flexible elastomeric material to achieve reconfigurable effective permeability.
Agarwal et al [80] demonstrated the preparation of adaptive hybrid capsules with microgel/SiO»

composite walls with tunable shell permeability.
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Figure 5.1. (a) A typical phased array antenna for beam-scanning, (b) A dipole antenna element
along y-direction in free-space.
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Figure 5.2. Metamaterial based cylindrical beam-steerer using TO (a) Proposed TO-based
cylindrical beam-steerer enclosing a single dipole element, (b) Material-embedded cylindrical

beam-steerer using TO enclosing a co-linear vertical dipole array.

Therefore, the objective of this chapter is to present a design and application of a TO-based
cylindrical rotator for beam-steering, where a single dipole antenna element (as shown in Figure
5.2a) and an antenna array (as shown in Figure 5.2b) are enclosed by a TO-based non-
homogeneous, anisotropic material shell designed using the transformation introduced in [76]

(shown by the dotted ring in Figure 5.2). Through numerical simulations, beam- steering of the
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TO-based single element and the antenna array is demonstrated without using any phase control
circuitry. Then, the same TO-based cylindrical beam-rotator is applied to a vertical dipole antenna
in free-space to design a horizontal dipole antenna. It is shown that the horizontal dipole element
embedded in a metamaterial radiates in a similar manner as the vertical dipole element in free-
space. Similarly, the TO-based cylindrical beam-rotator is also applied to a co-linear vertical array
in free-space to design a horizontal co-linear array, where through numerical simulations it is
shown that the material-embedded horizontal array radiates as the vertical array in free-space.
Finite element method based full-wave simulations via COMSOL Multiphysics ® are used to
numerically analyse and demonstrate the performance of the proposed TO-based beam-scanning
technique. It should be noted that the theory being validated by COMSOL Multiphysics is similar
to the approaches taken by previous works and reported in [55, 56], [64-66], and [76].
5.1. TO-Based Single Element Cylindrical Beam-Steerer

Next, consider the dipole element positioned in free-space along the y-axis represented in
Figure 5.1b. The dipole is of A length, where 4 is the free-space wavelength at which the dipole
antenna is designed to operate. The current distribution of the dipole in Figure 5.1b along x = 0

was chosen to be [55, 56]:

0 2

_ 1 X

J= oz 7| (51)
0

where o is much smaller than the length of the dipole. The current distribution model is a way of
handling sheet current as the limit of a volumetric current density which is suggested in [55, 56].
The o parameter is set to be infinitesimally small relative to the length of the dipole and the limit
o — 0 can be taken to approximate the current distribution on a thin wire at x = 0 [55, 56]. The

intent is to introduce a TO- based material shell (again as illustrated as the grey ring in Figure 5.2a)

88



to control the radiation characteristics of the dipole element to steer its beam to a desired direction.
Starting with the basic transformation media approach, the associated permittivity and

permeability tensors of transformation media are given by table 2.1 and equations (2.8) and (2.9):

& =y = AeAT
=R = det A’

(5.2)
where A = d(x’,y’,z")/d(x,y, z) is the Jacobian matrix and AT is transpose of the Jacobian. The
mapping between the original (r,6,z) and the transformed (r',8’,z") cylindrical coordinate

systems are [76]:

r'=r, (5.3)
0+p, <Ry
o =g +E%2 D p <y <R, (5.4)
Ry—Rq
91 r= RZ
z' =z, (5.5)

where S is the angle of rotation in the region between radii R, and R, in Figure 5.2. By controlling
the rotation angle g, it is possible to control the radiation characteristics, hence the amount of
beam-steering in a desired direction using a single antenna element and the array without phase
control circuitry and multiple antenna elements, as shown in Figure 5.2. The transformation

equation (5.2) yields the permittivity and permeability tensors of the material between r = R, and

r =R, as [76]:
1+ 2df + d?sin?6 —d*f —dg 0
g€=p = —d%f —dg 1 —2df + d%cos?8 0 | (5.6)
0 0 1
where d = RB*; , f = cosBsin, g = cos?6 — sin?6,and &’ = ' = I in other regions in Figure
27R1

5.2. The derivation of the material parameters closely follows the methods outlined in chapter 4.
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Figure 5.3. Verification of material parameters for TO-based cylindrical rotator showing perfect
TEM wave with no scattering at the boundaries of material region and free-space (a) at rotation
angle 5=45° (b) at rotation angle 5=90°.
Equation (5.6) results in anisotropic and inhomogeneous permittivity and permeability
tensors for the spherical shell. Note that the results lead to a perfect impedance matching with no

reflection at the boundaries of the material region and free-space which is shown in Figure 5.3.
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Such an anisotropic and inhomogeneous transformation medium can be realized by discrete
metamaterials and structures such as periodic split ring resonators (SRRs) [67]. The theoretical
material parameters in (5.6) were validated using full-wave simulations in the finite element solver
COMSOL Multiphysics ®, as shown in Figure 5.3. An incident TE Plane wave of 10 GHz
frequency was used from left to right along the x-direction. The inner radius R; = 1.14, and the
outer radius R, = 2A. The radii R; and R, of the metamaterial coating were chosen by closely
following the similar works reported in [69] and [76]. As in this case, the dipole element was full-
wave (L = A), it was necessary to choose the inner radius R; of the metamaterial coating bigger
than the length of dipole, so that it follows the transformation rule from (5.4). The metamaterial
coating is located in the radiative near field region, as 0.62 \/% < metamaterial coating < %,
where D= L= maximum linear dimension of the antenna, and A = wave-length of the EM wave.
The material parameters were calculated using (5.6) for different angle of rotations (). Numerical
simulations were also done to see the spatial variation of the constitutive material parameters, as
shown in Figure 5.4 and it was observed that the material parameters were well within the range
of material properties (permittivity and permeability) mentioned in [77 — 80]. The rotation angle
£ was chosen to be 45° for the simulations.

Next, a full-wave () dipole antenna element was placed in the region r < R, and the
material parameters from (5.6) were used to design the cylindrical beam-steerer in the region R; <
r < R, to control the radiation characteristics of the dipole element in a desired direction, as shown
in Figure 5.2a. The beam-steering angle ¢ of the dipole antenna element is controlled by the
rotation angle S. Equations (5.4) and (5.6) show that it is possible to rotate the EM fields in an

arbitrary direction, which makes the beam-rotator capable of steering the beam.
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The objective of this research is to exploit the concepts of transformation
electromagnetics/optics (TE/TO) for realizing a beam-steering technique using a rotation mapping
introduced in [76]. For simplicity and ease of coordinate transformation, here no transformation
was considered along z-direction. As a result a 2D transformation media was chosen which
resulted in material parameters in (5.6). An experimental realization of the rotation coating requires
building blocks that have anisotropic dielectric functions and the similar theory of this kind of
rotation mapping could be extended to 3D instead of a 2D one. In that case, we will have
permittivity and permeability tensors in (5.6) due to variations along z-direction.

The performance of the proposed single element TO-based beam-steerer, as shown in
Figure 5.2a, was demonstrated through numerical solutions in the finite-element simulation
software COMSOL Multi-physics ®. Figure 5.5 presents the y-component of the electric field of
the proposed single element beam-rotator verifying the transformed media from (5.6). Figure 5.5a
shows the simulation results from a full-wave (L = 1) dipole antenna in free-space along the y-
direction (Figure 5.1b). This will be called the “vertical dipole”. A frequency of 10 GHz was
chosen. Now, to control the radiation characteristics of the dipole element in a desired direction,
the transformation media from (5.6) was used as the beam-steerer around the dipole and the
rotation angle S in (5.4) was controlled to steer the beam of the dipole antenna element in the
desired direction.

A rotation angle 5 = 22.5° was chosen to rotate the fields pattern of the vertical dipole at
an angle of 22.5%, as a result the beam was steered at an angle ¢ = 22.5°, as shown in Figure 5.5b.
Similarly, rotation angle 8 = 45° was chosen to steer the beam of the vertical dipole to an angle ¢
= 450 (Figure 5.5¢). Figure 5.5d shows electric field radiation of a full-wave (L = 1) dipole antenna

in free-space along the x-direction. This is denoted as “horizontal dipole” antenna. The current
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distribution from (5.1) was re-defined for the horizontal dipole as the location of the dipole
changed to y = 0 from x = 0. Now, the TO-based beam-rotator was used and a rotation angle 8 =
90° was chosen to transform the horizontal dipole into the vertical dipole, as shown in Figure 5.5e.
The fields from the vertical dipole in Figure 5.5a and the transformed horizontal dipole antenna in
Figure 5.5e outside the material shell are the same. Figure 5.5f verifies that the difference between

the two fields is negligible and there is almost no field distribution outside the transformation

media.
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Figure 5.4. Spatial variation of material parameters inside the TO-based rotator shell. The
dimensions of the rotator are given by R; = 1.17A and R, = 2A. The material parameters &y, Ly,

Eyx aNd py, are equal.
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Figure 5.5. The y-component of the electric field of proposed TO-based single element beam-
steerer (a) dipole antenna of length L = A in free-space along y-direction (vertical); (b) the fields
of vertical dipole that has undergone a rotation of B = 22.5%; (c) the fields of vertical dipole that
has undergone a rotation of B = 45%; (d) dipole antenna of length L = A in free-space along x-
direction (horizontal); () the fields of horizontal dipole that has undergone a rotation of g = 90°;
() difference between the magnetic fields in (a) and (e).
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Furthermore, the far-field radiation patterns of the TO-based beam-rotator using a single
antenna element were simulated and are illustrated in Figure 5.6. As shown in Figure 5.6a, the
transformation media from (5.6) was used to rotate the beam of the vertical dipole in free-space to
an angle ¢ = 22.5° and ¢ = 45° by setting the rotation angle B =22.5° and B =45° in
transformation media from (5.6), respectively. Moreover, Figure 5.6b shows that the radiation
pattern of the vertical dipole in free-space is similar to the radiation pattern of the horizontal dipole,
when the horizontal dipole is enclosed by the transformation media and is rotated by g = 90°, but
is different if the horizontal dipole is not enclosed by the transformed medium and is not rotated
by an angle B = 90°.

Moreover, considering that losses exist in practical materials, numerical simulations were
performed incorporating different values of loss tangents (tan &), as shown in Figure 5.7. Loss was
incorporated in the simulations by replacing €, With (&, — jlex|tan &) [65, 66]. Other tensor
parameters were also modified similarly. A rotation angle B = 22.5° was chosen to steer the beam
at 22.5°. Figure 5.7 shows that while the antenna’s radiated field strength degrades with the
increase of loss factor, its overall steering capability remains unchanged. With the loss tangent
reduced to only 0.1, the effect of loss is almost unnoticeable. No significant differences were
observed in the range tan § < 0.01.

5.2. Antenna Array Enclosed by TO-Based Cylindrical Beam-Steerer

The same TO technique from section 5.1 can be utilized to realize a cylindrical beam-
rotator enclosing an antenna array with the TO-based non-homogeneous, anisotropic media. Next,
consider the N-element co-linear dipole array along the y-axis represented in Figure 5.2b. Each of
the elements in the array are equally spaced with the edge-to-edge distance between the elements

of m = A/15, where A is the free-space wavelength at which the phased array is designed to
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operate. A two-dimensional (2D) space is considered to illustrate the proposed array. The current
distribution of each of the dipole elements in the array is approximated as the current distribution
of a thin wire along x = 0 and is defined by equation (5.1). In this case, an array of 4 elements is
chosen to validate the proposed beam scanning method. Each of the dipoles in the array is of 1/2
length spanning over a distance of 2.24. There was no phase difference considered between the
adjacent dipole elements. Here, a TO-based material shell enclosing the dipole array to control the
radiation characteristics of the array and steer its beam to a desired direction as shown in Figure
5.2b is introduced.

Next, the 4-element dipole antenna array was placed in the region r < R; and the material
parameters from equation (5.6) were used to design the cylindrical beam-steerer in the region R; <
r < R, enclosing the array to control the radiation characteristics of the antenna array in a desired
direction, as shown in Figure 5.2b. The beam-scanning angle @ of the dipole antenna array will
be controlled by the rotation angle g from (5.6). From equations (5.4) and (5.6), it is shown that it
is possible to rotate the EM fields in an arbitrary direction, which makes the beam-rotator capable
of steering the dipole antenna array pattern in a desired direction, thus enabling antenna array
scanning.

The performance of the proposed phased array antenna enclosed by TO-based material-
embedded cylindrical beam-steerer, as shown in Figure 5.2b, was demonstrated through numerical
solutions in the commercially available finite-element simulation software COMSOL
Multiphysics ®. Figure 5.8 presents the y-component of the electric field of the proposed beam-
rotator for scanning of the phased array antenna verifying the transformed media from (5.6). Figure
5.8a demonstrates the simulation results from the dipole antenna array in free-space along the y-

direction (as shown in Figure 5.2b). For reference, it will be called the “vertical array”. A frequency
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of 10 GHz was chosen. To control the radiation characteristics of the dipole antenna array in a

desired direction, the transformation media from (5.6) was used as the beam-steerer around the

array and the rotation angle g in (5.4) was controlled to steer the beam of the dipole antenna array

in the desired direction.
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Figure 5.6. Far-field radiation pattern of proposed TO-based single element beam-steerer (a) beam-
steering of the virtual dipole at ¢ = 22.5% and ¢ = 45° (b) beam-steering of the horizontal dipole at

¢ = 90°.
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Figure 5.7. The electric fields for the proposed TO-based single element beam-steerer for different
values of loss factor (tand) (a) tané = 0.0; (b) tan8 = 0.01; (c)tand = 0.1; (d)tané = 0.3
(continued).

A rotation angle B = 22.5° was chosen to rotate the field patterns of the “vertical array” at
an angle of 22.5% as a result a beam-scanning of the “vertical dipole array” occurred at an angle
@, = 22.5°% as shown in Figure 5.8b. Similarly, rotation angle 8 = 45° was chosen to scan the

“vertical dipole array” beam to an angle @,= 45° (as demonstrated in Figure 5.8¢).
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Figure 5.8. The electric fields of the proposed array antenna enclosed by TO-based material-
embedded cylindrical beam-rotator for beam-scanning (a) dipole antenna array in free-space along
y-direction (vertical array); (b) the fields of vertical dipole array enclosed by TO-based material
shell and scanned at @, = 22.5%; (c) the fields of vertical dipole array enclosed by TO-based
material shell and scanned at @, = 45°; (d) dipole antenna array in free-space along x-direction
(horizontal array); (e) the fields of horizontal dipole array enclosed by TO-based material shell
and that has undergone a rotation of @, = 90°; (f) difference between the electric fields in (a) and

(e).
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Figure 5.8. The electric fields of the proposed array antenna enclosed by TO-based material-
embedded cylindrical beam-rotator for beam-scanning (a) dipole antenna array in free-space along
y-direction (vertical array); (b) the fields of vertical dipole array enclosed by TO-based material
shell and scanned at @ = 22.5%; (c) the fields of vertical dipole array enclosed by TO-based
material shell and scanned at @, = 45°; (d) dipole antenna array in free-space along x-direction
(horizontal array); (e) the fields of horizontal dipole array enclosed by TO-based material shell
and that has undergone a rotation of @, = 90°; (f) difference between the electric fields in (a) and
(e) (continued).

Figure 5.8d presents the electric field radiation of a dipole antenna array in free-space along
the x-direction. For reference, it is denoted as the “horizontal array”. The current distribution from
(5.1) was adjusted for each of the elements of the “horizontal array” as the location of each dipole
element changed to y = 0 from x = 0. Now, the “horizontal array” was enclosed by the proposed
TO-based beam-rotator and a rotation angle § = 90° was chosen to transform the “horizontal dipole
array” into the “vertical dipole array”, as shown in Figure 5.8e. The fields from the “vertical dipole
array” in Figure 5.8a and the transformed “horizontal dipole array” in Figure 5.8e outside the
material shell are the same. This is emphasized in Figure 5.8f, which shows almost no field
distribution outside the transformation media when the difference between the two fields is taken,

validating the results further.
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Figure 5.9. Far-field radiation pattern of proposed antenna array enclosed by TO-based material-
embedded cylindrical beam-rotator (a) beam-scanning of the “virtual array” at @ = 22.5° and @ =
45% (b) beam-scanning of the “horizontal array” at @ = 90°,

Moreover, the far-field patterns of the proposed array enclosed by the TO-based material-
embedded cylindrical beam-rotator were simulated and are illustrated in Figure 5.9. As shown in

Figure 5.9a, the transformation media from (5.6) was used to rotate the beam of the “vertical array”
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in free-space to an angle @,= 22.5° and @,= 45° by setting the rotation angle B = 22.5° and g =
459 in transformation media from (5.6), respectively.

Moreover, Figure 5.9b shows that the radiation pattern of the “vertical array” in free-space is
similar to the radiation pattern of the “horizontal array”, when the “horizontal array” is enclosed
by the transformation media and is rotated by g = 90°, but is different if the “horizontal array” is
not enclosed by the transformed medium and is not rotated by an angle g = 90°.

Furthermore, since practical metamaterial designs have losses, finite- element full-wave
simulations were performed adding different values of loss tangent (tan §). For a scan angle @, =
90°, the normalized radiation patterns of the TO-based “horizontal array” for different values of
loss tangent (tan &) are compared in Figure 5.10. Loss was incorporated in the simulations by
replacing &, With (e, — jlexr|tan &) [65, 66]. Similar modifications were made in other tensor
material parameters. As loss is increased, the antenna’s radiated field strength degrades, but its
overall steering capability remains unchanged, which is shown in Figure 5.10. With the loss
tangent reduced to only 0.1, the effect of loss is almost insignificant. No noticeable differences
were observed in the range tan § < 0.01.

Dispersion exists in all materials and systems, natural or manufactured. There are many
ways to implement the needed material properties needed given the frequency regime, application,
environmental considerations etc. Dispersion along with other fundamental properties such as loss,
noise etc. should be taken into consideration to meet a specific application or system requirement.
This being said, several research works [81] - [83] have been performed to explore and analyze
the limitations of specific implementations of TO devices due to dispersive materials. To this end,
a TO-based beam-steering technique is proposed which results in an anisotropic, non-

homogeneous material. Keeping the practical implementation of metamaterials and its dispersive
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nature in mind, numerical simulations are presented in Figures 5.7 and 5.10 by incorporating losses
to see how the losses in the material parameters in (5.6) affect the performances of the proposed
beam-rotator. It is anticipated that the material parameters from (5.6) will demonstrate the

dispersive nature while being practically implemented.
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Figure 5.10. The electric fields for the proposed TO-based “horizontal array” for different values
of loss factor (tan 6) (a) tan § = 0.0; (b) tan 8 = 0.01; (¢) tané = 0.1; (d) tan é = 0.3.
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5.3. TO-Based Square Rotator

The coordinate transformation approach from [71] was later extended to design a TO-based
square rotator to control the radiation characteristics of end-fire scanning arrays [64]. Based on
similar motivation, here, the coordinate transformations based TO approach has been applied to a
vertical dipole element in free space to design a material-embedded horizontal dipole antenna, as
shown in Figure 5.11. Specifically, it is shown that a horizontal dipole element can be embedded
inside a coordinate transformation-based thin rectangular material such that the horizontal dipole
radiates the same as of a vertical dipole antenna in free-space. Next, consider the vertical dipole
antenna positioned in free- space along the y-direction, as shown in Figure 5.11. The dipole is of 1
length, where A is the free-space wavelength at which the dipole antenna is designed to operate.
The current distribution of the dipole is approximated as the current distribution of a thin wire
along the z —axis (x = 0) and is defined by taking the limit of a volume current to arrive at a sheet
current density [55]. The intent is to design a horizontal antenna embedded inside a square rotator.
The rotator region was bounded by two squares with the inner and outer sides equal to 2c and 2d,
respectively, where ¢ = 1.31 and d = 1.84. An appropriate coordinate transformation needs to be
defined. Two separate mappings can be defined for this purpose and the transformation regions
can be divided into two regions, as denoted as T: and T (separated by dotted lines as shown in

Figure 5.11). Transformation for the region T is defined as [69]:

x'=-y+ dz—i (x —o0), (5.7)
y' =x, (5.8)

and
z' =z (5.9)

The following transformation is employed for region T» [69]:
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¥ = x, (5.10)
Y =y———(x—d), (5.11)
and

z' =1z (5.12)

‘I\Iertlcal Dipole element - % Transformation
in free-space 3 N

/ ﬁ“‘{gion T,

Ny o, T > . — : Transformation
y region T,

Figure 5.11. A TO-based thin rectangular material-embedded horizontal dipole antenna radiating
like a vertical dipole antenna in free-space.

Using the above transformations and (2.8) and (2.9) the permittivity and permeability tensors of
the material can be computed as [69]. For brevity, it is not shown here. After the transformation,
the region inside the inner boundary of the rotator is simply the original region rotated by 90°. The
current distribution from (5.1) was re-defined for the horizontal dipole as the location of the dipole
changed toy = 0 from x = 0.

The performance of the proposed horizontal dipole antenna embedded inside a TO-based
square rotator medium was demonstrated through numerical simulations in COMSOL
Multiphysics ®. Figure 5.12 represents the y-component of the electric field of the proposed TO-
based material embedded horizontal dipole verifying the transformations. Figure 5.12(a)

demonstrates the simulation results from a full-wave (L = 1) dipole antenna in free-space along
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the y-direction (as shown in Figure 5.11). For the reference, it will be called the “vertical dipole”.
A frequency of 10 GHz was chosen. Figure 5.12(b) demonstrates the simulation results from a
full-wave (L = 1) dipole antenna in free-space along the x-direction. For the reference, it will be
called the “horizontal dipole”. The electric field radiation of the “horizontal dipole” is shown in
Figure 5.12(c), when it is embedded inside the TO-based square rotator medium. The fields from
the “vertical dipole” in Figure 5.12(a) and the material-embedded “horizontal dipole” in Figure
5.12(c) outside the material shell are the same, which is shown in Figure 5.12(d) for validation,
where it represents the difference between the two fields and shows that there is almost no field
distribution outside the transformation media. Furthermore, the far-field radiations of the proposed
TO-based material-embedded horizontal dipole were simulated and illustrated in Figure 5.13,
which shows that the material-embedded horizontal dipole element radiates as same as the
“vertical dipole” element in free-space, which further validates the proposed technique.

Here, it has been shown how transformation optics can be utilized to steer a beam in an
arbitrary direction from a single antenna element and an antenna array without using phase control
circuitry and beam-forming networks. The proposed beam-steerer is a TO-based non-
homogeneous, anisotropic material shell theoretically computed using coordinate transformations.
The transformed parameters are derived, and through full-wave simulations, the beam-steering
performances of the TO-based beam-steerer are demonstrated. Additionally, the TO-based beam-
rotator is applied to the vertical dipole antenna in free-space to design a horizontal dipole antenna,
and through numerical simulations it is shown that the material-embedded horizontal dipole
element radiates as a vertical dipole element in free-space, verifying the design. Similarly, the TO-
based beam-rotator is applied to a vertical dipole array to design a TO-based material-embedded

horizontal dipole array, which behaves like a vertical dipole array in free-space. While currently,
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we present numerical verification, in practice, this TO approach requires actively tuned material
parameters. To this end, significant advancements have been made to realize actively tunable
constitutive material parameters, which could enable practical implementation of this TO-based

beam-steering technique.
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Figure 5.12. The y-component of the electric field of the dipole antenna element from: (a) vertical
dipole antenna of length L = A in free-space, (b) horizontal dipole antenna of length L = A in free-
space (c) the horizontal dipole embedded inside the TO-based square rotator medium, and (d) the
difference between the fields (a) and (c).
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6. SUMMARY AND CONCLUSION

Complex artificial or engineered materials, namely, metamaterials strongly interact with
light and can be utilized to manufacture electromagnetic structures which imitate material response
that is not found in nature. Recently, a coordinate transformation based approach, known as
transformation electromagnetics/optics (TE/TO) gained much popularity among the scientific
community, which results in complex, non-homogeneous, and anisotropic constitutive material
parameters using an appropriate coordinate transformation to design unique and seemingly-
impossible electromagnetic devices. This research focused on the theoretical and mathematical
background of the transformation electromagnetics/optics (TE/TQO) technique and demonstrated
some examples of how to use the TE/TO technique to design unique and unconventional
electromagnetic devices through full-wave finite element simulations in an instructive manner.

Based on the understanding of TE/TO concepts, a phased array antenna was proposed using
the electromagnetic source transformation, where an appropriate coordinate transformation was
used to transform a linear dipole antenna array into a linear complex-geometry antenna array
without perturbing its electromagnetic radiation behavior. The complex-geometry antenna array
was a “pinwheel” shaped antenna transformed from dipole antenna element. The transformed
constitutive material parameters and the current distribution for the “pinwheel” shaped antenna
elements were derived and validated through full-wave numerical simulations in COMSOL
Multiphysics. It is believed that the proposed array will have tremendous potential for future
applications in structurally integrated and conformal phased arrays for wireless communications,
radars, and sensing where structural and mechanical constrains do not align with antenna

performance.
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Moreover, the techniques of TE/TO were adopted to design a beam-steerer to steer or scan
a beam at an arbitrary direction from a single antenna element and an array without using phase
control circuitry. The proposed beam-steerer is a TO-based non-homogeneous, anisotropic
material shell theoretically computed using coordinate transformations. Through full-wave
simulations in COMSOL Multiphysics the beam-scanning performances of the TO-based beam-
rotator was demonstrated and validated. Additionally, it was shown that a material-embedded
horizontal dipole element behaves as a vertical dipole element in free-space using the same
coordinate transformations-based beam-rotator. Similar approach was also applied to a vertical
dipole array, and through full-wave simulations it was shown that a material-embedded horizontal
dipole array radiates as a vertical dipole array in free-space, verifying the effectiveness and
correctness of the proposed design.

Overall, transformation of passive space led to the development of unique electromagnetic
devices using the TE/TO concepts. The concepts of TE/TO have been extended to regions
containing sources and that will open the door to several unique applications of electromagnetic
waves, known as source transformations. Here, the concepts of source transformations have been
explored to array antennas with new elements where antenna performance is a function of
structural and mechanical constraints, a TO-based beam-steerer which enables beam-scanning
with a single antenna element and an antenna array without using phase control circuits. Using this
approach the radiating element surrounded by a transformation media can be optimized to achieve
the desired performance of the overall system. Since practical metamaterial designs have losses,
and while currently, numerical verification is presented, in practice, this TO-approach will require
actively tunable material parameters. To this end, significant advancements have been made by

material scientists to design tunable materials using different approaches, which could enable the
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implementation of the TO-based antenna designs. Future designs could incorporate a cylindrical
geometry which can be fabricated with available methods, starting with simulation and
optimization of the individual components, then fabrication of radiating elements surrounded by
TE/TO-based transformation media, and finally measurement of the device and overall system
performances. The overall contributions from this dissertation are reported in [74], [84], [85], and

[86].
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